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1 Introduction

The German mathematician Carl Friedrich Gauss was undoubtedly a mathematical genius.
He is generally regarded as one of the three greatest mathematicians of all time, along with
Archimedes and Newton. In his lifetime, Gauss did work in many branches of science and
mathematics, ranging from algebra and number theory to astronomy and actuarial science.

One of his most celebrated results is the Law of Quadratic Reciprocity, of which there
are 207" proofs today. Gauss himself gave a total of eight different proofs of this remarkable
result, which he called the “Golden Theorem”. In this paper, we shall begin with a brief
biographical sketch of Gauss. Then we shall introduce the reader to the theory of quadratic
residues. This will serve as the background for our presentation of Gauss’ fifth proof of
the Law of Quadratic Reciprocity. We shall conclude with a modern exposition of a more
elementary proof due to Eisenstein.

2 Biography

Gauss was born in Brunswick on 30" April, 1777. He was born into a family of lower middle-
class workers. His father was a gardener and brick-layer?, and his mother, though was highly
intelligent, worked as a maid before becoming his father’s second wife.

As a young boy, Gauss showed remarkable mathematical prowess, which was to attract
the attention of his future benefactors. Gauss used to say that without the help of others,
he had learned to reckon before he could talk®. According to a well-authenticated story, he

'From the webpage http://www.rzuser.uni-heidelberg.de/"hb3/rchrono.html

’B. F. Finkel, Biography: Karl Frederich Gauss, The American Mathematical Monthly, Volume 8, Issue
2 (Feb., 1901), pp 25

3David M. Burton, The History of Mathematics: An Introduction, McGraw-Hill, New York, 2003, pp 509
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found an error in his father’s payroll calculations at the mere age of three. At the age of
eight, in his first arithmetic class, he impressed his teacher by instantly solving what was
supposed to be a “busy-work” problem: Find the sum of the first hundred integers. Gauss
deftly observed that when the first and last numbers are paired, their sum is 101, when the
second and second-last numbers are paired, their sum is also 101, and so on. In this manner,
he noticed that there are 50 pairs of numbers, each with the same sum of 101, so the required
total is 5050.

At the age of eleven, he studied with Martin Bartels, who later became a professor at
Dorpat, and subsequently a teacher of Lobachevsky at Kazan. Gauss entered the Gymnasium
in 1788. When Gauss was fourteen, Bartels brought him to the notice of the Duke of
Brunswick. The Duke provided a stipend to Gauss, which enabled him to continue his
intellectual pursuits for the next sixteen years. Gauss was fortunate he did not have to work
as a laborer to support his family. In 1792, he entered the Brunswick Collegium Carolinum,
equipped with an education far beyond the norm for someone of his age. At the Collegium,
Gauss showed as great an aptitude for languages as he did for mathematics.

In 1795, Gauss went to Gottingen, at that point undecided whether he wanted to study
mathematics or philology. It is interesting to note that before entering Gottingen, Gauss
had already discovered the Law of Quadratic Reciprocity. At Géttingen, he read voraciously,
devouring mathematical classics and journals, often learning that many of his discoveries
were not new. In 1796 he made a dramatic discovery that marked his coming of age as a
mathematician. As a by-product of his investigation of cyclotomic equations, he deduced
that the regular polygon of 17 sides could be inscribed in a circle using ruler and compasses
alone. This was the first progress on this topic in 2000 years! With this discovery, Gauss
became encouraged to study mathematics rather than philology.

Gauss returned to Brunswick in 1798. The next year, he received his doctorate from
the University of Helmstedt, for the first of his four proofs of the fundamental theorem
of algebra. The year 1801 was a special year for him, for that is the year he published
his Disquisitiones Arithmeticae and also calculated the orbit of the newly-discovered planet
Ceres to high precision. In his Disquisitiones, Gauss summarized previously-known results of
number theory in a systematic way, solved some of the most difficult outstanding problems,
and formulated questions and concepts that set the pattern of research for years to come.
The Disquisitiones earned him instant recognition as the “prince of mathematics”. In later
years, Gauss spent his time working on astronomy, and groomed himself to be the Director
of the Gottingen observatory. He also developed his concepts of non-Euclidean geometry
around this time, and kept in constant communication with Wolfgang Bolyai. In 1817, he
moved on to geodesy, something that he had worked on as early as 1796. In the 1820’s,
his focus shifted to physics. He found a friend in Weber, and together the two had a
close collaboration, producing several results. By the 1840’s, Gauss’ mathematical activity
decreased. He became lackadaisical towards the results found by other mathematicians. He
gained an increased interest in teaching and also used his actuarial principles to trade in
securities and amass a fortune nearly 200 times his annual salary*.

