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a b s t r a c t

We report measurements of the specific heat of two samples of carbon-doped MgB2, Mg(B1�xCx)2, x = 0.05
and 0.1, in magnetic fields to l0H = 9 T and at temperatures from �1 K to somewhat above the critical
temperature for superconductivity for each sample. The carbon doping reduced the critical temperature
from 39 K for MgB2 to 31.4 K and 19.7 K for the x = 0.05 and 0.1 samples, respectively. The results give the
electron–phonon coupling and the electron density of states, including the individual contributions of
the p and r bands. These quantities are compared with theoretical calculations. The results also give
the energy gaps on the p and r bands, which are compared with other experimental determinations,
and also with theoretical calculations that include predictions of the ‘‘merging’’ of the two gaps as a con-
sequence of the band filling and increased interband scattering associated with doping.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

The initial interest in the discovery of superconductivity in
MgB2 [1] was focused on the remarkably high critical temperature,
Tc � 39 K, which seemed to be inconsistent with the BCS phonon-
mediated electron pairing, Although calculations soon showed that
the BCS mechanism did account for the high Tc, the superconduc-
tivity is still of special interest for another reason: MgB2 is an
example of multi-band, multi-gap superconductivity, with substan-
tially different energy gaps on different sheets of the Fermi surface. The
possibility of multi-band superconductivity had been recognized
theoretically much earlier [2,3], and general relations for the ther-
modynamic properties, including relations between the gaps and
details of the specific heat, had been derived [4]. However, MgB2

was the first example in which the thermodynamic properties
clearly show the presence of significantly different energy gaps
on the different electron bands. The difference in the gaps makes
possible the experimental separation of the contributions of the
different bands to the thermodynamic properties. Specific-heat
measurements [5,6] gave the first experimental evidence of two
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gaps, and their analysis with the a model [7], as extended to a
two-band superconductor [8], gave values of the relevant parame-
ters consistent with other experiments and theoretical calculations
[9]. Measurements of the specific heat have a special role in such
investigations for several reasons: they give information about
the electron density of states (EDOS) that is not readily obtained
from other measurements; whereas most other measurements
that give information about the energy gaps are sensitive to surface
properties, the specific heat is a bulk property. Doped samples of
MgB2 present a unique opportunity to study the effects of band
filling, interband coupling, and interband scattering in a well
understood two-band superconductor. As in the case of MgB2 itself,
specific-heat measurements can be expected to make a useful con-
tribution to research on the doped materials.

In this paper measurements of the specific heat of two
carbon-doped MgB2 samples are reported, and parameters that
characterize the electron contributions are compared with other
experimental results and theoretical predictions. (Different values
of those parameters, derived in a preliminary analysis of the data,
were given in a conference report [10]. The preliminary analysis
was based on the assumption that the zero-field, ‘‘residual’’ density
of states was associated with non-superconducting regions of the
Mg(B1�xCx)2. Subsequent X-ray measurements showed that the
impurity phase was MgB2C2, which would have a different lattice
specific heat. The differences between the parameters reported
here and those in the conference report are a consequence of
corrections for the contribution of MgB2C2 to the measured specific
heat, and a more rigorous separation of the lattice and electron con-
tributions, which is described in Section 4.2. Miscommunication
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over notation led to an error, by a factor two, in the carbon content
of the samples in the conference report.) Following an outline of
some of the theoretical considerations in the remainder of this sec-
tion, brief descriptions of the samples and the measurements are
given in Sections 2 and 3. The relations used in the analysis of
the data are summarized in Section 4.1. The presence of a non-
superconducting impurity, MgB2C2, required a three-step process
to obtain the contributions of the two bands to the electron specific
heat: the lattice and electron contributions to the specific heat of
the samples as measured were separated, and the electron specific
heat corrected for the contribution of the MgB2C2, as described in
Section 4.2; the superconducting-state electron specific heat of
the Mg(B1�xCx)2 was then analyzed to separate the contributions
of the two bands, as described in Section 4.3. The results of the
measurements and their analysis are compared with theoretical
calculations and other experimental results in Sections 5.1 and
5.2, and summarized in Section 6.

MgB2 comprises graphite-like hexagonal layers of B atoms sep-
arated by layers of Mg ions that are lined up with the centers of the
boron hexagons. Because only s and p electrons are involved, band-
structure calculations are straightforward and the results are rela-
tively reliable. There is general agreement among the theoretical
results, and also good agreement between theory and experiment.
The Fermi surface consists of two tubular networks, the p bands,
derived from the three-dimensional boron pz orbitals, and two con-
centric cylindrical elements, the r bands, derived from the quasi
two-dimensional boron px,y orbitals [11–15]. Both r bands are hole
like; one of the p bands is hole like and the other electron like.
Although there are four distinct sheets of the Fermi surface, the
superconducting-state energy gaps on each pair of bands are sim-
ilar [15], and for the purpose of comparing theoretical predictions
with thermodynamic properties MgB2 can be regarded as a two-
band superconductor. The E2g phonon mode, which involves
stretching of the bonds in the boron planes, couples strongly with
the r bands. It produces the larger of the two gaps, on the r bands,
and plays a major role [11,12,14,16] in producing the high Tc. The
phonons couple weakly with the p bands, and relatively weak
interband coupling also contributes to the smaller p-band gap.
First principles calculations of the specific heat [15,17] show evi-
dence of the major two-gap features observed experimentally [9].

