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1 Introduction

Assume a linear model with independently and identically distributed errors where
the conditional a-quantile of the response variables Y; given the d-dimensional
predictor x; is =7 B(a). Set ¢; = Y; — & B(a); we will assume that the {¢;} are
iid random variables with a-quantile zero.

Recall that the regression a-quantile estimator' 3, (cv) minimizes the criterion
function

Zpa(Y; —wqub), (1)
=1

where p,(s) = s {a — 1(s < 0)}. Under appropriate regularity conditions, 3, (c)
is asymptotically normally distributed. We are interested in this paper in the limit-
ing behaviour of the regression quantile “spacings” 3, (a + %) — B, () for some
m > 0.
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We note that in the case of iid or stationary samples, the asymptotic behaviour
of normalized spacings of order statistics is well-known.?

2 Preliminaries

In order to study the asymptotic behaviour of regression quantile spacings, we
define the “localized” objective function

o) =nS {Pa+’:; (m — a7 Bu(a) inu) ~ por (Vi - m?ﬁnm))} e
1=1

where Bn(a) is the regression a-quantile estimator minimizing (2). Note that
Z,(-) is minimized at D,(m) = n {Bn (+2) — Bn(a)} The limiting be-
haviour of the sequence {D,,(m)} is determined from the limiting behaviour of
the sequence of objective functions {Z, }; note that in particular, that since Z,,(-)
is convex, the finite-dimensional weak convergence of {Z,} to Z implies that
D, (m) <, arg min(Z). A

Define residuals ¢; = Y; — ! 3,,(«) fori = 1,...,n. Under mild assumptions
(cf. e.g., Koenker, 2005, §2.2.1), exactly d residuals will be exactly zero and
B, (a) is determined by the observations i where ¢; = 0. Define

H, ={i:é& =0},

then 3, () satisfies

Z Val€i)xi = Z Tii,

i¢Hn €My,

where for ¢ € H,, 7; is a random variable taking values in [—«,1 — «]. The
asymptotic behaviour of Z,, in (2) depends crucially in very different ways on
whether the observations (7, Y;) have i € H,, ori ¢ H,,.

We will start by studying the behaviour of {(x?,7;) : i € H,}. Lemma 1 be-
low describes the asymptotic behaviour of this sequence under certain conditions,
which are described below.

Assumption 1. ¢; = ¢;(a) = Y; — ! B(«) are iid random variables with density
fo continuous at x = 0 with f,(0) > 0.

2Cf. e.g., Siddiqui (1960); Pyke (1965); David and Nagaraja (2003).



Assumption 2. For some non-lattice probability measure |i,
1 n
- > 1=m; € B) — u(B),
i=1

for all sets B with u(0B) = 0.

Assumption 3. max; ! x; = o(n) and

1 n
- chla:lT —C = /wau(dzc).
i=1

Note that Assumptions 1-3 imply the asymptotic normality of the regression
a-quantile. To wit:

2 d a(l—a)
\/ﬁ{ﬁn(a)—ﬁ(a)}HWNN(O,%C )

Lemma 1. Under Assumptions 1-3,
(@ n)ien,)t S (& 7),.... (X1, T)},

where (11, ...,T3)" are independent Uniform random variables on the interval
[—a,1—al, and (X, ..., X ) have a joint distribution given by
2
@2 a
R 2 (dat) - u(d
o) pda)

where (! ---x?) is the matrix whose jth column is x’. The random vector

(T1,...,T3)" is independent of (X', ..., X%,

Proof. The proof is simply an elaboration of the proof of asymptotic normality given in Bassett
and Koenker (1978). In particular, let W be the limit of W,, = /n (,@n(a) - ﬂ(a)); we will

T
show that the joint density of (XT, ey XdT, T,..., 14, WT) is

(20 Y oy (L0 O

2

1 d T T>:|($1""’$d)|

1
dl|C|z
with respect to the dominating measure

p(dzt) x - x p(deYMdrT)N(dw)1 {7 € (—a,1 — a)?},
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T
where \ denotes Lebesgue measure. As such, the joint density of (Xf, ceey Xg, T, ... ,7:1) is