4Charles Coulston Gillispie, Dictionary of Scientific Biography, Scribner, New York, 1981, Volume 3, pp
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Gauss had maintained a careful regimen in his early days, so no serious illnesses had
bothered him for most of his life. After 1850, however, he was troubled by developing heart
disease. By autumn of 1854, his illness became worse, but Gauss kept up his reading and
correspondence, until he died in his sleep on 23" February, 1855.

3 Mathematical Work

It would be impossible to list all the publications of Gauss, for such a list would run into
several pages®. All of Gauss’ publications, including his fine reviews of his own papers,
are reprinted in the Werke, published in twelve volumes by the Konigliche Gesellschaft der
Wissenschaften zu Gottingen (Leipzig-Berlin, 1863 — 1933). This collection also contains a
large selection of his unpublished notes and papers, related correspondence commentaries,
and extensive analyses of his work in each field. The first seven volumes were edited by
Ernst C. J. Schering, who was a student at Gottingen beginning 1852, and who later taught
mathematics there from 1858 till his death in 1897. These volumes contain Gauss’ pub-
lications arranged by subject: 1 — Disquisitiones Arithmeticae, II — Number Theory, III
— Analysis, IV — Probability, Geometry, and Geodesy, V — Mathematical Physics, VI
— Astronomy, VII, Theoria Motus Corporium Ceelestium. This collection also contains a
considerable amount of previously unpublished material, Nachlass, very little of which has
been reprinted or translated. After the death of Schering, work was continued by Felix
Klein, who organized a campaign to collect materials and enlisted experts in special fields to
study them. Between 1898 and 1922, he published fourteen reports, under the title “Bericht
iiber den Stand der Herausgabe von Gauss’ Werken” in the Nachrichten of the Gottingen
Academy. This massive effort led to an enlarged Gauss Archive at Gottingen and further
volumes of the Werke: VIII — Supplement to volumes I-IV, papers and correspondence on
mathematics, IX — Geodesy, supplement to volume IV, including some earlier overlooked
Gauss publications, X part 1 — Supplement on pure mathematics, including the famous
Tagebuch in which Gauss recorded his results from 1796 to 1814, X part 2 — Biographical
essays, XI part 1 — Supplement on Physics, Chronology, and Astronomy, XI part 2 — Bi-
ographical essays, XII — Atlas des Erdmagnetismus. A last volume, XIII, was planned to
contain further biographical material, especially on Gauss as a professor, a bibliography, and
index. Though nearly completed by H. Geppert and E. Bessel-Hagen, it was not published.

Gauss’ most celebrated work is his Disquisitiones Arithmeticae. In his Disquisitiones,
a collection of 366 articles, Gauss created modern number theory in its true sense. He
introduced the notion of congruence of integers with respect to a given modulus. Today this is
the first significant algebraic example of the concept of an equivalence relation. He developed
the theory of quadratic forms, and completely analyzed the cyclotomic equation. This led
to his discovery of the constructibility of the regular 17-gon, using ruler and compasses only.
Gauss went on to prove that the only regular polygons that can be constructed by elementary

307
®Charles Coulston Gillispie, Dictionary of Scientific Biography, Scribner, New York, 1981, Volume 3, pp
310 — 314




Gagan Tara Nanda 4

geometry are those whose sides are of the form 2™ (2" 4 1), where m and n are integers, and
2™ 4+ 1 is prime. It is in the Disquisitiones, too, that Gauss first formulated and proved the
Law of Quadratic Reciprocity.

We conclude this section by mentioning here that Gauss published only half his recorded
innovative ideas, and in a style so austere that his readers were few. As Abel correctly
remarked about Gauss’ mathematical writing style®, “He is like the fox, who effaces his
tracks in the sand with his tail.” Gauss himself had this opinion: “You know that I write
slowly. This is chiefly because I am never satisfied until I have said as much as possible in a
few words, and writing briefly takes far more time than writing at length.”

4 Quadratic Congruences

In this section’, we focus on congruence equations of the form

2 = a(mod m) . (1)

We first define what we mean by congruence modulo an integer.

Definition 1 Let m be a positive integer. Then an integer a is congruent to an integer b
modulo m if m | (a —b). In symbols, we then write a = b (mod m), and m is the modulus
of the congruence relation.

When there is at least one value x satisfying (1), we say that (1) is solvable. In our study
of the Law of Quadratic Reciprocity, we shall need the concept of quadratic residues.

Definition 2 Let m be a positive integer and a any integer such that ged (a,m) = 1. Then a
is called a quadratic residue of m if the congruence x> = a (mod m) is solvable; otherwise,
it s a quadratic non-residue of m.

We shall illustrate this idea with a simple example, by finding the quadratic residues and
non-residues of p = 13. We shall use the fact that k2 = (p — k)* (mod p). So we have

17 = 122 =1 (mod 13) 22 = 112 = 4 (mod 13)
32 = 10*=9(mod 13) 4* = 9> = 3 (mod 13)
5 = 8 =12(mod 13)  6°=7*=10(mod 13)
Thus 13 has exactly six quadratic residues, namely, 1,3,4,9, 10,12, and six quadratic non-

residues, 2,5,6,7,8,11.

