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Abstract

In this paper, given a balance scale and the information that there are exactly two different defective coins present, the
authors consider the problem of ascertaining the minimum number of testing which suffice to determine the two different
defective coins in a set of 4 coins in same appearance, and here 4 > 3. A testing algorithm for all the possible values of 1 is
constructed, and the testing algorithm needs at most one testing step more than the optimal testing algorithm.
© 2006 Published by Elsevier Inc.
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1. Introduction

Group testing is a problem of optimization and it has strong practical background, it also belong to
dynamic programming. Today, group testing has been widely applied in industry application such as printed
circuit board test [1], image compression [2], pattern recognition [3], screen sizing [4], etc. A common phenom-
enon in group testing theory is that while it is often straightforward to find an optimal testing algorithm for m
defective coins, it is immensely more difficult to search the optimal testing algorithm for m defective coins.
Cairns in [5] and Tosi¢ in [6], studied the group testing problem of identifying two uniform defective coins,
and proposed a testing algorithm respectively. But neither of them related to the group testing problem of
identifying or selecting two different defective coins. Hwang only studied the basic model of identifying two
different defective coins and proposed a testing algorithm in [3], while leaving the group testing problem of
the other models of identifying two different defective coins open. In this paper, the authors studied the group
testing problem of identifying two different defective coins in a set of 4 coins. A testing (weighing) algorithm
for all the possible values of 2 would be constructed, and here 4 > 3, 2 € N. Let I, (2)(p) denote the minimum
number of testing of identifying two different defective coins and S” (p) denote the minimum number of
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testing of selecting two different defective coins in a set of 4 coins with a balance scale, and p denote a random
testing algorithm, Dc(2) denote the group testing model of identifying and selecting two different defective
coins in a set of A coins oo|oe;,0e,, geies, ejex|eld, €0, ee0, ee;. We will prove: for random 4 > 2,
A€ N, a testing algorithm p is existed, and inequality [log3 %—‘ < Sgca) (p) < [log3 %—‘ + 1 holds, here [Z]
denotes the smallest integer not less than the number z, symbol P denotes the permutation number of select-
ing m different elements out of 4 different elements. This inequality indicates that the testing algorithm of

selecting two different defective coins p need at most one testing step more than the optimal testing algorithm
of model D¢(2).

2. Some symbols, definitions and lemmas

The symbol, definitions and lemmas used in the paper will be introduced as follows. Symbol and terminol-
ogy can be refereed in monograph [9] except that presented by this paper.

Let X(h, . — h) be a set consisting of 4 coins, and H is the subset of the set X, H # (), the set H contains
h < A defective coins, and the other 4 — & coins are standard. The symbol, definitions and lemmas used in
the paper will be introduced as follows. Symbol and terminology can be refereed in monograph [9] except that
presented by this paper.

Definition 2.1 [6]. Let X(h, 1 — &) be a set consisting of A coins and H is the subset of the set X, H # (). Each
element in set H is called a defective coin. A4 is a set consisting of n-dimensional order group (A4, 4»,...,4,),
A;ePH), i=12,...,n, AiNnA;=0, i#j, i, j=1,2,...,n, where P(H) denotes the power set of H. If
F={F,F,,...,F,} is a partition of set 4, then the partition F is called the model of identifying the defective
coins with n set parallel devices, model for short. We refer to m as the resolution number of the partition F.
Each of the F; (j=1,2,...,m) is called a feedback. The model F is symbolized with Fy|F5|---|F,, for short.

Definition 2.2 [6]. Let F= {F,F>,...,F,} be a partition of the set 4. If each feedback F;(j=1,2,...,m) con-
tains only one n-dimensional order group, then feedback F; (j=1,2,...,m) is usually called basic and the
model F={Fy,F,,...,F,} is known as basic model.

For example, if there are two set parallel devices for the set X(2,1 — 2), its subset H = {e},e,}, then the
model oo|oe;|oes|oere;|erolerer|eslere)|erezo is a basic model.

Definition 2.3 [7]. Let X(h, A — h) be the set consisting of A coins and H is the subset of set X, H # (). Each
element in set H is called a defective coin. When the defective coins in the set H are distinguishable, the set
P={(x1,x2,...,x5)|x; € X(h,A — h), i=1,2,...,h} is call the original solution space of the set X(h,1 — h),

where (x,Xx»,...,x;) is an A-dimensional order group. When the defective coins in the set H are not
distinguishable, the set P = {(x,x2,...,x;) | x; € X(h,A — h),i=1,2,...,h} is call the original solution space of
the set X(h, A — h), where (xy,X5,...,X;) is an s-dimensional unorder group.

