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Hence also E(2) = Ofedniloglsly (12| = 4),

and E(z) is of order 1. But E(z) is an even function. Hence Z(+z) is
also an integral function, and is of order 4. It therefore has an infinity
of zeros, whose exponent of convergence is §. Hence () has an infinity
of zeros, whose exponent of convergence is 1. The same is therefore
true of §(s). Let p, pq,... be the zeros of {(s).

We have already seen that {(s) has no zeros for ¢ > 1. It then follows
from the functional equation (2.1.1) that [(s) has no zeros for o < 0
except for simple zeros at s — —2, —4, —86,...; for, in (2.1.1), {(1—3)
has no zeros for ¢ << 0, sin s has simple zeros at s = —2, —4,... only,
and I'(1—2s) has no zeros.

The zeros of {(s) at —2, —4,..., are known as the ‘trivial zeros’. They
do not correspond to zeros of £(s), since in (2.1.12) they are cancelled
by poles of I'(}). It therefore follows from (2.1.12) that £(s) has no
zeros for ¢ > 1 or for ¢ < 0. Its zeros p,, p,,... therefore all lie in the
strip 0 < o < 1; and they are also zeros of {(s), since s(s—1)'(}5) has
no zeros in the strip except that at s = 1, which is cancelled by the
pole of {(s).

We have thus proved that {(s) has an infinity of zeros p;, p,... in
the strip 0 < o < 1. Since

Ol s’ o= 1 1 g
(1=2'*){(s) = 1—5,-{—?,—... >0 (0<s<1) (2124)
and (0} # 0, {(s) has no zeros on the real axis between 0 and 1. The
ZETO8 py, pg,... ave therefore all complex.

The remainder of the theory is largely concerned with questions about
the position of these zeros. At this point we shall merely observe that
they are in conjugate pairs, since [(s) is real on the real axis; and that,
if p is & zero, 8o is 1—p, by the functional equation, and hence so is
1-p. If p = B+iy, then 1.—5 = 1—B+iy. Hence the zeros either lie
on ¢ = §, or oeeur in pairs symmetrical about this line.

Since £(s) is an integral function of order 1, and £(0) = —(0) = 4,
Hadamard’s factorization theorem gives, for all values of s,

= gml | 1—Z)enp, (2.12.5
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where &, is & constant. Hence
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U = S I I‘[(n_;)e-a, (2.12.8)
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where b = by+1log=. Hence also
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Making s - 0, this gives
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Since {(0)/£(0) = log 2m and T'(1) = —, it follows that
b= log2n—1—}y. (2.12.8)

2.13. In this sectiont we shall show that the only function which
satisfies the functional equation (2.1.1), and has the same general charac-
teristios as {(s), is {(s) itself.

Let G(s) be an integral function of finite order, P(s) a polynomial, and
f(8) = G(s){P(s), and let

24,
fls) = 2w (2.13.1)
be abaolutely convergent for o > 1. Let
FE@s)r ¥t = g(1—s)T(F—fs)rta-9, (2.18.2)
where gll—s) = .%,

the series being absoluiely convergent for ¢ < —x < 0. Then f(s) = C{(s),
where C i3 a constant.

We have, for z > 0,
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= i‘-a—" f T(§s)(mniz)-i* ds

Algo, by (2.13.2),
1 2+t
#0) = o [ s0—aTG—opr-io-saie do
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We move the line of intogration from ¢ = 2 to ¢ = —1—a. We observe
T Hamburger (1)-(4), Siegel (1).



