Section 11.1

Definition: A sequence is a function f whose domain is the set of positive integers.

Exercise 1. List the first four terms and the tenth term of each sequence:

For some sequences we state the first term aj, together with a rule for obtaining any term a1
from the preceding term a; whenever k > 1. We call this a recursive definition, and the sequence
is said to be defined recursively.

Exercise 2. Find the first four terms and the nth of the sequence defined recursively as follows:

a1 = 3 and apy1 = 2ay, for k > 1.

Class Exercise 1. List the first five terms of the sequence.
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Exercise 3. Find a formula for the general term a,, of the sequence, assuming that the pattern
of the ﬁrst few terms continues.

(a) {1,=%, 3, — 5=, g0 cooes }

Class Exercise 2. Find a formula for the general term a, of the sequence, assuming that the
pattern of the first few terms continues.

(a) { 5,8, 11, 14, 17 ...... }

(b) {1,0,-1,0,1,0,-1,0,....}

Definition: A sequence {a,} has the limit L and we write
lim, oo @, = L ora, - L asn — oo

if we can make the terms a, as close to L as we like by taking n sufficiently large. If lim,_,
a, exists, we say the sequence converges (or is convergent). Otherwise, we say the sequence
diverges (or it is divergent).

Definition: The notation
lim,, s @y, = 00

means that for every positive real number P there exists a number N such that a, > P whenever
n > N.

Theorem: Let {a,} be a sequence, let f(n) = a,, and suppose that f(z) exists for every real
number z > 1,

(i) If limy oo f(x) = L, then lim, , f(n) = L.
(ii) If limy 0o f(2) = 00 (or —o0), then lim, _,~ f(n) = co (or —o0).

Exercise 4. If a, =1 + %, determine whether {a,} converges or diverges.

Exercise 5. Determine whether the sequence converges or diverges:

(@) { gn? =1} (b) { (-1)" " }.

Exercise 6. Determine whether the sequence { 2% } converges or diverges.



Theorem: (i) lim, ,o ™ =0if |r] <1
(ii) limy, 00 |7 = 00 if |r| > 1

Exercise 7. List the first four terms of the sequence, and determine whether the sequence con-
verges or diverges:

(a) { (=3)"}

(b) { (1.01)" }

Exercise 8. Find the limit of the sequence { % }.

Exercise 9. Determine whether the sequence converges or diverges. If it converges, find the limit.

(a) an = %
(b) an = 25
(c) an = 35
(d) an = 97;:5-11

Theorem: Let {a,} be a sequence. If lim,,~ |a,| = 0, then lim, - a, = 0.
Exercise 10. Suppose the nth term of a sequence is

an = (—1)"1L
Prove that lim,,_,o a, = 0.

Definition: A sequence is monotonic if successive terms are non-decreasing:
or if they are non-increasing;:

Example: An example of a monotonic sequence is a,, =

Definition: A sequence { a,, } is bounded above if there is a number M such that

a, < M for all n > 1.

It is bounded below if there is a number m such that

m < a, for all n > 1.

If it is bounded above and below, then { a,, } is a bounded sequence.

Example: An example of a bounded sequence is a, = 10 — %

Exercise 11. Determine whether the sequence is increasing, decreasing, or monotonic. Is the
sequence bounded?

(a) an = (=2)"*!
(b) an = 3533
(¢) an =me™™
(d) an =n+ %

Theorem: A bounded, monotonic sequence has a limit.

Class Exercise 3. Determine whether the sequence converges or diverges. If it converges, find
the limit.

— e2n/(n+2 _ (=D™n
(a) an = /(2 (b) q, = Py

1(c) an, =cos(2/n)  (d)a, ={(nn)/(In2n)} () a, = (tan='n)/n  (f) a, =In(n+1) -
(g) ap, = V2137 (h) a, = 27" cos n7w

() an = (sin 20)/(L+ yA) () an = (i 0)*/n

(k) ap=n—+vn+1yn+3

Homework: 1-25 (every 4th), 31-59 (every 4th)



