
Section 11.9

A power series
P

anx
n determines a function f whose domain is the interval of convergence of the

series. Speci�cally, for each x in this interval we let f(x) equal the sum of the series; that is,

f(x) = a0 + a1x + a2x
2 + � � � + anx

n + � � �.

If a function f is de�ned in this way, we say that
P

anx
n is a power series representation for f(x)

(or of f(x)). We also use the phrase f is represented by the power series.

Exercise 1. Find a function f that is represented by the power series

1 � x + x2 � x3 + � � � + (�1)nxn + � � �.

Exercise 2. Find a power series representation for the function, f(x) = 1
1+3x2 , and determine the

interval of convergence.

Exercise 3. Re-express the following functions in a form that makes it easier to �nd the power
series representation:

(a) f(x) = x
2

1+x5
(b) f(x) = x

1�3x7 (c) f(x) = 1
10�2x8 (d) f(x) = 3

4+x

Class Exercise 1. Find a power series representation for the function and determine the interval
of convergence.

(a) f(x) = 5
1�4x2 (b) f(x) = 1

x+10 (c) f(x) = x

2x2+1 (d) f(x) = x
2

a3�x3

Theorem: Suppose a power series
P

anx
n has a radius of convergence r > 0, and let f be de�ned

by

f(x) =
P
1

n=0 anx
n = a0 + a1x + a2x

2 + a3x
3 + � � � + anx

n + � � �

for every x in the interval of convergence. If �r < x < r, then
(i) f 0(x) = a1 + 2a2x + 3a3x

2 + � � � + nanx
n�1 + � � � =

P
1

n=1 nanx
n�1

(ii)
R
x

0
f(t) dt = a0x + a1

x
2

2 + a2
x
3

3 + � � � + an
x
n+1

n+1 + � � �

=
P
1

n=0
an

n+1 xn+1.

Exercise 4. Use a power series representation for 1=(1+x) to obtain a power series representation
for

1
(1+x)2 if jxj < 1.

Exercise 5. Find a power series representation for ln(1 + x) if jxj < 1.

Class Exercise 2. Find a power series representation for the function and determine the radius
of convergence.

(a) f(x) = x2 tan�1(x3) (b) f(x) = ( x

2�x
)3 (c) f(x) = x

2+x

(1�x)3

Exercise 6. (a) Evaluate
R
[1=(1 + x7)] dx as a power series.

(b) Use part (a) to approximate
R 0:5
0

[1=(1 + x7)] dx correct to within 10�7.

Class Exercise 3. Evaluate the inde�nite integral as a power series. What is the radius of
convergence?
(a)

R
t

1+t3
dt (b)

R
(tan�1 x)/x dx.

Class Exercise 4. Use a power series representation to approximate the de�nite integral to six
decimal places.

(a)
R 0:4
0

ln(1 + x4) dx (b)
R 0:3
0

x
2

1+x4
dx

Homework: 3, 9, 13, 17, 19, 25, 29, 33
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