Definition 2.4 [6]. Suppose that the cardinality of the original solution space of the set X(/4, A — h) is s, and the
resolution number of model F is m. This [log,,s] is usually referred as the information-theoretic lower bound
of model F. Here [z] denotes the smallest integer not less than the number z.

Lemma 2.5 [8]. Suppose that the cardinality of the original solution space of the set X(h, . — h) is s, and the res-
olution number of the model F is m, let p denote a testing algorithm of identifying all the h defective coins among /.
coins, and I (p) denote the maximum number of testing under testing algorithm p, then I;.(p) = [log,s].

We can get following corollary directly by Lemma 2.5.

Corollary 2.6. Suppose that the cardinality of the original solution space of the set X(h,2 — h) is s, and the
resolution number of the model F is m, let p denote a testing algorithm of selecting all the h defective coins among /.
coins, and S}(p) denote the maximum number of testing under testing algorithm p, then St.(p) = [logm ﬂ, here
M=1-2----h, heN.
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Lemma 2.7 [8]. The information-theoretic lower bound of model F: o0|oe,|e,0 is accessible. Namely if [log,,s| is
the information-theoretic lower bound of the model, when 3" < ). < 3', i € N, then there is a group testing pro-
cedure p to identify all the h defective coins among J. coins, such that I.(p) = [log,,s] = [logsA] = i.

The model oo|oe;, oe,, oeie;, ejex|ed, e, €10, ee; can be symbolized by Dc(2) for short. The three
testing feedbacks of model Dc(2) can be symbolized by Fy, F,, F3 respectively.

Lemma 2.8. For the model Dc(2), then for a selection testing algorithm p existed, S3DC(2> (p) = ﬂog3 Gﬂ +1=2
holds.

Lemma 2.9. For the model Dc(2), a selection testing algorithm p is existed such that S”‘bc@) (p) = [logs(5)], and
testing algorithm p is optimal, here A € [4,6] N N.

The conclusions of Lemmas 2.8 and 2.9 are true apparently, and the proof is omitted.

Lemma 2.10. For the model D(2), then there is a selection testing algorithm p such that Sz)cm(p) >
[log; ()] +1=4.

Proof. Apparently, [log;(])] = 3. The testing algorithm p can be constructed according to the following
schemes: let (A4, B) be the disjoint subset of the set X{(2,5), the first step is (4, B), here |4| = |B| = 1.

Case 1: If F(A,B) = 09, then ej,e; € R, R=X — A — B. Because |R| =5, by Lemma 2.9, three additional
steps are needed to select out e, e.

Case 2: If F(A, B) = F>, then the second step is (C,D), here C,DC X—A4A— B, CND=0, |C|=|D|=1.
Case 2.1: If F(C,D)=F,, then the third step is (E,F), here EFCX—-A—B—C—D, ENF=),
|E| = |F| = 1.

Case 2.1.1: If F(E, F) = Fy, then the forth step is (4,R), here R=X—-A—-B-C—-D—-E—F, |R|=1.
Case 2.1.1.1: Apparently, the case of F(A4, R) = F) is not existed.

Case 2.1.1.2: If F(A,R) = F,, then e;,e; € BU R. Because |BU R| =2, ¢}, e, can be selected.

Case 2.1.1.3: If F(A,R) = F3, then e € 4, e; € B. Because |4| = |B| =1, e}, e, can be selected.

Case 2.1.2: If F(E,F) = F,, then ej,e; € BU F. Because |BU F| =2, e}, e, can be selected.

Case 2.1.3: If F(E, F) = F3, then the case is quite similar to the case of F(E,F) = F..

Case 2.2: If F(C,D) = F,, then e,e; € BU D. Because |BU D| =2, e}, e, can be selected.

Case 2.3: If F(C, D) = Fj3, then the case is quite similar to the case of F(C, D) = F,.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So four steps at most are needed to select out ¢;, e, the conclusion is proved. [

Lemma 2.11. For the model Dc(2), a selection testing algorithm p is existed such that S}, ., (p) = [log; (3)] = 4,
and testing algorithm p is optimal, here A € [8,10] N N.

Proof. Apparently, [log;(})| = 4, here 4 € [8,10]N N. The testing algorithm p can be constructed according
to the following schemes: let (4, B) be the disjoint subset of the set X(2,4 — 2), the first step is (4, B), here
|4| = |B| = |4], 2€[8,10]N N, and |z] denotes the greatest integer <z.