In proving the Law of Quadratic Reciprocity, we shall also need what is called Euler’s
Criterion.

6From the website http://www-gap.dcs.st-and.ac.uk/history/Quotations/Abel.html
"Thomas Koshy, Elementary Number Theory with Applications, Harcourt Academic Press, 2002
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Theorem 3 Let p be an odd prime. Then a positive integer a with p 1 a is a quadratic residue
of p if and only if a?~Y/? = 1 (mod p).

Proof: Suppose that a is a quadratic residue of p. Then the congruence z? = a (mod p)
has a solution b, where ged (p,b) = 1. By Fermat’s Little Theorem, 5! = 1 (mod p). Then
a2 = (172)(]071)/2 = P! = 1 (mod p). Conversely, suppose that a»1/2 = 1 (mod p).
We know that p has a primitive root® c¢.” Then a = ¢* (mod p), where 1 < k < p— 1. So
Fr=1)/2 = (P=1/2 = 1 (mod p), which implies that (p —1) | k(p — 1) /2, showing that k
must be even. Write k = 2i; then a = ¢ = (¢!) (mod p), so a is a quadratic residue of p.

We now introduce the Legendre symbol. This is a powerful notation that was developed
by Legendre in his 1798 book, Essai sur la Theorie de Nombres.

Notation 4 Let p be an odd prime and a any integer such that p { a. The Legendre symbol
(a/p) is defined by

B 1, if a is a quadratic residue of p
(a/p) = { -1, otherwise

For example, as we saw in our earlier example, (1/13) = (10/13) = 1, whereas (2/13) =
(5/13) = —1. With all the above in hand, we are ready to understand Gauss’ third proof of
the Law of Quadratic Reciprocity.

5 The Law Of Quadratic Reciprocity

The Law of Quadratic Reciprocity, as we now call it, was first conjectured by Euler in 1783,
and by Lagrange in 1785. Legendre was the first to state it in its present elegant form. In
1787, he provided a long but invalid proof in the Mémoires of the French Academy. His proof
tacitly assumed that there exist infinitely many primes in certain arithmetical progressions,
a fact which was established by Dirichlet only half a century later. Gauss was the first to
give a rigorous proof of this theorem, which he called aureum theorema, or “golden theorem”.
He had embarked on this problem in 1795 when he was only 18 years old. After a year of
struggling and much effort, he managed to give a complete proof of this law. Gauss was so
intrigued by this theorem that he went on to give seven more proofs, one each in 1796, 1801,
and 1805, and two each in 1808 and 1818. His first proof is rather long and complicated.
The proof we present in this paper is actually his fifth one, but third published proof. It is
considered by most mathematicians to be the most elegant and direct of his eight proofs.
The theorem is elegant in statement, and enables us to determine the quadratic character of
a prime p with respect to another prime ¢, and vice-versa.

8Let ¢ be a positive integer such that ged (c,q) = 1. Then c¢ is a primitive root modulo ¢ if the smallest
value of e such that ¢® = 1 (mod q) is e = ¢ (q). Here, ¢ (¢) is the number of integers d such that 1 < d < ¢
and ged (d, q) = 1. Since ¢ (p) = p — 1, we have ¢?~! = 1 (mod p).

Tt can be shown that every prime p has ¢ (p — 1) unique primitive roots.
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Theorem 5 Let p and q be distinct odd primes. Then

