Section 12.4
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Definition: If @ = < ai, ag, ag > and b = < by, by, by >, then the cross product of d and
= Cross product
b is the vector
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7 X b =< a2b3 — agbg, a3b1 — Cl1l)37 airby — ashy>.

Definition: A determinant of order 2 is defined by
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Definition: A determinant of order 3 is defined by

ap az ag

by b by b b1 b
by by bs|=a 02 3| Z gy C1 c3 ¥ as Cl 02
oy cs 2 1 €3 1 C2
New Formula for Cross Product:
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Here is another way of expressing the last product:
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Theorem: The vector @ X b is orthogonal to both @ and b .
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Exercise_>1. Figd thgcross product @ X ¥ and ¥ X W if ¢ = 2? + 7 + k and
U =—4i +37 + K. (Hass Sec 12.4 Ex 1)
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Exercise 2. Find @ X b if @ = <2,—-1,6 > and b = < —3,5,1 >. (Swok Sec 14.4 Ex 1)
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Clasi> Exercise 1. Find the cross product @ X b and verify that it is orthogonal to both a
and b. (#2,4,6)
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(a)7:<1,1,—1>_; b=<246>
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W) d=j7+7Tk, b=2i —j +4Fk
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(¢)d =ti +costy +sintk, b =4 —sintj +costk

Definition: A vector is orthogonal to a plane if it is orthogonal to all of the in-plane vectors.

Exercise 3. Find a vector perpendicular to the plane of P(1,—1,0), Q(2,1,-1), and R(—1,1,2).
(Hass Sec 12.4 Ex 2)

Theorgm: If 0 is the_)angle between @ and b (so 0 < 0 < ), then
| @ X b|=|d]| b |sin6.
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Corollary: Two nonzero vectors @ and b are parallel if and only if @ X b = ﬁ
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Geometric Fact: The length of the cross product a X b is equal to the area of the paral-

%
lelogram determined by @ and b.

Exercise 4. Find the area of the triangle with vertices P(1,—1,0), Q(2,1,-1), and R(-1,1,2).
(Hass Sec 12.4 Ex 3)

Exercise 5. Find the area of the triangle determined by P(4,—3,1), Q(6,—4,7), and R(1,2,2).
(Swok Sec 14.4 Ex 2)



Class Exercise 2. (a) Find a nonzero vector orthogonal to the plane through the points P, @Q,
and R, and (b) find the area of triangle PQR.

(1) P(O> 07 *3)7 Q(47 27 O)a and R(37 Ba 1) (#30)

(ii) P(-1,3,1), Q(0,5,2), and R(4,3,—1) (#32)

Cross Products of Standard Basis Vectors

Xz——k kX =—1 i X k=—3j
Properties of the Cross Product: Ifd , 7 and @ are vectors are c is a scalar, then
1. dXb=-0X7
2. (A)X b =e(@ X )= X (cb)
3. XV +)=aXb+a X7
M@+ X T=-T X2+ X7
5.7 (X ) =(@X0b) ¢
6. 7 X (b XT)=(T-)b —(@-0)¢

Deﬁnltlon The product
@, D, and 7.

=
?wl

X ?) is called the scalar triple product of the vectors

Formula: The volume of the parallelepiped determined by the vectors a b and ¢ is the
magnitude of their scalar triple product:
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V=] (b X7
We can write the scalar triple product as a determinant:

a1 a2 as
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Exercise 6 Fmd the volume of the box determined by U = 7 + 27> -k, v = —27 + 3k,
and W = 7] — 4%, (Hass Sec 12.4 Ex 6)

Class Exgrmse 3. Flnd the volume of the %rallcieplped determined by the vectors a , b and
A=+, b=+ K, =1+ ]+ K (#34)

Class Exercise 4. For the points P(3,0,1), Q(—1,2,5), R(5,1,—1), and S(0, 4, 2), find the volume
of the parallelepiped with adjacent edges PQ, PR, and PS. (#36)

%
Fact: If V = | @ - (b X @) | =0, then the vectors are coplanar.

Class Exercise 5. Use the scalar triple product to determine whether the points A(1,3,2),
B(3,-1,6), C(5,2,0), and D(3,6,—4) lie in the same plane. (#38)

Homework: 3-43 (every 4th)