Case 1: If F(A,B) = Fy, then ej,e; € R, R=X — A — B. Because 3 < |R| < 4, by Lemmas 2.8 and 2.9, two
additional steps at most are needed to select out ey, e,.

Case 2: If F(A4,B) = F>, then the second step is (4, C), here CC X — 4 — B, |C| = |4].

Case 2.1: If F(A,C) = F}, then ej,e;€ BUR, R=X— A — B— C. Because 3 < |[BU R| < 4, by Lemmas
2.8 and 2.9, two additional steps at most are needed to select out e, e.

Case 2.2: If F(A,C)=F,, then ¢; € B, e; € Cor e; € B, ¢; € C. Because |B| =|C| =3, by Lemma 2.7, two
additional steps are needed to select out e, es.

Case 2.3: If F(A, C) = F3, then the case is quite similar to the case of F(C, D) = F>.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.
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So four steps at most are needed to select out e;, e>. By Corollary 2.6, Sgc(z) (p) = [log3 Z—J = [log;(})] = 4,
here 4 € [8,10]N N. So testing algorithm p is the optimal testing algorithm, the conclusion is proved. [

Lemma 2.12. For the model Dc(2), then for a selection testing algorithm p existed, S)bc(2) (p) = [log3 (;)] +1=
5, here A€ [11,13] N N.

Proof. Apparently, [log;(;)] =4, here 2 € [11,13]N N.

I. When 4 = 11, the testing algorithm p can be constructed according to the following schemes: let (A4, B) be
the disjoint subset of the set X(2,9), the first step is (4, B), here |4| = |B| = 3.
Case 1: 1If F(A,B) = F, then e;,e, € R, R= X — A — B. Because |R| =5, by Lemma 2.9, three additional
steps are needed to select out e, es.
Case 2: If F(A, B) = F,, then the second step is (4,C), here CC X — 4 — B, |C| =3.
Case 2.1: If F(A, C) = F), then ej,e; € BU R. Because |BU R| =5, by Lemma 2.9, three additional steps
are needed to select out e, es.
Case 2.2: If F(A,C)=F,, then e; € B, e;€ C or e; € B, ¢; € C. Because |B| =|C| =3, by Lemma 2.7,
two additional steps are needed to select out e, e,.
Case 2.3: If F(A, C) = F3, then e; € A, e, € B. Because |4| = |B| = 3, by Lemma 2.7, two additional steps
are needed to select out e, e5.
Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(4, B) = F,.

So five steps at most are needed to select out e, e,, the conclusion holds.

II. When 4 = 12,13, the testing algorithm p can be constructed according to the following schemes: let
(4, B) be the disjoint subset of the set X(2, 4 — 2), the first step is (4, B), here |A| = |B| =3, 1 =12,13.
Case 1: If F(A,B) = F, then e;,e; € R, R=X — A — B. Because 6 < |R| < 7, by Lemmas 2.9 and 2.10,
we can select out ey, e, using four additional steps at most.

Case 2: If F(A, B) = F,, then the second step is (C,D), here ,DC X — A4 — B, CN D=0, |C|=|D|=3.
Case 2.1: If F(C, D) = F), then the third step is (4, C).

Case 2.1.1: If F(A4,C)=F}, then ej,e;€ BUR, R=X—A— B— C— D. Because 3 < |BUR| <4, by
Lemmas 2.8 and 2.9, two additional steps are needed to select out e, e».

Case 2.1.2: Apparently, the case of F(A4,C) = F, is not existed.

Case 2.1.3: If F(A,C) = F;, then e; € A4, e, € B. Because |4| = |B| =3, by Lemma 2.7, two additional
steps are needed to select out ey, es.

Case 2.2: If {C,D)=F,, then e, € B, e; € D or e, € B, ¢; € D. Because |B| = |D| =3, by Lemma 2.7,
two additional steps are needed to select out e, e».

Case 2.3: If F(C, D) = F3, then the case is quite similar to the case of F(C, D) = F,.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(4, B) = F,.

So five steps at most are needed to select out ey, e,, the conclusion is proved. [J

5,

Lemma 2.13. For the model Dc(2), then for a selection testing algorithm p existed, Siic(z) (p) = [log, (;)]
and testing algorithm p is optimal, here . € [ 14,16] N N.

Proof. Apparently, [log;(Z)] = 5, here Z € [14,16]N N.