= —aer

Let By, B, and B3 be subsets of R? x --- x R, (—a, 1 — a)¢ and R? respectively. Then
Pr[{z; :i € Hy} € B1,{7i:9 € Hp} € Ba, W € B3]

Y /B 2] T fo (v 2T w0) P Vi, Q1) € Ba) Aduo),

QpeBy i€H

where H is a subset of d elements from {1,...,n}, Qg is the d x d matrix whose columns are
{x;:i€ H}and
V, (w, Q) = Z Ve (ei — n_%a:iTw) lewi.
i¢H
The key element of the proof is provided by the results of Mukhin (1985, Theorem 1). Specifically,
we have for By C (—a, 1 — a)? that

n% P{V,(w, Q) € By}

2 wT w
= A\(By) Q| exp (_a(o)c) +o(1),

and thus we have

Pl{x;:i € Hy,} € B1,{r :1 € H,} € Bs, W,, € Bs]
d 2 UJT w
= A(Bs2) Z /B 2srl” f2(0) T exp (—W) A(dw) + o(1).

QpeB; s {2ma(l — o }2 |C|2 20(1 — @)

The conclusion follows by noting that
_ 2 1 2
w3 1 = o [ @) (et ()
. Bl

for any set B;. O

Note that Lemma 1 implies that {x; : i € H,} are asymptotically drawn
from a biased version of the d-fold product of the limiting design measure y, with
samples having higher dispersion (as measured by the determinant of the resulting
matrix) being preferred. For example, when d = 2 with & = (1, x)?, the limiting
measure of the non-intercept component is

71 — 932|2

d d
203 M( 1’1)#( $2)7



where O'Z is the variance of the measure p. It is worth noting that this result

depends on the assumption that f,(0) > 0. In general, the limiting distribution
of {x; : i € H,} depends on the behaviour of the distribution function of Y; —
x! B3(a) near zero; see the Appendix for details.

For observations outside of H,,, we will define the point processes

M,(AxB)= Y 1{né € A x; € B}. 3)
i¢Hn

Under the same conditions as in Lemma 1, { M, } will converge in distribution to
a Poisson process.

Lemma 2. Under Assumptions1-3, { M, } converges in distribution (with respect
to the vague topology) to a Poisson process M with mean measure

m(A x B) = fu(0O)MA)u(B),
where \ denotes Lebesgue measure.

Proof. We start by defining the point process

M;(AxB)=Y 1{ng € A,x € B},

i=1

which will in turn converge in distribution to the Poisson process /. We can write

M,(Ax B)=> 1{ne —z[Q,'€, € A,z € B},
i¢Hn

where €2,, is a matrix whose columns are denoted by x; for ¢ € H,, and &, is
a vector with components ne; for ¢ € H,; the conclusion follows by arguing
conditionally given €2, '¢,, and noting that 2, '¢, = O, <n%>

The points of the limiting Poisson process M can be represented as {(I'y, X}) :
k#0}, wherel'y, = Ey +---+ Eyand ' = — (E_; + - - - E_) for an iid se-
quence { F;} of exponential random variables with mean +——, and { X}, } is an iid

fa(0)°
sequence with distribution y; the two iid sequences are mutually independent. [



3 Main Results

Theorem 1. Suppose that Assumptions 1-3 hold. Let v = [xu(dx). Then
Zn i Z, where

Z(u) = —mul~y— ZTuTX —|—Zp1 o (0T X)) +Z/ 1(Tx <s)—1(Tx < 0)}ds.

k#0
Thus n {Bn (a+n"tm) - B, (a)} KR argmin(Z2).
Proof. Using the identity
m
pa+n—1m(u - t) - pa+n—1m(u) = —t {a + ; - 1(“‘ < 0)} 1(“ 7é 0) + ch—n—lm(_t)l(u = 0)
t
+/ {1(u < s) — L(u < 0)}ds,
0

it follows that for each wu,

m
Zn(u) = - g{: sclTu—ZezH: Tim?u+i; Patn—1m(—T] w)
—l—Z/ 1(né; < s)—1(né; < 0)}ds 4)
. d d
A —m/uTw,u(da:) - Z?}uTXj + Zpl,a(uTXj)
j=1 j=1
X
+> {1(Ty < 5) — 1(Tx < 0)} ds. ©)
0

k0

Here point process convergence is used to get from (4) to (5), where the finite-dimensional weak
convergence follows trivially. L]

