
Regression Quantile Spacings

Keith Knight∗ Chuan Goh†

March 2006‡

1 Introduction
Assume a linear model with independently and identically distributed errors where
the conditional α-quantile of the response variables Yi given the d-dimensional
predictor xi is xT

i β(α). Set εi ≡ Yi − xT
i β(α); we will assume that the {εi} are

iid random variables with α-quantile zero.
Recall that the regression α-quantile estimator1 β̂n(α) minimizes the criterion

function
n∑

i=1

ρα(Yi − xT
i φ), (1)

where ρα(s) ≡ s {α− 1(s < 0)}. Under appropriate regularity conditions, β̂n(α)
is asymptotically normally distributed. We are interested in this paper in the limit-
ing behaviour of the regression quantile “spacings” β̂n

(
α + m

n

)−β̂n(α) for some
m > 0.
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1Cf. esp. Koenker and Bassett (1978).
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We note that in the case of iid or stationary samples, the asymptotic behaviour
of normalized spacings of order statistics is well-known.2

2 Preliminaries
In order to study the asymptotic behaviour of regression quantile spacings, we
define the “localized” objective function

Zn(u) ≡ n

n∑

i=1

{
ρα+ m

n

(
Yi − xT

i β̂n(α)− 1
n

xT
i u

)
− ρα+ m

n

(
Yi − xT

i β̂n(α)
)}

, (2)

where β̂n(α) is the regression α-quantile estimator minimizing (2). Note that
Zn(·) is minimized at Dn(m) ≡ n

{
β̂n

(
α + m

n

)− β̂n(α)
}

. The limiting be-
haviour of the sequence {Dn(m)} is determined from the limiting behaviour of
the sequence of objective functions {Zn}; note that in particular, that since Zn(·)
is convex, the finite-dimensional weak convergence of {Zn} to Z implies that
Dn(m)

d→ arg min(Z).
Define residuals ε̂i ≡ Yi−xT

i β̂n(α) for i = 1, . . . , n. Under mild assumptions
(cf. e.g., Koenker, 2005, §2.2.1), exactly d residuals will be exactly zero and
β̂n(α) is determined by the observations i where ε̂i = 0. Define

Hn ≡ {i : ε̂i = 0} ;

then β̂n(α) satisfies ∑

i/∈Hn

ψα(ε̂i)xi =
∑
i∈Hn

τixi,

where for i ∈ Hn, τi is a random variable taking values in [−α, 1 − α]. The
asymptotic behaviour of Zn in (2) depends crucially in very different ways on
whether the observations (xT

i , Yi) have i ∈ Hn or i /∈ Hn.
We will start by studying the behaviour of {(xT

i , τi) : i ∈ Hn}. Lemma 1 be-
low describes the asymptotic behaviour of this sequence under certain conditions,
which are described below.

Assumption 1. εi ≡ εi(α) = Yi − xT
i β(α) are iid random variables with density

fα continuous at x = 0 with fα(0) > 0.

2Cf. e.g., Siddiqui (1960); Pyke (1965); David and Nagaraja (2003).
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Assumption 2. For some non-lattice probability measure µ,

1

n

n∑
i=1

1(xi ∈ B) → µ(B),

for all sets B with µ(∂B) = 0.

Assumption 3. maxi x
T
i xi = o(n) and

1

n

n∑
i=1

xix
T
i → C ≡

∫
xxT µ(dx).

Note that Assumptions 1–3 imply the asymptotic normality of the regression
α-quantile. To wit:

√
n

{
β̂n(α)− β(α)

}
d→ W ∼ N

(
0,

α(1− α)

f 2
α(0)

C−1

)
.

Lemma 1. Under Assumptions 1–3,

{
(xT

i , τi) : i ∈ Hn

} d→ {
(X T

1 , T1), . . . , (X T
d , Td)

}
,

where (T1, . . . , Td)
T are independent Uniform random variables on the interval

[−α, 1− α], and (X 1, . . . , X d) have a joint distribution given by
∣∣(x1 · · ·xd)

∣∣2
d! |C| µ(dx1) · · ·µ(dxd),

where (x1 · · ·xd) is the matrix whose jth column is xj . The random vector
(T1, . . . , Td)

T is independent of (X 1, . . . , X d)T .