I. When 4 = 14, the testing algorithm p can be constructed according to the following schemes: let (A4, B) be
the disjoint subset of the set X(2,12), the first step is (A4, B), here |4| = |B| = 3.
Case 1: If F(A,B) = Fy, thenej,e; € R, R= X — A — B. Because |R| = 8, by Lemma 2.11, four additional
steps are needed to select out e, e-.
Case 2: If F(A, B) = F,, then the second step is (C,D), here C,DC X —A4— B, CN D=0, |C|=|D|=3.
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Case 2.1: If F(C, D) = F\, then ej,e, € BU R. Because |BU R| =5, by Lemma 2.9, three additional steps
are needed to select out ¢y, e,.

Case 2.2: If F(C,D)=F,, then e¢; € B, e; € D or ¢, € B, e; € D. Because |B| = |D| =3, by Lemma 2.7,
two additional steps are needed to select out ey, e5.

Case 2.3: If F(C, D) = Fj3, then the case is quite similar to the case of F(C, D) = F,.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So five steps at most are needed to select out ey, es.

II. When 4 = 15,16, the testing algorithm p can be constructed according to the following schemes: let

(4, B) be the disjoint subset of the set X(2,1 — 2), the first step is (4, B), here |A| = |B| =3, 2 =15, 16.
Case 1: If F(4,B)=F), then e;,e; € R, R=X— A — B. Because 9 < |R| < 10, by Lemma 2.11, four
additional steps are needed to select out e, e.

Case 2: If F(A, B) = F,, then the second step is (C,D), here C,DC X — A4 — B, CND =0, |C|=|D|=3.
Case 2.1: If F(C,D)= Fj, then the third step is (4,RU C}), here C;CC, R=X—A—-B— C— D,
|[RU Cy| = 3.

Case 2.1.1: If F(A,R U Cy) = F}, then e}, e, € B. Because |B| = 3, by Lemma 2.8, two additional steps are
needed to select out ey, es.

Case 2.1.2: If F(A,RUC))=F,, then e;€B, e2€ RUC| or e; € B, ¢; € RUC,. Because |B|=
|[RU Ci| =3, by Lemma 2.7, two additional steps are needed to select out ey, es.

Case 2.1.3: If F(4,RU C,) = F;, then e, € 4, e, € B. Because |4| = |B| =3, by Lemma 2.7, two addi-
tional steps are needed to select out e, e,.

Case 2.2: If F(C,D) =F,, then e; € B, e; € D or e; € B, e¢; € D. Because |B| = |D| =3, by Lemma 2.7,

two additional steps are needed to select out ey, e.
Case 2.3: If F(C, D) = F3, then the case is quite similar to the case of F(C,D) = F,.
Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So five steps at most are needed to select out ey, e5. By Corollary 2.6, Sp,» (p) = [log3 g—ﬂ = [log;(%)]|

here 4 € [14,16]N N. So testing algorithm p is the optimal testing algorithm, the conclusion is proved.

:5’
O

Lemma 2.14. For the model Dc(2), then for a selection testing algorithm p existed, Sgc(z)(p) > [log, (;)]Jr

1 =6, here A€[17,22] N N.

Proof. Apparently, [log;(5)] = 5, here 4 € [17,22]N N. The testing algorithm p can be constructed according

to the following schemes: let (A, B) be the disjoint subset of the set X(2,4 — 2), the first step is (4, B),

|A| = |B| = |£], 2€[17,22]N N.

here

Case 1: If F(A,B) = Fy, then e¢j,e € R, R=X — A — B. Because 6 < |R| < 8, by Lemmas 2.9, 2.10 and 2.11,

four additional steps at most are needed to select out e, e.
Case 2: If F(A4,B) = F>, then the second step is (4, C), here CC X — 4 — B, |C] = |4].

Case 2.1: If F(A,C) = F), then ej,e € BUR, here R=X— A — B— C. Because 6 < |BU R| < 8, by Lem-

mas 2.9, 2.10 and 2.11, four additional steps at most are needed to select out ¢, e,.

Case 2.2: If F(A,C) = F», then ¢; € B, e; € Core; € B, ey € C. Because |B| = |C| = || < 8, by Lemma 2.7,

four additional steps at most are needed to select out e, e.

Case 2.3: If F(A, C) = F3, then e € 4, e, € B. Because |4| = |B| = |4] <8, by Lemma 2.7, four additional

steps at most are needed to select out ey, e,.
Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So six steps are at most needed to select out ey, e,, the conclusion is proved. [

Lemma 2.15. For the model Dc(2), then for a selection testing algorithm p existed, Sﬁ)c&) (p) = [log, (;ﬂ
here 2 € [23,28] N N, and testing algorithm p is optimal.