-

Before we present the proof of the theorem, we invite the reader to read a few words
from Gauss'® himself on the theorem: “The questions of higher arithmetic often present
a remarkable characteristic which seldom appears in more general analysis, and increases
the beauty of the former subject. While analytic investigations lead to the discovery of
new truths only after the fundamental principles of the subject (which to a certain degree
open the way to these truths) have been completely mastered; on the contrary in arithmetic
the most elegant theorems frequently arise experimentally as the result of a more or less
unexpected stroke of good fortune, while their proofs lie so deeply embedded in the darkness
that they elude all attempts and defeat the sharpest inquiries. Further, the connection
between arithmetical truths which at first glance seem of widely different nature, is so close
that one not infrequently has the good fortune to find a proof (in an entirely unexpected
way and by means of quite another inquiry) of a truth which one greatly desired and sought
in vain in spite of much effort. These truths are frequently of such a nature that they
may be arrived at by many distinct paths and that the first paths to be discovered are not
always the shortest. It is therefore a great pleasure after one has fruitfully pondered over a
truth and has later been able to prove it in a round-about way to find at last the simplest
and most natural way to its proof. The theorem which we have called in sec. 4 of the
Disquisitiones Arithmeticae, the Fundamental Theorem because it contains in itself all the
theory of quadratic residues, holds a prominent position among the questions of which we
have spoken in the preceding paragraph. We must consider Legendre as the discoverer of
this very elegant theorem, although special cases of it had been previously discovered by the
celebrated geometers Euler and Lagrange. I will not pause here to enumerate the attempts
of these men to furnish a proof; those who are interested may read the above mentioned
work. An account of my own trials will suffice to confirm the assertions of the preceding
paragraph. I discovered this theorem independently in 1795 at a time when I was totally
ignorant of what had been achieved in higher arithmetic, and consequently had not the
slightest aid from the literature on the subject. For a whole year this theorem tormented me
and absorbed my greatest efforts until at last I obtained a proof given in the fourth section of
the above-mentioned work. Later I ran across three other proofs which were built on entirely
different principles. One of these I have already given in the fifth section, the others, which
do not compare with it in elegance, I have reserved for future publication. Although these
proofs leave nothing to be desired as regards rigor, they are derived from sources much too
remote, except perhaps the first, which however proceeds with laborious arguments and is
overloaded with extended operations. I do not hesitate to say that till now a natural proof
has not been produced. I leave it to the authorities to judge whether the following proof
which I have recently been fortunate enough to discover deserves this description.”

10Carl Friedrich Gauss, Werke, Band II, Gottingen, 1876, pp 3 — 4
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6 Gauss’ Fifth Proof

We now provide a translation!! of Gauss’ fifth proof. It is instructive to note that at several
points in the proof, Gauss considers a particular step as “clear” or “evident”. In our presen-
tation below, we shall elaborate on these parts by explaining the technicalities in subsections
after each major part of the proof. The work in the subsections titled “Explanation” is en-
tirely ours. The section numbers in parentheses after each subsection heading correspond to
those in Gauss’ proof in Werke.

Gauss begins with a theorem, which is today called Gauss’ Lemma.

6.1 Gauss’ Lemma (§3)

Theorem 6 Let p be a positive prime number and k be any number not divisible by p.
Further let A be the set of numbers

and B the set
(p+1) (p+3)

5 " 5 vooP
We determine the smallest positive residue modulo p of the product of k by each of the
numbers in the set A. These will be distinct and will belong partly to A and partly to B. If
we let p be the number of these residues belonging to B, then k is a quadratic residue of p
or a non-residue of p according as p is even or odd.

— 1.

Proof: Let a,a’,ad”,... be the residues belonging to the class A and b,b,b",... be those
belonging to B. Then it is clear that the complements of these latter: p —b,p — ¥, ... are
not equal to any of the numbers a,a’,a”, ..., and together with them make up the class A.
Consequently we have

-1
1.9.3..... pT:a.a'.a" ..... (p—0)(p—b)(p—b")--.
The right-hand product evidently becomes, modulo p:
_ o ron 1901 _ o p—= 1
= (-Dfadd"... 000 ... =(-1)"-k-2k-3k-----k —

(—1*&(*7) . 1.2.3..... p%l

Hence B
1= (-1 k5,

that is k"2 = +1 according as p is even or odd. Hence our theorem follows at once.

"UDavid Eugene Smith, A Source Book in Mathematics, Dover Publications Inc., New York, 1959, pp
112 — 118
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6.2 Explanation

Note that p has to be an odd prime, otherwise p_;1 ¢ Z. Gauss did not state this possibly
because he had treated the case p = 2 separately when he gave his first proof.

We first need to show that the residues a,d’,a”,...,b,b',b",... are distinct. Let x1, 25 €
A, and without loss of generality, let x1 > z5. Suppose kx;modp = krsmodp. Then
k (z1 — x2) = 0 (mod p). Each of the elements of A is less than p/2, so the maximum value

of £;1 — xy is p—;l -1 = ? < p. So0 < 1 —x9 < p, which means we cannot have
x1 — 22 = 0(mod p). This means k& = 0(mod p), leading to a contradiction since k is not
divisible by p, and thus the residues a,a’,a”,...,b,b',b", ... are distinct.

Now we show that none of p — b,p — b,... is equal to any of a,d’,d”,.... Suppose

m,n € A such that km = a; (mod p) and kn = b; (mod p), with a; = p — b;. Then
ay +by = p = 0(mod p). That is, k(m +n) = 0(mod p). Again, each of m,n < £, and
the maximum value of m + n is p—;l + p—;?’ = p— 2, so we cannot have m + n = 0 (mod p),
implying that & = 0 (mod p). We get a contradiction, and the claim is verified.