Proof. The proof is simply an elaboration of the proof of asymptotic normality given in Bassett
and Koenker (1978). In particular, let W be the limit of Wn ≡

√
n

(
β̂n(α)− β(α)

)
; we will

show that the joint density of
(
X T

1 , . . . , X T
d , T1, . . . , Td, W

T
)T

is

g(x1, . . . , xd, τT , wT ) =

∣∣(x1, . . . , xd)
∣∣2

d! |C| 12

{
f2

ε (0)
2πα(1− α)

} d
2

exp
(
−f2

ε (0)wT Cw

2α(1− α)

)

with respect to the dominating measure

µ(dx1)× · · · × µ(dxd)λ(dτT )λ(dw)1
{
τ ∈ (−α, 1− α)d

}
,
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where λ denotes Lebesgue measure. As such, the joint density of
(
X T

1 , . . . , X T
d , T1, . . . , Td

)T

is

g(x1, . . . , xd, τT ) =

∣∣(x1 · · ·xd)
∣∣2

d! |C| .

Let B1, B2 and B3 be subsets of Rd × · · · × Rd, (−α, 1− α)d and Rd respectively. Then

Pr [{xi : i ∈ Hn} ∈ B1, {τi : i ∈ Hn} ∈ B2,W ∈ B3]

= n−
d
2

∑

ΩH∈B1

∫

B3

|ΩH |
∏

i∈H

fα

(
n−

1
2 xT

i w
)

P {Vn(w,ΩH) ∈ B2}λ(dw),

where H is a subset of d elements from {1, . . . , n}, ΩH is the d × d matrix whose columns are
{xi : i ∈ H} and

Vn (w,ΩH) =
∑

i/∈H

ψα

(
εi − n−

1
2 xT

i w
)
Ω−1

H xi.

The key element of the proof is provided by the results of Mukhin (1985, Theorem 1). Specifically,
we have for B2 ⊂ (−α, 1− α)d that

n
d
2 P {Vn(w,ΩH) ∈ B2}

= λ(B2)
|ΩH |

{2πα(1− α)} d
2 |C| 12

exp
(
−f2

α(0)wT Cw

2α(1− α)

)
+ o(1),

and thus we have

P [{xi : i ∈ Hn} ∈ B1, {τi : i ∈ Hn} ∈ B2, Wn ∈ B3]

= λ(B2)
∑

ΩH∈B1

n−p

∫

B3

|ΩH |2 fd
α(0)

{2πα(1− α)} d
2 |C| 12

exp
(
−f2

α(0)wT Cw

2α(1− α)

)
λ(dw) + o(1).

The conclusion follows by noting that

n−p
∑

ΩH∈B1

|ΩH |2 → 1
d!

∫

B1

∣∣(x1 · · ·xd)
∣∣2 µ(dx1) · · ·µ(dxd)

for any set B1.

Note that Lemma 1 implies that {xi : i ∈ Hn} are asymptotically drawn
from a biased version of the d-fold product of the limiting design measure µ, with
samples having higher dispersion (as measured by the determinant of the resulting
matrix) being preferred. For example, when d = 2 with x ≡ (1, x)T , the limiting
measure of the non-intercept component is

|x1 − x2|2
2σ2

µ

µ(dx1)µ(dx2),
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where σ2
µ is the variance of the measure µ. It is worth noting that this result

depends on the assumption that fα(0) > 0. In general, the limiting distribution
of {xi : i ∈ Hn} depends on the behaviour of the distribution function of Yi −
xT

i β(α) near zero; see the Appendix for details.
For observations outside of Hn, we will define the point processes

Mn(A×B) ≡
∑

i/∈Hn

1 {nε̂i ∈ A,xi ∈ B} . (3)

Under the same conditions as in Lemma 1, {Mn} will converge in distribution to
a Poisson process.

Lemma 2. Under Assumptions1–3, {Mn} converges in distribution (with respect
to the vague topology) to a Poisson process M with mean measure

m(A×B) ≡ fα(0)λ(A)µ(B),

where λ denotes Lebesgue measure.

