Section 11.2

Definition: An infinite series (or simply a series) is an expression of the form

or, in summation notation,

oo Gp, O Y .

Each number a;, is a term of the series, and a,, is the nth term.

Definition: (i) The kth partial sum Sj of the series Y a, is

S =a; + as +......... + ay.

(ii) The sequence of partial sums of the series ) a, is

Definition A series ) a, is convergent (or converges) if its sequence of partial sums {S,}
converges - that is, if

lim, ,o S, = S for some real number S.

The limit S is the sum of the series Y a,, and we write

The series ) a, is divergent (or diverges) if { S,, } diverges. A divergent sequence has no sum.

Exercise 1. Given the series
1 1 1
12 + 3.3 + 3.4 + ......... + m ....... 5

(a) find Sl, SQ, 53, 54, 55, and SG
(b) find S,
(c) show that the series converges and find its sum

Class Exercise 1. Determine whether the series is convergent or divergent by expressing s, as a
telescoping sum. If it is convergent, find its sum.

(a) Yooy In 5y
(b) Yoo, cos "z — cos iz

m ) (n+1)?
(C) Zn:Q n3—n

Exercise 2. Given the series:
Sl ()" =14 (1) + 1+ (-1) + e + (=)t +
(a) find Sl, 52, Sg, 54, 55, and S6
(b) find S,
(c) show that the series diverges.
Exercise 3. Prove that the following series is divergent:
T+ +5+ 7+ + L4

Theorem: Let a # 0. The geometric series

a+ar +ar® + ... +ar™ 4

(i) converges and has the sum S =
(ii) diverges if |r| > 1

i r < 1

Exercise 4. Prove that the following series converges, and find its sum:



0.6 + 0.06 + 0.006 + 0.0006 + .... + = + .......

10"

Exercise 5. Prove that the following series converges, and find its sum:

Class Exercise 2. Determine whether the geometric series is convergent or divergent. If it is
convergent, ﬁnd its sum.

(a)4+3+2+2 + .

)2+05+0125+003125+ .......

C)Enu?f)’%
e)zn13"1

Theorem: If a series Y a, is convergent, then lim,_, a, = 0.
n-th term test: (i) If lim, o, a, # 0, then the series ) a, is divergent.

(ii) If lim, o, a, = 0, then further investigation is necessary to determine whether the series
> ay, is convergent or divergent.

Exercise 6. If lim,,_, a, = 0, can the series > a, diverge?

Theorem: If )" a, and ) b, are series such that a; = b; for every j > k, where k is a positive
integer, then both series converge or both series diverge.

Theorem: For any positive integer k, the series
Yo an =ar + as + ... and Y07 1 Gp = Q1+ Gpga F o
either both converge or both diverge.

Exercise 7. Show that the following series converges:

1 1
57 T 75 T e +m+ -----

Theorem: If }_ a, and ) b, are convergent series with sums A and B, respectively, then
(i) > (an + by,) converges and has sum A + B

(ii) > eay converges and has sum cA for every real number ¢

(iii) > (an, — by,) converges and has sum A — B

Exercise 8. Prove that the following series converges, and find its sum:
7 2
22021 [n(n+1) + 3"_1]'
Theorem: If )" a, is a convergent series and ) b, is divergent, then Y (a, + b,) is divergent.

Exercise 9. Determine the convergence or divergence of the series
o 1 1
Zn:l (5771 + E)‘

Class Exercise 3. Determine whether the series is convergent or divergent. If it is convergent,
find its sum.

(a) X, fits
(b) Yoo, L
() X [(0.8) 1 = (0.3)"]

(d) Zn 1 1+(§)

(e) S52, (cos 1)

() T (x+2)
(g) 220:1 e

Homework: 13, 15, 17-33 (every 4th), 39, 47, 53 - 65 (every 4th)



