Section 15.6

Definition: The triple integral of f over the box B is

. l m n * * *
fgf [y, 2) dV = limy oo D5y Ej:l 2 k=1 f(xijk7yijk7zijk) AV

if this limit exists.

Fubini’s Theorem for Triple Integrals: If f is continuous on the rectangular box B = [a, b]
X [e,d] X [r,s], then

[If fa,y,2) dv = [ [4 [ f(z,y,2) dz dy d-.
B

Exercise 1. Evaluate [[[ (zy*+yz3) dV if
Q

Q={(r,y,2): -1 <2<1,3<y<40<2z<2}.
(Swok Sec 17.5 Ex 1)

Class Exercise 1. Evaluate the iterated integral. (#4,6,8)
1 p2z 1 pl pV/1—22
fo 5[ 2zyz dz dy da b) [ Jo Jo =5
fo Jy Jo7 a?siny dy dz da

Definition: A solid region E is said to be of type I if it lies between the graphs of two continuous
functions of x and y, that is,

E={(z,y,2) | (z,y) € D, u1(x,y) <z < ug(z,y) },

where D is the projection of E onto the xzy-plane.

Evaluation Theorem I: Suppose that E is a type I region. Then,

JIJ . z) av =[] | L[ f(a,y,2) dz ] dA.

If the projection D of E onto the zy-plane is a type I region, then

E = { (1'7y,2’) | a S z S ba gl(x) S Yy S QQ(x), Ul(l',y) S z S I@(ZL’,ZJ) }

and the equation becomes
b T uz(x
[[] f(z,y,2) dV = fa gglzz)) f 2(xyy)) f(z,y, 2) dz dy dx
E

Definition A solid region F is of type II if it is of the form

E= { (1'7yvz) | (y,z) €D, ul(y,z) <z < UQ(y,Z) }a

where D is the projection of E onto the yz-plane.

Evaluation Theorem II: Suppose that F is a type I region. Then,
[ f(x,y,2) dV = ff f:f((;zz f(x,y,2) do ] dA.
E

Definition: A solid region F is of type III if it is of the form
E = { (l‘,y,Z) | (x72> € D7 ul(xaz) S Yy S UQ(J?,Z) }a

where D is the projection of E onto the xz-plane.

Evaluation Theorem ITI: Suppose that F is a type I1I region. Then,
I fGpoz) dV = [[ IS fop2) dy ] dA
E




Exercise 2. Evaluate [[[ z dV, where E is the solid tetrahedron bounded by the four planes
E
x=0,y=0,z=0,and x + y + z = 1. (Stew Sec 15.6 Ex 2)

Exercise 3. Evaluate [[[ Va2 + 22 dV, where E is the region bounded by the paraboloid
E

y = 2% + 22 and the plane y = 4. (Stew Sec 15.6 Ex 3)

Class Exercise 2. Evaluate the triple integral. (#10-18 even).

(a) fffez/ydv,whereE:{(a:,y,z)}\0§y§1,y§x§l,0§z§xy}
E

(b) [[[ sin y dV, where E lies below the plane z = = and above the triangular region with vertices
B

(0,0,0), (m,0,0), (0,7,0)

(¢) [[[ zy dV, where E is bounded by the parabolic cylinders y = 22 and = = y? and the planes
E

z=0andz=z+y

(d) [[[; xyz dV, where T is the tetrahedron with vertices (0,0,0), (1,1,0), (1,0,1), and (1,0,0)

(e) [[[ z dV, where E is bounded by the cylinder y? + 2% = 9 and the planes z = 0, y = 3z,
B

z = 0 in the first octant

Volume Formula: V(E) = [[[ dV
B

Exercise 4. Find the volume V of the solid that is bounded by the cylinder y = x2 and by the
planes y + z = 4 and z = 0. (Swok Sec 17.5 Ex 3)

2

b

Exercise 5. Find the volume of the region @ bounded by the graphs of z = 322, 2 = 4 — x
y=0and z + y = 6. (Swok Sec 17.5 Ex 4)

Class Exercise 3. Use a triple integral to find the volume of the given solid. (#20,22)
(a) The solid enclosed by the paraboloids y = 2% + 22 and y = 8 — 2% — 22
(b) The solid enclosed by the cylinder 22 + 22 = 4 and the planes y = —1 and y + z = 4

Class Exercise 4. Express the integral [[[ f(z,y,z) dV as an iterated integral in six different
E

ways, where E is the solid bounded by the given surfaces. (#30,32)
(@) y? +22=9,2=-2,0=2
Me=2,y=2,2=0,z+y —22=2

Homework: 3, 7, 13, 17, 21, 23, 25, 29, 33, 35, 39