=6,
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Proof. Apparently, [log;(%)] = 6, here 4 € [23,28]N N. The testing algorithm p can be constructed according
to the following schemes: let (A, B) be the disjoint subset of the set X(2,4 — 2), the first step is (4, B), here
[A] = |B] = |4], 2€[23,28]N N.

Case 1: 1If F(A,B) = Fy, then ej,e; € R, R=X — A — B. Because 8 < |R| < 10, by Lemma 2.11, four addi-
tional steps are needed to select out e, e,.

Case 2: If F(A,B) = F>, then the second step is (4, C), here CC X — 4 — B, |C| = [£].

Case 2.1: If F(A,C) = F), then e,eo € BUR, here R=X — A — B— C. Because 8 < |R| < 10, by Lemma
2.11, four additional steps are needed to select out ey, e.

Case 2.2: If F(A,C) = F», then ¢; € B, e; € Cor es € B, ey € C. Because [B| = |C| = |4] <9, by Lemma 2.7,
four additional steps at most are needed to select out ey, e,.

Case 2.3: If F(A, C) = Fs, then e; € 4, e, € B. Because |4| = |B| = |£] <9, by Lemma 2.7, four additional
steps at most are needed to select out ey, e».

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So six steps at most are needed to select out ey, e;. By Corollary 2.6, Sf)dz) (p) = [log3 I;—ﬂ = [log3 (g)] =35,
here 1 €[23,28] N N. So testing algorithm p is the optimal testing algorithm, the conclusion is proved. [

3. A testing algorithm of selecting two different defective coins

Next for model Dc(2), a group testing algorithm of selecting two different defective coins will be
constructed.

Theorem 3.1. For the model Dc(2), a selection testing algorithm p is existed, and S} D2 >(p) = ﬂog3 (;ﬂ =
2k +2, here e [m+1,3""+1]1 NN, keN, |—10g3( ﬂ 1=2k+2, {log (’"Hﬂ =2k+2, kyme N, and
testing algorithm p is optimal.

2
[logy(4)] =2k +2 holds. Here Ae[m+1,3"+11nN, [logy(";")] =2k +2, [logy(2)] +1 =2k +2,
k,m € N.

Next we use mathematical induction to prove: for random natural number k, a testing algorithm p exists
absolutely, and in the testing algorithm p, 2k + 2 steps at most are needed to select out ey, e».

For k=1, by Lemma 2.11, the conclusion holds. And the testing algorithm p is the testing algorithm in
Lemma 2.11. Suppose for k =/, the conclusion is true and that corresponding algorithms are constructed.
Then for k = /+ 1, the testing algorithm p can be constructed according to the following schemes: let (4, B) be
the disjoint subset of the set X(2,4 — 2), here [4| = |B| = |4], 2 € [m+ 1,3* >+ 11N N, [logs("}')] = 2k + 2,
[logs(5)] +1 =2k +2, k,m € N. The first step is (4, B).

Proof. Because (}) < (3“]“) < 3%, then [log;(%)] <2k+2. While [logy({)] = 2k+2, so equality

Case 1: If F(A,B)=F), then ej,e; € R, here R=X — A — B. Because |R| < <31+ 1, by the inductive
assumption, 2/ + 2 additional steps at most are needed to select out e, e.

Case 2: If F(A, B) = F,, then the second step is (4,C), here CC X — A4 — B, |C| =

Case 2.1: If F(A,C) = F), then e;,e; € BUR, here R=X — A — B — C. Because |BUR| < 31+ 1, by the
inductive assumption, 2/ + 2 additional steps at most are needed to select out ey, e,.

Case 2.2: If F(A,C)=F,, thene; € B,e; € Cor e; € B, ¢; € C. Because |B| = |C| = [ J < 3", by Lemma
2.7, 21+ 2 additional steps at most are needed to select out ey, e;.

Case 2.3: If F(A,C) = F3, then e| € A, e, € B. Because |4| = |B| < 3L by Lemma 2.7, 2/ + 2 additional
steps at most are needed to select out ey, e,.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

For k =1+ 1, 2]+ 4 steps at most are needed to select out ey, e,, here 1 € [m + 1,32 + 11NN, ke N. By
induction principle, for random natural number k, 2k + 2 at most steps are needed to select out e, e,, here
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Ae[m+1,32+1]nN, ke N. By Corollary 2.6, Sp 5 (p) > [mg3 g’ﬂ = [logs(?)] =2k +2, here i€
[m~+ 1,324+ 1]N N, k € N. So testing algorithm p is the optimal testing algorithm, the theorem is proved. [

Theorem 3.2. For the model Dc(2), then for a selection testing algorithm p existed, S) o p) = [log; (;)] <
2k +3, here € [3' +2,5-3" +1] NN, ke N.

