1. Introduction and a Brief History to (
Every middle school student knows the definition of (, the ratio of the circumference of a circle to its diameter.  The extent of the mathematical knowledge of the average middle school student reaches basic geometry (formulas of areas and perimeters), and perhaps algebra (solving for unknowns in simple equations).  This number ( is introduced to every person with a decent education, and most will never be able to fathom the depth of a simple ratio in the realm of mathematics and beyond.  To be fair, one paper cannot possibly do justice to the role of (.  It would be more appropriate to have one piece on ( for each field of mathematics.  However, in the interests of providing a general account of the history of ( and its influence on both historical and modern mathematics, I have attempted to focus on two fields of mathematics, geometry and statistics, and a field of applied mathematics, computer science.  My main goal is to describe the motivations for the exploration of (, and what new motivations ( itself created.  In the context of historical study, the latter is of utmost importance.

The first rigorous examination of ( took place in ancient Greece in the third century BC.  Before the 17th century, studies of ( were often accompanied by polygons (in the method of Archimedes).  Tens of digits of ( could be determined.  With the creation of calculus by Newton and Leibniz in the middle of the 17th century, the arctan formula for (, given by  EQ \f((,4)  = arctan 1, was made easy to approximate using integrals and series.  Hundreds of digits of ( could be computed.  New properties of ( were subsequently discovered, such as its irrationality and transcendence.  They symbol “(” itself was popularized by Euler in the 18th century.  After the middle of the 20th century, ( entered its most advanced age of calculation to date, with the introduction of computers.  Now hundreds of billions of digits have been determined.  All the while, mathematical ideas used in the study of ( developed into their own unique theory.  This is not surprising, given (’s significant role in nearly every field of mathematics.

2. Geometry

It should come as no surprise that ( appears everywhere in the realm of geometry; after all, its very definition comes from the properties of a geometric figure.  Geometry as a branch of mathematics is nearly as old as formal mathematics itself.  The ancient Greeks began their study of geometry as early as the third century BC with Euclid’s The Elements.  Around 250 BC, Archimedes began his well-known calculation of (, in which he circumscribed and inscribed a circle inside regular 96-sided polygons to conclude that  EQ \f(223,71)  (  ( (  EQ \f(22,7) .  Archimedes’ approximation is significant partially because its precision (accuracy to within .001) would not be surpassed for another six hundred years, but also because it represents the first attempt at computing this ratio.  From then to the present, people have searched for ways to better approximate (.  In a sense, Archimedes’ work was an early instance of numerical analysis; his so-called Method of Exhaustion led to iterative formulas for (, the same way modern numerical analysts use iterative methods to approximate mathematical objects from square roots to roots of polynomials.  Numerical analysis is a field all to itself, and ( has its own place there, but this section will concentrate on purely geometric roles of (.

2.1 Quadrature of the Circle
One of what are known as “three geometric problems of antiquity”, the quadrature of the circle is the construction using only a compass and straightedge of a square with area equal to a given circle.  This problem was considered since the fifth century BC.  For centuries people attempted without success to find a solution; by 1668 people had begun to attempt to prove the impossibility of the problem.  It was finally proven in 1882 by Ferdinand von Lindemann that no solution exists.

The proof consists of several steps completed by different mathematicians over time.  The first step is to note that transcendental numbers are not constructible.  The basic constructible operations on line segments are addition, subtraction, multiplication, division, and taking square roots.  Additionally, the techniques we can perform using only a compass and straightedge are constructing the line between two points, the intersection of two lines, a circle of a given radius and given center, and the intersection of a circle with a circle or line.  Through division we can construct any point with rational coordinates.  The intersection of two non-parallel lines each determined by two constructible points does not give us any new points.  Finding the intersection of a circle with either another circle or a line involves solving quadratic equations of two variables with constructible coefficients.  The only additional points we gain from this are those obtained by repeatedly (but finitely) taking square roots of constructible numbers.  Hence any transcendental number, which cannot be obtained by the methods above, cannot be constructed.

It is not difficult to see that solving the quadrature problem is equivalent to constructing (, by solving for the length of a side of a desired square given the radius of a circle.  The first attempt to prove that the quadrature is impossible came from Lambert, who proved ( to be irrational in 1761 (Lambert, Mémoire Sur Quelques Propriétés Remarquables Des Quantités Transcendentes Circulaires et Logarithmiques, 265).  This is not sufficient, however, as certain irrational numbers are constructible, namely square roots of constructible numbers.  Lindemann in 1882 proved ( to be transcendental.  The proof involves assuming a polynomial with rational coefficients exists with ( as a root, and hence a similar polynomial exists with (( as a root.  Lindemann showed that the latter is impossible (Lindemann, Uber die Zahl, 213), and in doing so proved the impossibility of the quadrature of the circle more than two thousand years after it was conceived.

