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1. We list the first few Lucas numbers, their squares, and the first few values of
nP
k=0

L2k:

2, 1, 3, 4, 7, 11, 18 (First 7 Lucas numbers)

4, 1, 9, 16, 49, 121 (Squares of first 6 Lucas numbers)

4, 5, 14, 30, 79, 200 (Value of
nP
k=0

L2k for n = 0, 1, 2, 3, 4, 5)

We now observe that

4 = 2 · 1 + 2;
5 = 1 · 3 + 2;
14 = 3 · 4 + 2;
30 = 4 · 7 + 2;
79 = 7 · 11 + 2;
190 = 11 · 18 + 2.

From here we conjecture that
nX
k=0

L2k = LnLn+1 + 2.

We shall prove this by induction. The base case clearly holds, since

0X
k=0

L2k = 4 = 2 · 1 + 2 = L0L1 + 2.

Assume the result is true for n = m, that is,

mX
k=0

L2k = LmLm+1 + 2.
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Then for n = m+ 1, we have

m+1X
k=0

L2k =
mX
k=0

L2k + L
2
m+1

= LmLm+1 + 2 + L
2
m+1

= Lm+1 (Lm + Lm+1) + 2 (By the induction hypothesis)

= Lm+1Lm+2 + 2.

Hence the result is true for all non-negative integers n, and we conclude that

nX
k=0

L2k = LnLn+1 + 2.