Proof. We start by defining the point process

M∗
n(A×B) ≡

n∑
i=1

1 {nεi ∈ A,x ∈ B} ,

which will in turn converge in distribution to the Poisson process M . We can write

Mn(A×B) =
∑

i/∈Hn

1
{
nεi − xT

i Ω−1
n ξn ∈ A, xi ∈ B

}
,

where Ωn is a matrix whose columns are denoted by xi for i ∈ Hn and ξn is
a vector with components nεi for i ∈ Hn; the conclusion follows by arguing
conditionally given Ω−1

n ξn and noting that Ω−1
n ξn = Op

(
n

1
2

)
.

The points of the limiting Poisson process M can be represented as {(Γk,Xk) :
k 6= 0}, where Γk = E1 + · · · + Ek and Γ−k = − (E−1 + · · ·E−k) for an iid se-
quence {Ei} of exponential random variables with mean 1

fα(0)
, and {Xk} is an iid

sequence with distribution µ; the two iid sequences are mutually independent.
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3 Main Results
Theorem 1. Suppose that Assumptions 1–3 hold. Let γ ≡ ∫

xµ(dx). Then

Zn
f−d→ Z, where

Z(u) ≡ −muT γ−
d∑

j=1

Tju
TXj +

d∑

j=1

ρ1−α

(
uTXj

)
+

∑

k 6=0

∫ XT
k u

0

{1(Γk ≤ s)− 1(Γk < 0)} ds.

Thus n
{

β̂n (α + n−1m)− β̂n (α)
}

d→ argmin(Z).

Proof. Using the identity

ρα+n−1m(u− t)− ρα+n−1m(u) = −t
{

α +
m

n
− 1(u < 0)

}
1(u 6= 0) + ρα+n−1m(−t)1(u = 0)

+
∫ t

0

{1(u ≤ s)− 1(u < 0)} ds,

it follows that for each u,

Zn(u) = −m

n

∑

i/∈Hn

xT
i u−

∑

i∈Hn

τix
T
i u +

∑

i∈Hn

ρα+n−1m(−xT
i u)

+
n∑

i=1

∫ xT
i u

0

{1(nε̂i ≤ s)− 1(nε̂i < 0)} ds (4)

d→ −m

∫
uT xµ(dx)−

d∑

j=1

Tju
T X j +

d∑

j=1

ρ1−α(uT X j)

+
∑

k 6=0

∫ XT
k u

0

{1(Γk ≤ s)− 1(Γk < 0)} ds. (5)

Here point process convergence is used to get from (4) to (5), where the finite-dimensional weak
convergence follows trivially.

For sufficiently small m, the distribution of argmin(Z) will have positive
probability mass at 0. The convergence in Theorem 1 gives us

lim sup
n→∞

P
{

β̂n(α + n−1m) = β̂n(α)
}
≤ P {argmin(Z) = 0} .

It is however possible to obtain the equality above directly by considering only
the relevant part of the objective function Zn.
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Note that β̂n(α + n−1m) = β̂n(α) if and only if 0 ∈ ∂Zn(0); if we define (as
before) Ωn to be the matrix whose columns are xi for i ∈ Hn and τn to be the
vector of {τi : i ∈ Hn}, then

P
{

β̂n(α + n−1m) = β̂n(α)
}

= P



mΩ−1

n


 1

n

∑

i/∈Hn

xi


 + τn ∈ [−α− n−1m, 1− α− n−1m]d



 .

However,

mΩ−1
n

(
1

n

∑

i/∈Hn

xi

)
+ τn

d→ mΩ−1γ + T ,

where T = (T1, . . . , Td)
T , and Ω is a matrix with columns X 1, . . . , X d. Since the

limiting random variable has a continuous distribution, we have

lim
n→∞

P
{

β̂n(α + n−1m) = β̂n(α)
}

= P
{
mΩ−1γ + T ∈ [−α, 1− α]d

}
.

Using a similar argument, we obtain

P {argmin(Z) = 0} = P
{
mΩ−1γ + T ∈ [−α, 1− α]d

}
.

This limiting distribution does not depend on α ∈ (0, 1). Note that the right-hand
side above can be written as

P
{
mΩ−1γ + T + αι ∈ [0, 1]d

}
,

where ι is a vector of ones; the elements of T + αι are uniformly distributed on
[0, 1].