Proof. Because (%) < (“Z“) < 3%% then [logy(})] <2k + 3, here 1 € 3™ +2,5-3* + 11NN, k € N. If we

can prove the conclusion: for A € [3*"' +2,5-3*+ 11N N, k € N, a selection testing algorithm p is existed, and
the algorithm needs 2k + 3 steps at most to select out two different defective coins ey, e,, then the conclusion of
the lemma can be proved. Next we use mathematical induction to prove.

For k=1, by Lemmas 2.12 and 2.13, the conclusion holds. And the testing algorithm p is the testing
algorithm in Lemmas 2.12 and 2.13. Suppose for k =/, the conclusion is true, and that corresponding
algorithms are constructed, then for k =17+ 1:

I. When / € [3""2,4- 3”1 — 11N N, k € N, the testing algorithm p can be constructed according to the fol-
lowing schemes: let (A4, B) be the disjoint subset of the set X(2, 1 — 2), here |4| = |B| = 3'"". The first step
is (A, B).

Case 1: If F(A,B)=F), then the second step is (C,RU A;), here CCX—-A4—-B, A, CA, R=
X—A—-B-C,|Cl=|RUA4|=3""

Case 1.1: Apparently, the case of F(C,R U A;) = F; is not existed.

Case 1.2: If F(C,RU A;) = F>, then the third step is (C, B).

Case 1.2.1: If F(C,B) = F,, then e;,e; € RU A;. Because |[RU 4;| = 3", by Theorem 3.1, 2/ + 2 addi-
tional steps are needed to select out e, e,.

Case 1.2.2: Apparently, the case of F(C, B) = F> is not existed.

Case 1.2.3: If F(C,B) = F3, then e; € C, ¢; € RU A;. Because |C| =|RU 4| = 31 by Lemma 2.7,
21+ 2 additional steps are needed to select out ey, e5.

Case 1.3: If F(C,RU A;) = F3, then the case is quite similar to the case of F(C,RU 4,) = F>.

Case 2: If F(A,B)=F,, then the second step is (C,RU A;), here CCX—-—A4A—B, A, C A4, |C|=
|IRU A, = 3",

Case 2.1: If F(C,RU A;)=F), then the case is quite similar to the case of F(A4,B)=F; and
F(C,RUA,) = F>.

Case 2.2: If F(CCRUA|)=F,, then e, €B, e2€ RUA, or e2€B, ¢ € RUA,. Because |B|=
|[RUA,| = 31 by Lemma 2.7, 2/ + 2 additional steps are needed to select out e, e5.

Case 2.3: If F(C,RU A;) = F3, then the case is quite similar to the case of F(C,RU A;) = F

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4,B) = F,.

So for k =1+ 1, 2]+ 5 steps are needed to select out ey, e5.

II. When 4 € [4-371,5-3"1 11N N, k € N, the testing algorithm p can be constructed according to the
following schemes: let (A4, B) be the disjoint subset of the set X(2, . — 2), here |4| = |B| = 3"*". The first
step is (4, B).

Case 1: If F(A,B)=F,, then the second step is (C,D), here CDCX—-A—- B, CnD=4,
|C| = |D| = 3",

Case 1.1: If F(C,D) = Fy, then ej,eo € R, R=X — A — B— C— D. Because |R| < < 3", by Theorem 3.1,
2]+ 2 additional steps at most are needed to select out ey, e,.

Case 1.2: If F(C,D)=F,, then the third step is (C,RUA;), here CCX—-A4—-B, A;CA, R=
X—A—-B—-C-D,|Cl=|RUA4,|=3"".

Case 1.2.1: If F(C,R U A,) = F}, then ey,e, € D. Because |D| = 31 by Theorem 3.1, 2/ + 2 additional
steps are needed to select out e, e,.

Case 1.2.2: If (C,RUA))=F,, then e, €D, e € RUA| or ex€D, e; € RUA,. Because |D|=
|[RU 4| = 3 by Lemma 2.7, 2/ + 2 additional steps at most are needed to select out e, e.
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Case 1.2.3: If F(C,RU A,) = F;, then e, € C, e, € D. Because |C| = |D| = 3!, by Lemma 2.7, 2/ + 2
additional steps are needed to select out ey, es.

