Section 7.8

Definition: Integrals with infinite limits of integration are improper integrals.

1. If f(x) is continuous on [a, c0), then

[ f(z) do = limp_yoo fab f(z) dz.

2. If f(z) is continuous on (—oc, b], then

f_boo f(x) de =lim, , o ff f(x) dz
3. If f(z) is continuous on (—o0o,c0), then

Joo @) dz = [° ) f(x) de + [ f(z) dx

where c is any real number.
In parts 1 and 2 , if the limit is finite the improper integral converges and the limit is the
value of the improper integral. If the limit fails to exist, the improper integral diverges. In part

3, the integral on the left-hand side of the equation converges if both improper integrals on the
right-hand side converge, otherwise it diverges and has no value.

Exercise 1. Does the improper integral floo % dz converge or diverge?

Exercise 2. Evaluate f S 1+1m2 dx.

Exercise 3. For what values of p does the integral floo Iip dz converge? When the integral does
converge, what is its value?

Definition: Integrals of functions that become infinite at a point within the interval of integration
are improper integrals.

1. If f(x) is continuous on (a,b], then

JP fle) do =limg_,r [° f(z) do
2. If f(z) is continuous on [a,b), then

fab f(x) de = lim,_,;- fac f(z) dz
3. If f(z) is continuous on [a,c) U (¢, b], then

P f(@) do = [¢ f(z) dz + [7 f(x) da.

In parts 1 and 2, if the limit is finite the improper integral converges and the limit is the value
of the improper integral. If the limit fails to exist the improper integral diverges. In part 3, the
integral on the left-hand side of the equation converges if both integrals on the right-hand side
have values, otherwise it diverges
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Exercise 4. Evaluate f03 RV dz.

Exercise 5. Evaluate f14 zlfQ dz.

Class Exercise 1. Evaluate the integral or state that it diverges.
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Exercise 6. Does the integral [ e=%" dz converge?

Theorem: Let f and g be continuous on [a,00) with 0 < f(z) < g(z) for all > a. Then
1. [ f(z) dv converges if [ g(z) da converges

2. [ g(z) da diverges if [~ f(z) dx diverges

. o0 . ¢ . .
Exercise 7. Does f1 sin?z/x? dx converge or diverge?

. o0 .
Exercise 8. Does [| \/ﬁ dx converge or diverge?

Theorem: If the positive functions f and g are continuous on [a, o0) and if

lim, o0 ggxg =L 0<L<o,
then
L% f(z) dz and [ g(x) dz both converge or both diverge.
Exercise 9. Show that floo L dx converges by comparison with floo zl—z dx. Find and compare

\ a2
the two integral values.

Exercise 10. Show that floo ew1—5 dzx converges.

Class Exercise 2. Use integration, the direct comparison test, or the limit comparison test to
determine whether the integral converges or diverges.
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Homework: 15, 19, 25-45 (every 4th), 57, 61. 63. 67