It is also straightforward to derive the limiting distribution of the endpoints of
the interval on which β̂n(α+n−1m) = β̂n(α), and hence the limiting distribution
of the length of this interval Rn(α). Following Portnoy (1991), we can also define
the number of jumps in the interval [0, 1] by

Jn =

∫ 1

0

1

Rn(α)
dα.

Define

Λn(α) ≡ inf
{

m < 0 : β̂n(α + n−1m) = β̂n(α)
}

Ψn(α) ≡ sup
{

m > 0 : β̂n(α + n−1m) = β̂n(α)
}

.
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From the arguments given above, it follows that {Λn(α), Ψn(α)} d→ {Λ, Ψ},
where for s, t > 0,

P {Λ ≤ −s, Ψ ≥ t} = P
[
Ω−1γ ∈ {

[0, t−1]d − t−1A′} ⋂ {
[−s−1, 0]d + s−1A′}]

,

where A′ ≡ A + αι is a vector of independent uniform random variables on
[0, 1].

In the case where d = 2, it is possible to obtain reasonably simple closed-
form representations of the limiting distributions considered above. Write X j ≡
(1, Xj)

T for j = 1, 2 and without loss of generality, assume that γ ≡ (1, 0)T , if
necessary centring X1 and X2 to have mean zero). Then

Ω−1γ =
1

X2 −X1

(
X2

−X1

)
.

Setting V ≡ X2

X2−X1
, we get the following:

1. For 0 < V < 1,

Ψ = min

(
1− T1

V
,
1− T2

1− V

)

Λ = max

(
−T1

V
,− T2

1− V

)
;

2. for V > 1,

Ψ = min

(
1− T1

V
,− T2

1− V

)

Λ = max

(
−T1

V
,
1− T2

1− V

)
;

3. for −1 < V < 0,

Ψ = min

(
−T1

V
,− T2

1− V

)

Λ = max

(
1− T1

V
,
1− T2

1− V

)
;

4. for V < −1,

Ψ = min

(
−T1

V
,
1− T2

1− V

)

Λ = max

(
1− T1

V
,− T2

1− V

)
.
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A The General Case

A.1 Non-regular error distributions
Define Fε to be the distribution function of the errors εi ≡ Yi − xT

i β(α). The as-
sumption that the density fε(0) > 0 implies that Fα(t) is approximately linear in a
neighbourhood of zero. In particular, Fα(t) ≈ fα(0)t for small t. This assumption
can be generalized to replace the linear function by an increasing function, which
we now demonstrate.

Assume that Fα and fα satisfy
√

n
{
Fα(a−1

n t)− α
} → η(t),

and that √
n

an

fα(a−1
n t) → η′(t),

where η is a strictly increasing function that is almost everywhere differentiable;
η and η′ will satisfy the scaling conditions

η(λt) = λaη(t)

η′(λt) = λa−1η′(t)

for any λ > 0 where a > 0. If a < 1, then fα(t) increases to infinity as t → 0,
while fα(0) = 0 if a > 1. We will also assume that the empirical distribution of
{xi} converges weakly to a measure µ and that

1√
n

n∑
i=1

{
Fα(a−1

n xT
i w)− α

}
xi =

1

n

n∑
i=1

√
n

{
Fα(a−1

n xT
i w)− α

}
xi

→
∫

η(xT w)xµ(dx)

= ζ(w)

for each w. Note that ζ(w) satisfies the same scaling condition as η, i.e., ζ(λw) =
λaζ(w).

Under these conditions, we have an

{
β̂n(α)− β(α)

}
= Op(1); see Knight

(1998) for details. The limiting distribution of {(xT
i , τi) : i ∈ Hn} can be deter-

mined as was done in the proof of Lemma 1. In particular,

P [{xi : i ∈ Hn} ∈ B1, {τi : i ∈ Hn} ∈ B2,Wn ∈ B3]

= a−p
n

∑
ΩH∈B1

∫

B3

|ΩH |
∏
i∈H

fε(a
−1
n xT

i w)P {Vn(w,ΩH) ∈ B2}λ(dw),
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where now
Vn(w,ΩH) =

∑

i/∈H

ψα(εi − a−1
n xT

i w)Ω−1
H xi.

