Let p be an offspring distribution for a branching process such that p(0) > 0 and u > 1. Let ¢ be the generating
function for p. Let X,, denote the number of individuals in the nth generation and assume Xo = 1.

()

(b)

(c)

If p =1 and 0% < oo, then there exist c1,ca such that forn > 1, ¢1/n < P{X,, #0} < ca/n.

Let b, =1—a, = P{X,, #0},80 bp41 =1 — (1 — by).

We have a1 = ¢(0) > 0, ¢(1) = 1, and ¢'(1) = p = 1. Because p = 1, we have p(0) < 1, so
by =1 —¢(0) > 0. Also, because p(0) > 0 and g = 1, we must have p(k) > 0 for some k > 2, so
©"(t) > 0 for t > 0.

Since 02 < o0, " is continuous on the compact interval [a1, 1], and we may pick 0 < r; < r9 such that

r < " (t) <rg fort € [ag,1].
Because b, — 0, we may pick N > 2 such that b, < 1/rs < 1/r1 for n > N. Now we may pick ¢y such
that N/ry > co > Nby and ¢y > 2/r1. Pick ¢; less than both by /N and 1/75.

We prove ¢ /n < b, < ca/n for n > N. The case n = N is true by assumption.
By Taylor’s Theorem, for some ¢ € [ay,1] C [a1,1],
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Now the function f;(t) =t — r1t2/2 is increasing for t € [0,1/71] D [0, c2/N]. It follows that
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Similarly, fo(t) =t — rot?/2 is increasing for t € [0,1/r2] D [0, b,], so
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Since ¢;/n < b, < cz/n for n > N, letting Cy = max(cz, max)\_, nb,), C; = min(cl,ming:1 nby,),
shows C1/n < b, < Cqy/n for all n > 1.

If £ > 1 and a < 1 is the extinction probability, then ¢'(a) < 1.

l-a=1-p@= [ $0dt> [ laa=0-as

because ¢’ (t) is (strictly) increasing, and it follows ¢'(a) < 1.
If 1 > 1, there exist ¢,b > 0 such that for all n > 1, P(extinction|X,, # 0) < ce™".
P(extinction) = P(extinction| X, = 0)P(X,, = 0) + P(extinction|X,, # 0)P(X,, # 0)
a = a, + P(extinction| X,, # 0)(1 — ay)
Let §,, = a — a,. By Taylor’s Theorem, for some ¢t € [a,, a],
tni1 = ¢(an) = pla —8a) = p(a) — ¢'(a)dn + ¢ (1), /2
Ont1 =0 — ani1 = @(a) — any1 = Qpl(a)én - @"(t)@%/? < @I(a)(sn'
It follows &, < ¢’(a)"do = ¢’(a)™a. Since also 1 —a,, > 1 —a,

a — Gn S (p/(a)n a _ Ceibn,

P(extinction|X,, # 0) =

1—a, 1—a

with b= —log¢’(a) > 0, c = a/(1 — a).