The quadrature problem cannot be discussed without (.  Therefore any consequence of the former is also a consequence of the latter.  It may be easy to miss the importance of the quadrature problem, but its significance cannot be debated.  As illustrated above, a purely geometric problem (since it is, after all, no more than a geometric construction) inspired a new area in analysis, proving the transcendence of numbers.  Transcendental numbers had previously been constructed (using infinite series), but (was the second naturally occurring number (after Hermite’s proof of the transcendence of e in Sur La Fonction Exponentielle in 1873; in fact, Lindemann’s proof was very nearly the same as Hermite’s, with the addition of a complex polynomial) to be proved transcendental.  The motivation for the proof of ( came directly from the desire to solve, or prove the impossibility of, the quadrature problem.

2.2 Isoperimetric Inequality
When the field of calculus of variations was created by Jacob and Johann Bernoulli in the 17th century, one typical problem was the problem of isoperimetry:  Given a fixed length p, find a closed curve C with length p such that the region it encloses is maximal.  Intuition tells us that C should be a circle, so it is natural for (to show up.  The actual proof that C is in fact a circle is more involving.

Wirtinger’s Inequality tells us the following:  Let F:[0, (](R be a smooth function such that F(0) = F(() = 0.  Then,

 EQ \i(0, ,() EQ \s\up(2) dt) 
 (  EQ \i(0, ,F(t)dt) 
,

with equality holding if and only if F(t) = Asin(t) for all t ( [0, (], where A is a constant.  This can be proven by letting G(t) = F(t)/sin(t).  Then it can be shown through analysis that
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The right-hand integral is nonnegative.  Furthermore, it is zero if and only if  EQ \f(dG,dt)  is identically zero.  Then G(t) is a constant A, and F(t) = Asin(t).

Wirtinger’s Inequality leads to an important global result of plane curves, the Isoperimetric Inequality.  It tells us the following:  Let ( be a simple closed curve, let l(() be its length and let A(int(()) be the area of its interior.  Then,


A(int(()) (  EQ \f(1,4) l(() EQ \s\up(2) ,

with equality holding if and only if ( is a circle.  This solves the isoperimetric problem.

The solution to the problem of isoperimetry (i.e. the circle) was already considered to be correct before it was proved.  The search for confirmation of this suggested solution ultimately resulted in the Isoperimetric Inequality an important consequence of the field of differential geometry.  Whereas the quadrature was an example of geometry extending to analysis through (and the circle, isoperimetry is an example of calculus extending to geometry using the very same objects.

3. Statistics and Probability
Statistics is the analysis of events governed by probability.  At first glance, one may wonder how (may play any significant role in this branch of mathematics.  As it turns out, it is at the center of statistics.  The Gaussian, or normal, distribution curve models many phenomena in nature, and the equation for its curve involves (.  Interestingly enough, there are probabilistic methods for calculating (, as opposed to the commonly studied analysis-derived formulas.

3.1 Gaussian Distribution and Central Limit Theorem
Given mean ( and standard deviation (, the Gaussian probability distribution is given by


P(x) =  EQ \f(1,(\r(2)) e EQ \s\up4(-(x-()/(2( EQ \s\up(2) )) 
,

where P(x)dx is the probability that a variate with a Gaussian distribution takes a value in the range [x, x+dx].  It can be shown that  EQ \i(-oo,-oo,P(x)dx ) ( 1, so that the distribution is normalized (i.e. the probability that the variate takes on a value in the sample space is 1).  The distribution itself was discovered by Gauss before the age of 18 in 1795.  The validity of its use is given in the Central Limit Theorem, proved independently by Markov and Turing in the early 1900’s which tells us that the mean set of any set of variates with any distribution having finite mean and variance tends to the Gaussian distribution.

While its place in the Gaussian distribution is merely part of a constant factor, ( as a part of that distribution nevertheless contributes to entire field of statistics.  The significant consequence of the Central Limit Theorem is that many natural events can be safely modeled by the Gauss curve, especially phenomena in physics and astronomy.  Other examples where the Gauss curve is used include test scores and body height.  While there are other important distributions used in statistics, the normal distribution model is likely the most important.  In recognizing ( as a necessary part of the normal distribution curve, Gauss helped shape the very foundations of modern statistics.