Case 1.3: If F(C, D) = F3, then the case is quite similar to the case of F(C,D) = F>.

Case 2;+1If F(A,B) = F,, then the second step is (C,D), here CC,CDCX—A—B, CNnD=§, |C]=
|D| =3""".

Case 2.1: If F(C, D) = F), then the case is quite similar to the case of F(4,B) = F| and F(C,D) = F,.
Case 2.2: 1If F(C,D) = F,, then e, € B, e; € D or e, € B, e; € D. Because |B| = |D| = 3'"", by Lemma 2.7,
21+ 2 additional steps at most are needed to select out e, e.

Case 2.3: If F(C, D) = F3, then the case is quite similar to the case of F(C, D) = F>.

Case 3: If F(A4, B) = F3, then the case is quite similar to the case of F(4, B) = F>.

So for k =1+ 1, 2]+ 5 steps at most are needed to select out ey, e,.

II. When 2 € [5-3,5-3" 4+ 11N N, k € N, the testing algorithm p can be constructed according to the
following schemes: let (A4, B) be the disjoint subset of the set X(2, 1 — 2), here |A| = |B| = 3'"". The first
step is (4, B).

Case l;ﬂlf F(A,B) = Fy, then the second step is (C,D), here CDCX—A—B, CND=0, |C|=
|D| =3""".

Case 1.1: If F(C,D) = F), then e;,e; € R, R=X — A — B— C — D. Because |R| < 314+ 1, by Theorem
3.1, 2/ + 2 additional steps at most are needed to select out e, e.

Case 1.2: If F(C,D) = F,, then the third step is (C,E), here ECX—-A—-B—C—- D, |[E|= 3

Case 1.2.1: If F(C,E) = F), then ey,e, € D. Because |D| = 3 by Theorem 3.1, 2/ + 2 additional steps
are needed to select out e, es.

Case 1.2.2: If F(C,E)=F,, then ¢, € D, e; € E or e, € D, ¢ € E. Because |D| = |E| = 31 by Lemma
2.7, 21 + 2 additional steps at most are needed to select out ey, e,.

Case 1.2.3: If F(C,E) = F, then ¢, € C, e, € D. Because |C| = |D| = 3!, by Lemma 2.7, 2/ + 2 addi-
tional steps are needed to select out ey, e;.

Case 1.3: If F(C, D) = F3, then the case is quite similar to the case of F(C, D) = F,.

Case 2: If F(A,B)=F,, then the second step is (C,D), here C,DCX—-A—-B, CND=0,
|C| = |D| = 3"

Case 2.1: If F(C, D) = F), then the case is quite similar to the case of F(4,B) = F; and F(C,D) = F,.
Case 2.2: If F(C,D) = F,, thene¢; € B,e; € Dor e, € B, e € D. Because |B| = |D| = 31 by Lemma 2.7,
2]+ 2 additional steps are needed to select out ey, e.

Case 2.3: If F(C, D) = F3, then the case is quite similar to the case of F(C, D) = F5.

Case 3: If F(A, B) = F3, then the case is quite similar to the case of F(A4, B) = F>.

So for k=141, 2]+ 5 steps at most are needed to select out e, e;. By induction principle, for random
natural number &, 2k + 3 steps at most are needed to select out ey, e,, here 4 € [3]‘+l +2,5-3+ 1]N N,k € N.
The conclusion is proved. [

Corollary 3.3. For the model Dc(2), in the selection testing algorithm p of Theorem 3.2, Siﬁca) (p) = ﬂog3 (gﬂ =
2%k+3, A€lm+1,5:3+11 NN, keN, [log,(3)] +1=2k+3, [logs("s")] =2k+3, kyme N, here
Jelm5-3*+11 NN, ke N, and the testing algorithm p is optimal.

Proof. By Theorem 3.2, S; ,(p) = [log;(;)] <2k+3. And [log,(;)| > [logy(";")] =2k +3, so
[logs(%)] = 2k + 3. By Corollary 2.6, [log3 g—ﬂ = [log;()] = 2k + 3 steps at least are needed to select out

er, ex, here A€ [m+1,5-3*+ 11NN, k€ N, [log;(3)] + 1 =2k +3, [logs(";')] = 2k + 3, k,m € N. So, the

testing algorithm p is the optimal testing algorithm. The corollary is proved. O

Theorem 3.4. For the model Dc(2), a selection testing algorithm p is existed, and Sy, ) (p) = [logs(5)] + 1 =