For sufficiently small m, the distribution of argmin(Z) will have positive
probability mass at 0. The convergence in Theorem 1 gives us

lim sup P {Bn(a +n"tm) = Bn(a)} < P{argmin(Z) = 0}.

n—oo

It is however possible to obtain the equality above directly by considering only
the relevant part of the objective function Z,,.



Note that B, (o +n~'m) = B,(«) if and only if 0 € 87, (0); if we define (as
before) €2,, to be the matrix whose columns are x; for ¢ € H,, and 7,, to be the
vector of {7; : i € H,}, then

P{Bn(a—i-n*lm) = Bn(a)} =P {mﬂnl (711 Z wz) 41 €[—a—n"tm 1 —a— nlm]d} .

igH,,
However,
1
mQ;l <— Z :cz> + T 4, mQ_l’y + T,
n
i¢Hn
where T' = (74, . .. ,’Z;l)T, and €2 is a matrix with columns X'y, ..., X4. Since the

limiting random variable has a continuous distribution, we have

lim P {Bn(a +n"tm) = Bn(a)} =P{mQ v+ T €[-a,1-a]}.

n—oo

Using a similar argument, we obtain
P{argmin(Z) =0} = P{mQ 'y + T € [-a,1—a]’}.

This limiting distribution does not depend on « € (0, 1). Note that the right-hand
side above can be written as

P{mQ 'y + T+ €[0,1]"},

where ¢ is a vector of ones; the elements of T" + ¢ are uniformly distributed on
[0, 1].

It is also straightforward to derive the limiting distribution of the endpoints of
the interval on which 3, (a+n~'m) = 3,(«), and hence the limiting distribution
of the length of this interval R, («). Following Portnoy (1991), we can also define
the number of jumps in the interval [0, 1] by

|
I = / dor.
0 Rn(&)

Define
A, (o) = inf {m <0: Bpla+n"tm) = Bn(a)}
U,(a) = sup {m >0: Bula+n"tm) = Bn(a)} :
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From the arguments given above, it follows that {A,(«), ¥V, ()} <, {A, ¥},
where for s,t > 0,

PIAS 5,02 t)=P[@ 7 ye ([0, 1 Ay {[=s71 01 + 57 AT}
where A’ = A + au is a vector of independent uniform random variables on
[0, 1].

In the case where d = 2, it is possible to obtain reasonably simple closed-
form representations of the limiting distributions considered above. Write X'; =
(1, X;)* for j = 1,2 and without loss of generality, assume that v = (1,0)7, if
necessary centring X; and X, to have mean zero). Then

1 X
Qly=——( 77 ).
v Xg—Xl(_Xl)

we get the following:

1—-77 1 -1,
U = mim(—1 2)

Setting V' = X X ,
1. ForO <V <« 1,

vV '1-V
7 7,
A = _ - .
max( V' 1—V>’
2. forV > 1,
1-7 7,
- _
mm( T 1—V)
T 1-71
A = _ 1
max( v’1—v>’
3. for—-1 <V <0,
. T 7,
/- _t
mm( v 1—V>
A ma -7 1-%
= X
vV '1-VvV )’
4. forV < —1,
T 1-71,
v = ——
m1n< V’l—V)




A The General Case

A.1 Non-regular error distributions

Define F. to be the distribution function of the errors ¢; = Y; — 7 3(«). The as-
sumption that the density f.(0) > 0 implies that F,(¢) is approximately linear in a
neighbourhood of zero. In particular, F,,(t) ~ f,(0)t for small ¢. This assumption
can be generalized to replace the linear function by an increasing function, which
we now demonstrate.