So we see that, in some order,
-1
1.9.3..... P=2 _ add . p=b)-(p=b)-(p—b")---

N B (=b) - (=b) - (=b") - - - - (mod p)
(=) ad'a” ... 00" ...,

where the last step follows from the definition of p. We then get

1
“DFada” . B ... = (=1)F-k-2k-3k--- k{22 (mod p
2
_ 1
- (_1)“k"}—1.1.2.3.....1’T,
SO
—1 . 1
1-2~3~~-pTE(—l)“k:Tl-1-2'3-----1)7(m0dp).
Thus

(—1)* BT = 1 (mod p) .

When g is odd, o= 1 (mod p), and when g is even, e 1 (mod p). By Euler’s
Criterion, k£ is a quadratic residue in the latter case, and a quadratic non-residue in the
former case, and Gauss’ Lemma is established.

6.3 Some Notation (§4)

We can shorten the following discussion considerably by introducing certain convenient no-
tations. Let the symbol (k, p) represent the number of products among

k, ok, 3kk(7%1)
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whose smallest positive residues modulo p exceed p/2. Further if z is a non-integral quantity
we will express by the symbol [z]| the greatest integer less than x so that x — [z] is always a
positive quantity between 0 and 1. We can readily establish the following relations:

L
IT.
ITI.
IV.

VL

VII.

VIIL

[z] + [—z] = —1.
[z] + b = [z + b], whenever b is an integer.
2] +[b—2]=b—1.

If z — [z] is a fraction less than 1/2, then [2z] — 2 [z] = 0. If on the other hand x — [z]
is greater than 1/2, then [2z] — 2 [z] = 1.

If the smallest positive residue of b (mod p) is less than p/2, then [2b/p] — 2 [b/p] = 0.

From this it follows that:
o - 2] 8 ] o522
P

From VI and I we obtain without difficulty:

(k.p) + (~h.p) = 2=

From this it follows that the quadratic character of —k with respect to p is the same
as or opposite to the quadratic character of k with respect to p, according as p is of
the form 4n + 1 or 4n + 3. It is evident that in the first case —1 is a residue and in the
second a non-residue of p.

We transform the formula given in VI as follows: From III we have

525 o] 52 - 3 52 -]

p p p p D D

terms of the above series we have

1
When we apply these substitutions to the last P+

Case 7 first, when p is of the form 4n + 1:

by = B0

Sl 2] 5] o[22
G B )
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Case 8 second, when p is of the form 4n + 3:

k 3k bk kE(p—1)/2
2{G] Bl Bl 57
p p p p
k 2k 3k kE(p—1)/2
{5 R R 15
p p p p
IX. In the special case k = +2 it follows from the above formulas that (2,p) = (p F 1) /4,
where we take the upper or lower sign according as p is of the form 4n + 1 or 4n + 3.

Therefore (2, p) is even and hence 2Rp in case p is of the form 8n+ 1 or 8n+ 7; on the
other hand (2, p) is odd and hence 2Np when p is of the form 8n + 3 or 8n + 5.

6.4 Explanation

In the discussion to follow, x is a non-integral quantity. We denote the fractional part of
x by {z}, where 0 < {z} < 1. This is what Gauss refers to by = — [z]. Observe first that

(k,p) = p.
I Since z = [z] + {z}, we have
[#] + [—a] = [z] + [= [z] —{z}] = [2z] + (= [z] - 1) = -1.
II. Since b is an integer,
[z +b] = [[z] + b+ {z}] =[] +b.
I11. Similarly,
2]+ [b—a]=la]+[b—[z] —{a}] =[] + (b—[z] - 1) =b— 1.
IV. Suppose {z} < 3. Then 2{z} < 1, so
2z] —2[z] = [2[z] + 2{z}] — 2[z] = 2[z] — 2[z] = 0.
Otherwise, when {z} > 1, we have 2 {z} > 1, so that

2] — 2[z] = [2[2] + 2{z}] — 2[2] = (2[z] + 1) — 2[z] = 1.

V. Let b = mp + n, where n < & = % < % Here, n is the smallest positive residue of
b(mod p). Then 2n < p = 27" <1, s0

2—b -2 [é] = {w} -2 {mp—l—n] = {2m+2—n] -2 [m—l—ﬁ} =2m—2m = 0.
D p p p p p

Otherwise, when n > £, we have % < 1 but 2?” > 1, so

%, M - [M1—2 {m“"] - l2m+2—n1—2 {m%—ﬁ} = (2m+1)-2m = L.
p] " lp p P p p
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VL From V we see that
il o A e o I 1 R i

(5 i ) A U B R (e B )

is a sum of 1’s and 0’s according as the smallest residue of mk (mod p) is greater than
p/2 or less than p/2. Here, m € A. When the smallest residue is greater than p/2, it
belongs to B. So the count of such residues is (k,p) = u, and we have

2o 52 i o [2522] - o)

