Section 14.5

We start by reviewing the Chain Rule from single-variable calculus.

Chain Rule: If y = f(u), u = g(z), and the derivatives dy/du and du/dxz both exist, then
the composite function defined by y = f(g(z)) has a derivative given by

== we (@) = f9(2)g (2).
Exercise 1. Find f/(z) if f(z) = (7Tx + 3)*.
Class Exercise 1. Find dy/dx.

(a) y = sin(7 — bx)
(b) y = tan(2z — 2?)

We now give the Chain Rule for more than one variable.
Chain Rule (Case 1): Suppose that z = f(z,y) is a differentiable function of x and y, where

x = g(t) and y = h(t) are both differentiable functions of t. Then z is a differentiable function of
t and

h-% g5 ¥

Exercise 2. Use a chain rule to find dw/dt if
w=2x%+yz, withe =312 + 1,y =2t — 4, z = 3.

(Swok Sec 16.5 Ex 3)

Class Exercise 2. Use the Chain Rule to find dz/dt or dw/dt. (#2,4,6)

(a) 2 = cos(x +4y), z =5t y =1/t (b) z=tan"(y/x),z =€, y=1—¢7"

(c)w=In(\/a2+y2+22),z=sint,y =cost, z =tant

Chain Rule (Case 2): Suppose that z = f(z,y) is a differentiable function of « and y, where
x = g(s,t) and y = h(s,t) are differentiable functions of s and ¢. Then,
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Exercise 3. Use a chain rule to find dw/0p and dw/dq if
w =73 + 52, with r = pg?, s = p? sin q.

(Swok Sec 16.5 Ex 1)

Class Exercise 3. Use the Chain Rule to find 0z/ds and 0z/0t. (#8, 10, 12)
(a) z = arcsin(z —y), x =52+, y=1—-2st (b) 2 =€, x=5s/t,y=1/s
(¢) z = tan (u/v), u = 2s + 3t, v = 3s — 2t

Chain Rule (General Version): Suppose that u is a differentiable function of the n variables
Z1, T2, ..., Ty and each x; is a differentiable function of the m variables 1, ta,...... , tm. Then u is
a function of ¢y, to, .... ., t,, and

Ou _ Ou | Oxy Ou | Oxa ou | Ozy,
ot; — Ox1 ot; + Oxo ot; + + ox ., ot;

foreach¢ =1, 2, ...... , m.
Exercise 4. Use a chain rule to find dw/0z if
w=r2+sv+t3 withr =22 + y? + 22, s = zyz, v = ze¥, t = yz°.

(Swok Sec 16.3 Ex 2)



Class Exercise 4. Use the Chain Rule to find the indicated partial derivatives. (#22,24, 26)
(a)T: #_H,,UZPQ\/;,UZP\/@? ?9%7 86%7 %%aWhCnp:27q:17T:4
() p = vVuz+v2+w? u=ye® v=ae¥, w=e"Y; %, %—,};, when z = 0 and y = 2

(C)uzxety,x:a2ﬁ,y:52'y,t:'yza; g%v g%v %:;Whena:_lvﬁ:2a7:l

Implicit Function Theorem I: We suppose that an equation of the form F(z,y) = 0 defines y
implicitly as a differentiable function of x.

dy OF/dx
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Exercise 5. Find dy/dz if y = f(x) is determined implicitly by
y* + 3y — 42® — 5z — 1 = 0. (Swok 16.5 Ex 5)
Class Exercise 5. Find dy/dz. (#28, 30)
(a) cos(zy) =1+ siny  (b) e¥sinz =2z + ay

Implicit Function Theorem II: We suppose that z is given implicitly as a function z = f(x,y)
by an equation of the form F(x,y, z) = 0.

8z _ _OF/ox dz _ __OF/dy
ox —  0F/0z oy —  OF/0z

Exercise 6. Find 0z/0x and 0z/0y if z = f(x,y) is determined implicitly by
2?2% + xy? — 23 + 4yz — 5 = 0. (Swok Sec 16.5 Ex 6)

Class Exercise 6. Find 0z/0z and 0z/0y. (#32, 34)

(a)a? —y2 +22-22=4 (bD)yz+ahy=2°

Homework: 3, 7, 13-53 (every 4th)