2k +4, here i€ [5-3+2,m] NN, k€N, [logy(3)] +1 =2k +4, [logy("")]| =2k +4, k,me N.
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Proof. Apparently, ﬂog3 (;ﬂ + 1 = 2k + 4. If we can prove the conclusion: for A€ [5-3*+2,m]N N, ke N, a
testing algorithm p is existed, and the algorithm needs 2k + 4 steps to select out two different defective coins e,
es, then the conclusion of the lemma can be proved. Because 4 € [5-3*+2,m]N N, [logs(?)] + 1 =2k + 4,
[logy ("")] = 2k +4, k,m € N, apparently 1 <3+ 1, k € N. The testing algorithm p can be constructed
according to the following schemes: let (A, B) be the dlsJomt subset of the set X(2,4 — 2), the first step is

(4,B), here |4| = |B| = big|Z], 2€[5- 3"+ 2,m]N N, k € N.

Case 1: If F(A4,B) = F}, then ¢j,eo € R, R=X — A — B. Because |R| < 314+ 1, by Theorem 3.1, 2k +2
additional steps at most are needed to select out ey, e,.

Case 2: If F(A4,B) = F>, then the second step is (4, C), here CC X — 4 — B, |C| = big|%].

Case 2.1: If F(A,C)=F,, then ¢;,e, € BUR, here R=X— A4 — B— C. Because [BUR| <3+ 1, by
Theorem 3.1, 2k + 2 additional steps at most are needed to select out ey, e,.

Case2.2: If F(A,C) = F,,thene; € B, e, € Core, € B, e € C. Because |B| = |C| = % < 3", by Lemma 2.7,
2k + 2 additional steps at most are needed to select out e, e.

Case 2.3: If F(4,C)=F;, then ¢; € 4, ¢, € B. Because |4| = |B| = big|4 < 3""'|, by Lemma 2.7, 2k +2
additional steps at most are needed to select out ey, e,.

Case 3: If F(A, B) = F3, the case is quite similar to the case of F(4, B) = F:

So 2k + 4 steps at most are needed to select out ey, e,, the theorem is proved. [

Algorithm 1. For the coin set X(2,4 — 2) and model Dc(2), an selection group testing algorithm o can be
described as follows.

(1) When 4 € [4,6]N N, the algorithm o is the selection group testing algorithm p in Lemma 2.9.

(2) When 4 € ([m+ 1,3*"' + 1JU [m’ + 1,5 - 3* 4+ 1)) N N, the algorithm o is the selection group testing algo-
rithm p in Theorem 3.1 and Corollary 3.3.

(3) When / € (3" + 2,m]U[5 - 3 + 2,m']) N N, the algorithm o is the selection group testing algorithm p
in Theorem 3.2 and Theorem 3.3.

Table 3.1

The relationship between sampling of 4 and test number of the optimal testing algorithm p

k Span of 1 Test number Span of 2 Test number
4,47 2 5, 6] 3
m+ 1,31+ 17 2k +2 m' +1,5-3+17 2k +3

1 18,107° 4 (14, 16] 5

2 123,287 6 [39,46] 7

3 [67,82) 8 [116, 136] 9

4 [199,2447 10 [345,406] 11

5 [592,7307° 12 [1032, 1216] 13

6 [1787,2188] 14 [3094 36461 15
3.3 2 (7,71 4
[3k+1+2m] 2k +3 [5-3%+2,m"] 2k +4

1 [11,13] 5 [17,22]" 6

2 [29.38]' 7 [47,66]' 8

3 [83,115]" 9 [137, 198] 10

4 [245,3447 11 [407,5917]" 12

5 [731,10317 13 [1217, 1786]" 14

6 [ [

2189,3093]" 15 3647,5357] 16

Note: (1) [p,qT" denotes the set of all the integers A such that p < 2 < ¢; (2) [p,¢]* means the testing interval which needs x steps at most
more than optimal testing algorithm.
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Here [log; ("3")[ = 26+ 4, [logs (%) | = 2% +3, [logs ("3")] = 2k + 3, [logs (3)] = 2k + 2, kym,m" € N.

Lemma 2.9 indicate that, when 4 € ([4,6]U [m + 1,3*"' + 1JU [m’ + 1,5 - 3* + 1)) N N, Algorithm 1 also is
optimal. When 2 € ([3*"' +2,m]U[5 - 3* + 2,m’]) N N, Algorithm 1 can differ from an optimal algorithm by
at most one.

Table 3.1 shows the relationship between sampling of 4 and test number in the optimal selection testing
algorithm p of model D(2), here 1 denotes the cardinal number of a given set of coins including two different
defective coins.
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