Now
n−

1
2 Vn(w,ΩH)

d→ N
(−Ω−1

H ζ(w), α(1− α)Ω−1
H CΩ−1

H

)
,

and so applying Mukhin (1985, Theorem 1), we have for B2 ⊂ (−α, 1− α)d,

n
d
2 P {Vn(w,ΩH) ∈ B2}

= λ(B2)
|ΩH |

{2πα(1− α)} d
2 |C| 12

exp

(
−ζT (w)C−1ζ(w)

2α(1− α)

)
+ o(1),

which yields as before the result

{τi : i ∈ Hn} d→ (T1, . . . , Td) ,

where T1, . . . , Td are independent uniforms on [−α, 1− α]. Furthermore, we also
obtain

{xi : i ∈ Hn} d→ (X 1, . . . , X d) ,

which are independent of T1, . . . , Td and have joint density (with respect to mea-
sure µ(dx1) · · ·µ(dxd)) given by

h(x1, . . . , xd) =
|(x1 · · ·xd)|

d!
φ(x1, . . . , xd),

where

φ(x1, . . . , xd) =
1

{2πα(1− α)} d
2 |C| 12

∫ {
d∏

i=1

η′(xiT w)

}
exp

(
−ζT (w)C−1ζ(w)

2α(1− α)

)
λ(dw)

=
1

(2π)
d
2 |C| 12

∫ {
d∏

i=1

η′(xiT w)

}
exp

(
−1

2
ζT (w)C−1ζ(w)

)
λ(dw).

The weighting function φ(x1, . . . , xd) essentially smooths the function
∏

i η
′(xiT w)

over projections w; its behaviour depends on the value of the scaling parameter a.
When a > 1, φ(x1, . . . , xd) tends to increase as the linear independence amongst
x1, . . . , xd, while for a < 1, φ(x1, . . . , xd) tends to increase as x1, . . . , xd be-
come more linearly dependent.
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A.2 Heteroskedastic errors
Here we suppose that the errors εi = Yi − xT

i β are not iid but have densities
f1, . . . , fn such that

fi(0) = κ(xi),

for some function κ. We will assume that for each w,

max
1≤i≤n

∣∣∣fi(n
− 1

2 xT
i w)− κ(xi)

∣∣∣ → 0,

and that

1√
n

n∑
i=1

{
Fi(n

− 1
2 xT

i w)− Fi(0)
}

xi =
1

n

n∑
i=1

√
n

{
Fi(n

− 1
2 xT

i w)− Fi(0)
}

xi

→ Dκw,

where
Dκ =

∫
κ(x)xxT µ(dx) < ∞.

As before, we have

P [{xi : i ∈ Hn} ∈ B1, {τi : i ∈ Hn} ∈ B2,Wn ∈ B3]

= n−
d
2

∑
ΩH∈B1

∫

B3

|ΩH |
∏
i∈H

fi

(
n−

1
2 xT

i w
)

P {Vn(w,ΩH) ∈ B2}λ(dw),

where again
Vn(w,ΩH) =

∑

i/∈H

ψα(εi − n−
1
2 xT

i w)Ω−1
H xi.

Again applying Mukhin (1985, Theorem 1), we get

n
d
2 P {Vn(w,ΩH) ∈ B2}

= λ(B2)
|ΩH |

{2πα(1− α)} d
2 |C| 12

exp

(
−wT DκC

−1Dκw

2α(1− α)

)
+ o(1).

Thus proceeding as before, it follows that

{τi : i ∈ Hn} d→ {T1, . . . , Td} ,

for T1, . . . , Td independent uniform random variables on [−α, 1− α], while

{xi : i ∈ Hn} d→ (X 1, . . . , X d) ,
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which are again independent of (T1, . . . , Td) and have the joint density

h(x1, . . . , xd) =

∣∣(x1 · · ·xd
∣∣2

d!|Dκ|
d∏

i=1

κ(xi)

=

∣∣∣
(
κ

1
2 (x1)x1 · · ·κ 1

2 (xd)xd
)∣∣∣

2

d! |Dκ| .

Thus (this is not surprising!) observations with larger values of fi(0) will receive
higher weight than they would in the case where the sequence {εi} is iid.
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