= p
(k,p) -

VII. Observe that
= 2] 4[] s [0 E] o [f] o [2] o [

and

)= [P2A] [ o [0y [ ] o[22y [hleo 2]

p D D D D D

By I, for m € A,

(3 - () 32+

Since there are P such terms, we conclude that

(k. p) + (~h.p) = 2=

Now when p = 4n + 1, % = 2n is even, so (k,p) and (—k,p) are either both even,
or both odd. By Gauss’ Lemma, the quadratic character of —k with respect to p is
the same as the quadratic character of k with respect to p. On the other hand, when
p = 4n + 3, p_; = 2n + 1 is odd, so either (k,p) is odd and (—k,p) even, or (k,p)
even and (—k,p) odd. Then by Gauss’ Lemma again, the quadratic character of —k
with respect to p is opposite to the quadratic character of k£ with respect to p. When
p = 4n + 1, we have by Euler’s Criterion (—1)13%1 = (=1)*" =1, so —1 is a quadratic
residue of p. However, when p = 4n + 3, we have (—1)}75_1 = (—1)2"1+1 =—1,s0 —11is
a quadratic non-residue of p.

—mk

p

)
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VIII. From III, we have
b—z]=b—1—x].

Setb:kandxzw,wherelzo,l,l....Then
b0t [t fE]
L p i L p p
GRS T T
L p i L p p
(p=5)k] _ k_%}:k_l_l%],
p i L p p

1
We now apply these substitutions to the last P terms that have a positive sign of

the series in VI. We wonder why Gauss did not state this specifically, and left it to the

reader to assume so. We take - terms when p = 4n + 1, and b terms when

p=4n+ 3.

o = (][22 52)
(e B o oo 22
o] -of] - e

- ool (4. o). s

(5] 4] ).

which gives the desired result

(k-1)(—-1)
4

{22
(BB P

(k,p) =
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Case 10 When p = 4n + 3, we get by a similar analysis,

o - (] ) 8] 2]
(o) (e -2
oo -2

- el . o] ol
(] ) P52,

kF=Dp+1)
4

] ] 22
(B BB )

IX. We have a special case when k = 2. Notice that for m =1,2,..., &L,

ORSRE

which gives

(kvp) =

Hence when p = 4n + 1,

2-1((p-1) p-1

2,p) =
(2:p) 4 4
and when p = 4n + 3,

2-1)(p+1 p+1

Now we can also write p =8¢+ 1, p =8¢+ 3, p =8¢+ 5, or p = 8 + 7. When
p = 8q + 1, it is of the form 4n + 1, so

8q
2 = — =2q.

When p = 8¢ + 7, it is of the form 4n + 3, so

8¢+ 8
(2,p) = q4 —2¢+2.
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Then in both of the above cases, (2, p) is even and 2 is a quadratic residue of p. When
p = 8q + 3, it is of the form 4n + 3, so

8qg+4
(2,p) =

Similarly, when p = 8¢ + 5, it is of the form 4n + 1, so

=2q+ 1

8+ 4
(2,p) = ‘-’4 — 204 1.

Then in these two cases, (2,p) is odd and 2 is a quadratic non-residue of p.

6.5 Theorem (§5)

Theorem 11 Ifx is a positive non-integral quantity among whose multiples x,2x, 3z, ..., nx
there exist no integers; putting [nx] = h we easily conclude that among the multiples of the
reciprocals %, %, %, ey % there appear no integers. Then I say that:
1 2 3 h
[z] + [2z] + [3z] + - - - + [nx] + {—] + [—] + {—} +ee [—} = nh.
x x x x

Proof: In the series [x] + [2z] + [3z] + - - - + [nz], which we set equal to €2, all the terms
from the first up to and including the [ﬂth are manifestly zero, the following terms up to

and including the [%}th are equal to 1, and the following up to the [%}th term are equal to
2 and so on. Hence we have

0x [2] )
+1x {[2] - [2
-y 17 [2] [3 h
oo SR g9y
. T T T Xz

+ (h jr}?{i[%] [Z

T

el

[
‘;r‘
N

6.6 Explanation

Suppose that none of x,2x,3x,...,nz is an integer. If x is irrational, then it is easy to see

that none of 1 2 2 h

x?x’x?" "
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6.7 Theorem (§6)

Theorem 12 If k and p are positive odd numbers prime to each other, we have

R R I R bl O NV VS

1B+ 2]+ (] oo [P0 i

. ; kp=1)/2 _ k k—1
Proof: Supposing that k£ < p we have pT < 5 but > *5=, and hence

[k(p—n/z] k-1

D 2

From this it is clear that the theorem follows at once from the preceding one if we set

k p—1 kE—1
:n’ =
2

b.

It is possible to prove in a similar way that if & is even and prime to p, then

4 2] [ 222 )y
I )+ (] 2] T

However we will not prove this proposition as it is not necessary for our purpose.

