Product and Sum, a variation
Criteria: 1<=X<=Y<=100
Dialogue:

1. A: this product is not enough to find the numbers. 
2. B: I knew that. 

The next day, the three meet again.  C explains that he mixed up the papers.  Actually, he gave the sum to A and the product to B.
Follows the dialog: 

3. B: This product is insufficient to find the numbers, but I know that A knows that. 
  A: Then I know what the numbers are. 
4. B: Me too.
Let A’s number be denoted by A, B’s number be denoted by B.

A cannot find the numbers by the “supposed” product, 
Consider statement 1 (From standpoint of A&B):

B can deduce that A is not prime. --- (1)
Or else, e.g. A=47, sol. =1, 47
A CANNOT be in Set A0:

{2, 3, 5, 7, 11, 13, 17, 19, 23, 27, 31, 37, 41, 43, 47, 53…}

Consider statement 2 (From standpoint of A &B):

B knew that A cannot find the numbers by referring to the “supposed” sum B.

Similar to the original version of the “product and sum puzzle”, B<54
Further explanation:

For every number>54, it can be split into 53+j; e.g. 55=53+2, 
If j is prime, the product of the two numbers could give one solution only, as the product>100

If j is not prime, the smallest factor of x (excluding 1) is 2, 

  Let j=2k, 53 x 2k=106 x k, yet 106>100, therefore the product could give one solution only

Thus for all B>54, B cannot declare that he knew A could not find the numbers 
Also, knowing that B knew A cannot find the numbers, B knew A cannot be prime
Therefore (B-1) is not prime

Consider non-prime B
For B is odd, non-prime B:
9, 15, 21, 25, 27, 33, 35, 39, 45, 49, 51

For B is even, and (B-1) is not prime:

10, 16, 22, 26, 28, 34, 36, 40, 46, 50, 52

Note: 22=11+11
     26=13+13

     28=11+17

     34=17+17

     36=17+19

     40=17+23

     46=23+23

     50=13+37

     52=23+29

They can be eliminated

Also, 

Note: 33=11+22, 11x22 has one solution only

     39=13+26, 13x26 has one solution only

     45=16+29, 16x29=4x116, 116>100; 16, 29 is a unique solution

     51=25+27, 25x27=5x135, 135>100, 25, 27 is a unique solution

They can be eliminated.

Possible non-prime B:

9, 10, 15, 16, 21, 25, 27, 35, 49
Consider prime B (under 54)

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 53
2 and 3, which both have only one solution: 1, 1 and 1, 2 respectively can be eliminated

53=16+37, 16x37=6x148, 148>100, therefore 16, 37 is a unique solution

Possible prime B that remains:
5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43
To A, by statement 2, he can deduce that possible B are in the two sets/ Whole Set B:
Set B0: {9, 10, 15, 16, 21, 25, 27, 35, 49}

Set B1: {5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43}

After hearing statement 2, from standpoint of A
Consider possible A (non-prime numbers) (From standpoint of A and B):

For A in Set A1,

Set A1: {4, 8, 9, 21, 25, 34, 38, 39, 44} 
only one deduced sum is in Set B, thus A can determine the two numbers if A is in Set A0.
4=1x4=2x2; sum=5, 4

8=1x8=2x4; sum=9, 6

9=1x9=3x3; sum=10, 6

21=1x21=3x7; sum=22, 10
25=1x25=5x5; sum=26, 10
34=1x34=2x17; sum=35, 19
38=1x38=2x19; sum=40, 21
39=1x39=3x13; sum=40, 16
44=1x44=2x22=4x11 sum=45, 24, 15
As A still did not know the numbers, 

A CANNOT be in set A1:
{4, 8, 9, 21, 25, 34, 38, 39, 44}

Consider B knowing that A cannot be in Set A0 and SetA1 (From standpoint of A&B),

For B= 5
5=1+4=2+3, product=4, 5

Both products being not valid

Thus, B=5 can be eliminated.

Possible B /Set B’:

Set B0: {9, 10, 15, 16, 21, 25, 27, 35, 49}

Set B1: {7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43}

(From standpoint of A&B)

After eliminating B=5,

For A=6, only one deduced sum is in Set B’, therefore if A=6, A can find the numbers

6=1x6=2x3, sum=7, 5
As A still do not know the numbers, A=6 can be eliminated

A cannot be in Whole Set A’: 

Set A0: {2, 3, 5, 7, 11, 13, 17, 19, 23, 27, 31, 37, 41, 43, 47, 53…}

Set A1: {4, 6, 8, 9, 21, 25, 34, 38, 39, 44}

Up to this point, no further elimination can be made by both A or B

After revealing that the sum and product has been mixed up,

To recap,
From standpoint of A (and B) 

Possible B /Set B’:

Set B0: {9, 10, 15, 16, 21, 25, 27, 35, 49}

Set B1: {7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43}

From standpoint of B ONLY,
If B were not to find the numbers by the real product B,

B cannot be prime (similar to the logic used in (1))

Thus B cannot be in Set B1, Set B1 is eliminated
Also, in Set B0
9=1x9=3x3; sum=10, 6
10=1x10=2x5; sum=11, 7
15=1x15=3x5; sum=16, 8
16=1x16=2x8=4x4; sum=17, 10, 8
21=1x21=3x7; sum=22, 10

25=1x25=5x5; sum=26, 10

27=1x27=3x9; sum=28, 12

35=1x35=5x7; sum=36, 12

45=1x45=3x15=5x9; sum=46, 18, 14
49=1x49=7x7; sum=50, 14

Note that A cannot be in Set A',

B=10 can be eliminated, as all deduced sums are in Set A’
For B=9, 15, 16, 49; as only one deduced sum is NOT in Set A’, B can find the numbers X, Y

As B still cannot find the numbers, 
B=9, 15, 16, 49 can be eliminated

Possible B remains:

Set B2: {21, 25, 27, 35}
21=1x21=3x7; sum=22, 10

25=1x25=5x5; sum=26, 10

27=1x27=3x9; sum=28, 12

35=1x35=5x7; sum=36, 12

Also by Statement 3,

B deduces that A knew that B cannot find the numbers

Knowing that B cannot be <54,

For sum=22, possible deduced products: 1x21=21, 2x20= 40

For sum=10, possible deduced products: 1x9=9, 2x8=16 3x7=21, 4x6=24, 5x5=25
For sum=26, possible deduced products: 1x25=25, 2x24=48

For sum=28, possible deduced products: 1x27=27, 2x26=52

For sum=12, possible deduced products: 1x11=11, 2x10=20, 3x9=27, 4x8=32, 5x7=35, 6x6=36

For sum=36, possible deduced products: 1x35=35
If A=12, a possible product,11, is prime, thus A cannot deduce that B do not know the solution yet.
Therefore A=/=12

In other words, B=/=27 and 35

Possible B:

21, 25

Possible A:

22, 10, 26

For A, after hearing statement 3,

He/she can deduce that B is either 21 or 25

If A=10, both 21 and 25 is present as the possible product, thus cannot find the solution.

Therefore A=/=10

For A=22,

The only solution is 1 and 21

For A=26,

The only solution is 1 and 25

After knowing that A had the solution, 

B realizes that A=/=10,

Thus also getting the solution.

Conclusion:

There are 2 solutions:

1, 21 and 1, 25