3.2 Probabilistic Algorithms for (
There are many well-known formulas for computing ( available to people with a basic knowledge of calculus, all of which are derived through analysis, typically of trigonometric functions.  However, in 1777 French naturalist Buffon discovered that the probability P(l, d) that a needle of length l will land on a line on a given floor with parallel lines of distance d apart is given by:


 EQ \f(2l, (d) , if d ( l, or


 EQ \f(1, (d) {d[(-2arcsin( EQ \f(d,l) )] + 2l(1-d,l)  EQ \r(1-() EQ \s\up(2) ) 
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Theoretically, one could approximate ( by carrying out this experiment and throwing a needle multiple times.  While the usefulness in terms of computation is questionable, the needle problem is interesting enough from a mathematical view to have generated several variations.  For example, the needle may be generalized to any convex polygon, and the ruled surface may be generalized to a grid.  Even if such experiments do not contribute to the computation of (, they do deepen our understanding of its role in the natural world, as statistics is very much connected to the natural world.

4. Computer Science and Modern Searches for (
Possibly the most important name associated with ( in the 20th century, and perhaps with mathematics itself, is Srinivasa Ramanujan.  His mathematical ability is generally accepted as pure genius; modern mathematicians have yet to fully understand his insights.  His work with ( helped push mathematics in the relatively new field of computer science.

4.1 The Motivation for Precision

The question of why ( is so intensely studied has yet to be addressed.  There is an interesting mutual interest between mathematicians and computer scientists for computing more and more digits of (.  To the casual observer, the search for ( has little practical value.  Computing thirty-nine digits of ( is sufficient for computing a circle enclosing the known universe with error no greater than the radius of a hydrogen atom (Borwein, Ramanujan and Pi, 112).  For measurement purposes, this is true.  We have had sufficient digits of ( long before Ramanujan for all practical measurements.  However, ( has other places in the world besides in empirical data.  The calculation of ( serves as a measure of the sophistication and reliability of the computers used to compute it.  Calculating ( to the extent that modern day computers do require trillions of primitive operations (such as arithmetic and logic operations); hardware errors in computer systems are bound to be uncovered in such rigorous tests.  Error-free running of a heavyweight ( algorithm is a standard for testing new processors today.  So computer scientists appreciate mathematicians’ work in deriving efficient algorithms for computing (.  On the other hand, ( has raised many unanswered questions throughout history, such as normality (i.e., whether every sequence of n digits has equal probability of appearing in ().  The computation of ( has lead to unexpected developments in number theory and numerical analysis.  The creation of fast algorithms is but one of many consequences of the unlimited desire for (.  Mathematicians readily welcome advances in technology to better compute (.

Ramanujan’s work with ( was based on investigations of modular equations, and is the basis for heavy computing of ( today.  Since computation of  ( is now done on supercomputers, it should be expected that Ramanujan and ( influenced the way computer scientists study algorithms, from basic arithmetic to iterative algorithms for (.

4.2 Modular Equations and Elliptic Functions
Before discussing Ramanujan’s work, a brief discussion of the key topics is necessary.  A modular equation of degree n is an algebraic connection of the form


 EQ 

 EQ \f(K'(l),K(l))  = n EQ \f(K'(k),K(k)) 
between the transcendental complete elliptic integrals of the first kind with moduli k and l.  Modular functions are functions that satisfy such modular equations.  Basically, an elliptic integral is of the form 


F(t) =  EQ \i(a,t,) 
) 
,

with p(x) a cubic or quartic polynomial.  The inverse function F’(t) is then called an elliptic function.  Elliptic integrals have been studied since 1825 (by Legendre), and elliptic functions by Abel and Jacobi, also in the early 19th century.  Results from studies in these equations include the proof of Fermat’s Last Theorem in 1995 by Andrew Wiles.

4.3 Ramanujan and (
Our area of discussion, however, is in Ramanujan’s work with modular equations.  A brief biography may be of interest.  Srinivasa Ramanujan (1887-1920) was born in India and received limited formal education.  He moved to England in 1914 after G. H. Hardy expressed an interest in Ramanujan’s work and invited him to Cambridge.  They worked together for five years, exploring problems such as how many prime divisors a given number is likely to have, or how many ways a number can be expressed as a sum of smaller positive integers.  Ramanujan’s health declined rapidly during this time however; he returned to India in 1919 and died shortly after.

Ramanujan had exceptional skill in deriving solutions to modular equations subject to other conditions.  These solutions are referred to as singular values.  Ramanujan’s work with ( revolves around the fact that solving for these singular values yields numbers whose natural logarithms coincide with a constant multiple of ( with surprising accuracy.  He gave many such approximations in his paper Modular Equations and Approximations to (, in 1914.  That was also when he derived the equation


 EQ \f(1, ()  =  EQ \f(,9801) 
( EQ \s\up4(oo) 

 EQ \s\down4(n=0)   EQ \f((4n)![1103+26390n],(n!)396 EQ \s\up(4n) ) 
.