6.8 Explanation

This part of the proof is pretty clear. If k£ < p, then

Koo () b

oot 4 -]

<
2 p
and since k is odd, % is an integer, which shows that

{k(p—l)/Q] k-1

D 2

but

Thus

16
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We need not consider the case £ > p because the expression in the theorem is “symmetric”:

for every term in %, there is a corresponding one for 2. Using the result from Section 6.5,

with % =1z, p—;1 =n, and k—gl = h, we have

k p—1)/2 B B
H [;} ¥+ +[{(}£ij] P V)

Since the next result Gauss mentions is not used in the proof of the Law of Quadratic
Reciprocity, we do not elaborate further on that.

6.9 The Fundamental Theorem

Now the main theorem follows from the combination of the last theorem with proposition
VIII of paragraph 4. For if we designate by k and p any distinct, positive prime numbers

and put
R e

o ] [ [222] -

then it follows from VIII that L and M will always be even numbers. It follows from Theorem

10 that
(k=1 (-1
1 .

Therefore, when (k — 1) (p — 1) /4 is even, that is when one or both of the primes k or p is
of the form 4n + 1, then (p, k) and (k, p) are either both even or both odd. On the contrary
when (k—1)(p—1)/4 is odd, that is when k£ and p are both of the form 4n + 3, then
necessarily one of the numbers (k, p), (p, k) is even and the other odd. In the first case the
relations of k to p and of p to k (as regards the quadratic character of one with respect to
the other) are the same; in the second case they are opposite.

L+ M = (k,p)+ (p, k) +

6.10 Explanation

We finally piece the above theorems and results together to culminate in a proof of the Law
of Quadratic Reciprocity. Note that k and p are distinct, positive prime numbers, and have
to be different from 2. Let

e[ 2] 2] 528 - o

o ][] ] e [0
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Then from 6.3.VIII, when p =4n+1,

Kl oo [ke=1)/2] k-1 @-1 f[k] [klp=3)/2
%Jﬂ+lp}+ +l p } __4n@%%D iﬁ{p]+ AIJBLZ ]}
S
R
which is even because k is odd. Similarly, when p = 4n + 3,

522

Gy i [F] o [FO=D/2] =Dy
k,p +[p}+ +_l p } ) (@l+$(k1)25{{k}+-~+valhg}}
4 kp k(p—g)/2
= weneonaf[F 4 [

which is also even. The same results hold for the expression involving (p, k) because of
symmetry. Hence L and M are always even. By the result in Section 6.7 it follows that
(k—1)(p—1)

L+ M= (kp)+(pk)+ 1 -

(k—1)(p—-1)
4
Suppose k — 1 = 4n; then
(k-=1)(p—-1) 4n(p—-1)
4 4

which is even since p is odd. The same holds when p — 1 = 4n. So when either of p, k has
the form 4n + 1, or when both have the form 4n + 1,

k=1(p-1)

4
is even. So (k,p) and (p, k) are either both even or both odd. On the other hand, when both
p, k have the form 4n + 3, then

k-=1)(p—-1) (“An+2)4n +2) , ,
1 = 1 =4nn'+2(n+n') +1

is odd, so (k,p) + (p, k) is odd. Hence either (k,p) is even and (p, k) odd, or (k,p) odd and
(p, k) even. In summary, the quadratic character of p with respect to k is the same as the
quadratic character of £ with respect to p, unless both p and k are primes of the form 4n + 3,
in which case the quadratic characters are opposite. Using the notation of Legendre, this is

equivalent to
DY (F) 2 s
(k‘) (p) = (=1) ’

and thus we have proved the Law of Quadratic Reciprocity.

Now is even as long as one of the terms £ — 1 or p — 1 is a multiple of 4.

=n(p-1),

(hip) + (oo k) = L+ M — &
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7 A Modern Proof

We now contrast Gauss’ proof with a proof given by Ferdinand Gotthold Max Eisenstein'?
This proof is modelled on the proof presented above, but is more elegant because the cum-
bersome algebraic expressions involving the greatest integer function are given a geometric
meaning here. As with Gauss’ proof, we begin with a lemma.

7.1 Eisenstein’s Lemma

Lemma 13 If p is an odd prime and a is an odd integer not divisible by p, then

(2) = oo,

(p—1)/2

T(a,p)= Y [ja/p].

=1

where

Proof: Consider the least positive residues of the integers a,2a,...,((p — 1) /2) a modulo
p. Let uy,ug,. .., us be those greater than p/2 and let vy, vs, ..., v; be those less than p/2.
The division algorithm tells us that for j =1,2,...,(p—1) /2,

ja=plja/p] +r;,

where 7; = (ja)modp is an element from {uy,us, ..., us,v1,vs,...,v:}. As we showed in
Gauss’ Lemma, each 7; is distinct. Hence

(p—1)/2 (p—1)/2 s t
Z ja= 3 plia/pl+) ui+) v
j=1 i=1 k=1
Again, from the proof of Gauss’ Lemma, the integers p — uy,p — ug, ..., p — Us, V1, Va, ..., V¢
are precisely the integers 1,2,...,(p — 1) /2 in some order. Summing over these integers, we
get
(p—1)/2 s

Z j—z — U —i—ka—ps—Zuz—FZUk.