Assume that F, and f, satisfy

Vi {Fa(a;'t) —a} — (1)

Va7 1) (1),

where 7) is a strictly increasing function that is almost everywhere differentiable;
n and 1’ will satisfy the scaling conditions

n(At) = A"(t)
W () = A" (t)
for any A > 0 where a > 0. If a < 1, then f,(¢) increases to infinity as ¢ — 0,

while f,(0) = 0if a > 1. We will also assume that the empirical distribution of
{a;} converges weakly to a measure p and that

S (B s w) —a}a = L3 V(R el w) - o}

and that

~ [ (et wen(de)
= ((w)
for each w. Note that ¢ (w) satisfies the same scaling condition as 7, i.e., {(A\w) =
A (w).
Under these conditions, we have a, { Bn(a) — B(a)} = 0,(1); see Knight

(1998) for details. The limiting distribution of {(x!,7;) : i € H,} can be deter-
mined as was done in the proof of Lemma 1. In particular,

PH{x;:1 € H,} € By,{7;:i € H,} € By, W, € Bs]
— Y / 19| T] fo(a; @7 w) P (Vi (w, Q1) € By} Adw),

QHEBl i€H



where now
Vo (w,Qy) = Z@%(Ei —a, 'zl w)Q ;.
i¢H
Now
n"iV, (w, Q) S N (=05 ¢(w), a(l — )25, CR')

and so applying Mukhin (1985, Theorem 1), we have for By C (—a, 1 — ),

n2 P {V,(w, Q) € By}

Rl (_4T<w>01c<w>

= AB) 2a(1 — «)

Y 2ra(l - a)}? O]}

> +o(1),

which yields as before the result
(miieH) S (Th,..., ),

where 77, . .., 7, are independent uniforms on [—«, 1 — a]. Furthermore, we also
obtain ;
{.’DlZE,]_(n}H (le-'-yxd)a

which are independent of 77, ..., 7; and have joint density (with respect to mea-
sure pu(dzxt) - - - p(dz?)) given by

1 .« .. d

'ty =TT g g

where
d
1 ‘o ¢M(w)C1¢(w)

B2l = — { " (w”w>} e (- Adw)

{2ra(l —a)}?|C|2 };[1 2a(1 — )

1 ¢ 1
= T /{Hn’(wiTw)}eXp (—CT(w)C_lc(w)> Aldw).

@2m)z|Clz /s 2
The weighting function ¢(x', . . ., %) essentially smooths the function [, 7/ ("7 w)
over projections w; its behaviour depends on the value of the scaling parameter a.
When a > 1, ¢(x', ..., x?) tends to increase as the linear independence amongst
x!, ..., x? while for a < 1, ¢(x!,..., x?) tends to increase as z!,. ..,z be-

come more linearly dependent.
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A.2 Heteroskedastic errors

Here we suppose that the errors ¢; = Y; — x' 3 are not iid but have densities
fi,. .., fn such that

fi(0) = r(z:),

for some function x. We will assume that for each w,

max filn2x; w) — k(x;)| — 0,
and that
1 n
\/_Z{ n el w —Fi(())}a:i = g;\/ﬁ{ﬂ(n_émfw)—ﬂ(())}ml
— D, w,
where

D, / x)xx’ p(dx) < oo.
As before, we have
[{wlzieH }eBl,{n:z’eH } € By, W, € Bs]
=D / 2| T4 (4l P (Valw, 24) € Ba) Adhw),
QueB i€H

where again
’UJ QH Zwa € — 7% )Q Z;.
i¢H
Again applying Mukhin (1985, Theorem 1), we get
n2 P {V,(w, Q) € Bo}
Q 'D.C'D,
4] TR (_w w) + o(1).
{2ra(l — a)}? |C|2 2a(1 - a)

Thus proceeding as before, it follows that

= ANBs)

(r, i€ )y ST, ..., T3},

for 73, ..., 7; independent uniform random variables on [—«, 1 — a], while
{QZZZEHn}i (le"'7Xd)7

11



which are again independent of (73, ..., 7;) and have the joint density

(@2

h(z',... x%) = D E K(x")
B )(/@é(ml)wl e /i%(wd)wd) ‘2
d!|D,|

Thus (this is not surprising!) observations with larger values of f;(0) will receive
higher weight than they would in the case where the sequence {¢;} is iid.
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