Each term in this series adds roughly another eight correct digits.  The appearance of the formula itself looks daunting.  Indeed, merely the appearance of 1103 in the numerator required deep number theory; R. Gosper in 1985 examined this series for accuracy, and his examination led to the confirmation that 1103 was indeed the correct term in the entire formula.

4.4 Computer Arithmetic

Adaptations of Ramanujan’s formula have been widely used in the computation of ( by computers.  However, even with its rapid convergence, the fastest computers cannot compute ( to the precision that has been achieved using only naïve arithmetic algorithms.  Addition and subtraction are straightforward for computers.  Standard multiplication (i.e. the “common” multiplication technique people are taught in elementary school), however, requires far more time.  The time it takes to multiply together two factors as a function of the number of digits in each factor is O(N EQ \s\up(2) ).  Multiplication of two numbers each one million digits long would take a day.  The search for ( as well as other simpler computations demanded improvement in the multiplication algorithm.

The Fast Fourier Transform (FFT) is vital to computer multiplication.  J. Cooley and J. Tukey presented an FFT algorithm in 1965, but such algorithms had its roots as early as in the work of Gauss in 1805.  Very generally, FFT takes a factor with digit string representation {a​0, a1, a2, …, aN-1} to be multiplied and transforms it into a digit string of the same length {â0, â1, â2, …, âN-1} as follows:


â( (( (k=0N-1 ake2(((k/N
The new string is considered as an object almost like a polynomial, in the sense that the string is the sum of coefficients multiplied by successive powers of 10, where the coefficients are the digits of the string.  Multiplication becomes simpler, and the resulting product is transformed back (using the inverse transform described above) into the desired product.

The effect of the FFT is that multiplication now takes O(Nlog2N) time to compute, where N is the number of digits of the factors.  This is a significant improvement from the O(N EQ \s\up(2) ) straightforward algorithm.

4.5 Computation of (, Extraction of Digits, and the Future of (
Gauss in 1800 developed the arithmetic geometric mean (AGM), which is a way of computing an average of two variables.  This average requires an infinite number of steps, and the process is iterative:


Initialize a0 (( a and b0 (( b


Iterate ak+1 ((  EQ \f(ak+bk,2)  and bk+1 ((  EQ \r(akbk) 

Converge ak and bk to the same limit AGM(a, b).

Peter and Jonathan Borwein in the second half of the 20th century developed all high-performance algorithms by which ( is computed today.  The AGM is vital to these algorithms.  One such algorithm discovers in each step four times as many accurate digits as in the previous step.  Gauss already had the connection between the AGM and (, but it took the Borweins to popularize the algorithms.

A slightly different view of ( came with the advent of computers.  A new goal was to, rather than calculate all the digits of ( from the beginning to a certain point, instead calculate a specific digit individually.  This problem is actually not completely solved; we do not have an algorithm that would calculate an arbitrary digit faster than calculating all the digits preceding it.  What we have instead is a fast way to compute the nth digit in the hexadecimal or binary representation of (.  The method is based on the formula


( = (n=0oo  EQ \f(1,16n) ( EQ \f(4,8n+1) - EQ \f(2,8n+4) - EQ \f(1,8n+5) - EQ \f(1,8n+6) ),

developed by David Bailey, Peter Borwein, and Simon Plouffe.  In two years of calculation, Colin Percival announced in 2000 (at the age of 19) that the 250 trillionth hexadecimal digit of ( is E, or equivalently, the quadrillionth bit of ( is 0.

Currently, ( is computed on supercomputers.  Even with efficiency considerations, it is a heavy load on a single computer to compute many digits of (.  An ongoing project is the binary splitting algorithm, or binsplit algorithm.  Some operations involved in the computation of ( require supercomputers; many do not.  The goal of the binsplit algorithm is to divide up computational work and distribute it to smaller computers over the Internet.  Once again, ( is of great interest to computer scientists.  With the binsplit algorithm, however, it is not processor robustness that is being put to the test, but methods of data transfer.  The binsplit algorithm has yet to be implemented, but the project is promising.

5. Conclusion

As mentioned before, ( appears in nearly every field of mathematics.  In number theory, it is related to the sum of squares of reciprocals of positive integers.  In complex analysis, ( is involved in Laurent series and Cauchy integrals.  Even in the topics considered in this paper, ( is far more involved than as discussed.  I hope that I have at least conveyed the role of ( in inspiring new mathematics.  The Greeks once considered circles and spheres to be “perfect” objects.  As circles and spheres go hand in hand with (, there is more truth in their belief than one may believe.