Subtracting this from the previous equation, we have

(p—1)/2 (r—1)/2 (p—1)/2
ja— > i = Y plia/pl—ps+2> w
=1 =1 =1
= pT( ps+ 2 Z Uiy

12Kenneth H. Rosen, Elementary Number Theory and its Applications, Addison Wesley Longman, Inc.,
2000, pp 395 — 399
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by definition of 7" (a, p). Simplifying, we get

(r—1)/2 s
(a=1) Y j=pT(a,p)—ps+2> u.
=1 i=1
We now reduce this equation modulo 2. Since a and p are odd, we have

0=T1(a,p) — s(mod 2).

So T (a,p) = s (mod 2). From Gauss’s Lemma, we note that

()

As a result, because (—1)° = (—=1)7") we conclude that

(§)-core

7.2 Eisenstein’s Proof Of The Law Of Quadratic Reciprocity

Theorem 14 Let p and q be odd primes. Then

QIORESS

Proof: We consider pairs of integers (z,y) with 1 <z < (p—1)/2and 1 <y <(¢—1) /2.

There are p—;l . ‘%1 such pairs. We divide these pairs into two groups, depending on the

relative sizes of gx and py, as shown in the figure.

miferl tice point -
E f 71 tnce PHNEs -

(L), L) {(p 12 005

Counting lattice points to determine (%) <%)
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First, we note that gz # py for all of these pairs. For if gz = py, then ¢ | py, which implies
that ¢ | p or ¢ | y. But p,q are distinct primes, so g 1 p. More over, 1 <y < (¢ —1) /2, so

q1y.

To enumerate the pairs of integers (z,y) with 1 <z < (p—1)/2, 1 <y < (¢g—1)/2,
and gz > py, we observe that these pairs are precisely those where 1 < z < (p—1) /2 and
1 <y < gx/p. For a particular value of z, there are [gz/p] integers satisfying 1 <y < gx/p.
Thus the total number of such pairs (z,y) is

(p-1)/2 ¢ .
> 5]
=1 LP
Similarly, we consider the pairs of integers (z,y) with1 <z < (p—1)/2,1 <y <(¢—1)/2,

and gz < py. These pairs are those pairs of integers where 1 <y < (¢—1)/2and 1 <z <
py/q. By an argument analogous to the one in the previous case, we see that the total

number of such pairs is
(q—1)/2
> 7]
q

k=1
The total number of such pairs is p%l . %1, so we have
(r—1)/2 - . (g-1)/2 -
pz [qjl ’ pk‘}_p—l g—1
Jj=1 p L4
Now observe that
(p—1)/2 7]
>, {— =T(q,p)
=1 LP
and
(g—1)/2 ok
[_1 =T (p> q) )
= LY
so we get
p—1 g—1
Tpa)+T(ep)=—F "5
Hence

(—1)T @O ()T ()T — (1)

By Eisenstein’s Lemma,

Thus we conclude that

which is the Law of Quadratic Reciprocity.
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8 Conclusion

We have finally come to the end of our lengthy, and at times arduous, trek towards the
proofs of the Law of Quadratic Reciprocity presented above. The theorem in itself is elegant
and appealing, though its proofs are not as compact. Nevertheless, it is truly worthy of the
title “gem of higher arithmetic”. We are pleased to remark that nowhere in the literature
we had access to did we find an explanation of Gauss’ fifth proof as detailed as the one
in this paper. It has taken several hours of deep thought to uncover each statement that
Gauss considered “evident”, but the effort has been more than rewarding. We end with the
following quote'?, testimony to this fact: “Lagrange was almost faultless both in form and
matter, he was careful to explain his procedure, and, though his arguments are general, they
are easy to follow. Laplace, on the other hand, explained nothing, was absolutely indifferent
to style, and, if satisfied that his results were correct, was content to leave them either
without a proof or even a faulty one. Many long and abstruse arguments were passed by
the remark, “it is obvious.” This led Dr. Bowditch, of Harvard University, while translating
Laplace’s Mechanique Céleste, to say that whenever he came to Laplace’s “it is obvious,” he
expected to put in about three weeks of hard work in order to see the obviousness. Gauss,
in his writings, was as exact and elegant as Lagrange, but even more difficult to follow than
Laplace, for he removed every trace of the analysis by which he reached his results, and
even studied to give a proof which, while rigorous, should be as concise and synthetical as
possible.”

I3B. F. Finkel, Biography: Karl Frederich Gauss, The American Mathematical Monthly, Volume 8, Issue
2 (Feb., 1901), pp 30
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