The only widely studied dopants are Al on the Mg sites, and C on
the B sites. In both cases electrons are added to the Fermi sea, and
Tc decreases with increasing concentration of dopant. The band fill-
ing associated with doping, particularly in the r band, can be ex-
pected to be important in determining the nature of the
superconductivity. One suggestion [18] is that the decrease in Tc

with doping is mainly a band-filling effect. For a multiband super-
conductor nonmagnetic scattering centers can be pair breaking and
can also have an effect on the nature of the superconducting con-
densate on different sheets of the Fermi surface [19]. Interband
scattering in a two-gap superconductor is also expected to reduce
Tc, and to equalize the two gaps [20,21]. Mazin et al. [22] suggested
that in the absence of observed correlations of Tc with resistivity in
MgB2 samples the case for two-gap superconductivity was not set-
tled, but explained this apparent paradox on the basis of weak
interband scattering. In any case, interband scattering can be ex-
pected to be stronger in the doped samples.
2. Samples

The samples were made by heating Mg turnings and B4C pow-
der, an approach that was first used by Mickelson et al. [23]. X-
ray diffraction studies show that the C-doped samples produced
by this method consist of two phases, a distorted MgB2 structure
and MgB2C2, which is nonsuperconducting [23,24]. The presence
of substantial amounts of MgB2C2 seems to be a common feature
of samples produced by this method [23–25]. Neutron diffraction
measurements showed the presence of 7% MgB2C2 in another
x = 0.1 sample [26]. For the samples studied in this work, powder
X-ray diffraction measurements gave estimates of �6% and �10%
for the MgB2C2 in the x = 0.05 and 0.1 samples, respectively. The
presence of MgB2C2 in the samples also manifests itself as a nor-
mal-state-like contribution to the zero-field specific heat. The spe-
cific-heat measurements show the presence of paramagnetic
impurities at the level of several tenths mol%. Straight-line, entro-
py-conserving constructions on the specific-heat anomalies at the
transitions gave Tc = 31.4 K and 19.7 K for the x = 0.05 and 0.1 sam-
ples, respectively. For a sample with Tc � 31 K, essentially the same
as that of the x = 0.05 sample, the lattice parameter is contracted
from the 3.087 A for MgB2 to 3.055 A, with no change in the b
and c parameters [23]. Other properties of similar samples pre-
pared by this method are reported elsewhere [23,24].

3. Specific-heat measurements

The specific-heat measurements were made in the same appa-
ratus as those reported earlier for MgB2 [6,9]. They were based
on a heat-pulse technique with a mechanical heat switch to make
and break thermal contact between the sample and a temperature-
controlled heat shield. The measurements extend from �1 K to
somewhat above Tc for each sample. They include measurements
of the specific heat in magnetic fields, C(H), in fields to l0H = 9 T.
The results are shown as [C(H) � C(9)]/T vs T. in Fig. 1. This figure
gives an overview of the resolution of the H dependence of the
‘‘raw’’ data that would not be apparent in a plot of C(H)/T. Fig. 1b
also permits a comparison with the specific heat of the only other
sample on which such measurements have been reported, a sam-
ple with a similar Tc, for which the results were presented only
in that form [25]. Comparisons of the data in different fields sug-
gest that the 9-T data are low relative to the data in other fields
by an amount that is estimated to be of the order of 1%. In the
vicinity of Tc the discrepancy between the data in 9 T and the data
in other fields can be seen in Fig. 1, where [C(H) � C(9)]/T is consis-
tently non-zero, and also in Fig. 2, where the 9-T data are consis-
tently low. The H dependence of the entropy at a temperature
slightly above Tc provides a measure of the consistency of the mea-
surements in different fields: For the x = 0.05 sample at 35.0 K, for
all H other than 9 T the entropies are within +0.3/�0.4% of their
average; for 9 T the entropy is �1.1% relative to that average. For
the x = 0.1 sample at 21.5 K, the comparable numbers are ±0.4%
and �0.7%. Because of the discrepancy between the 9-T data and
the data in other fields, the 9-T data have been omitted from all
quantitative analyses, but they are included in the figures for the
information they give on the 9-T transitions to the vortex state.

4. Analysis of specific-heat data

4.1. Relations used in fitting and interpreting the data

The analysis of the data is based on the usual assumption that
C(H) is the sum of an H-dependent electron component, Ce(H),
and an H-independent lattice component, Clat. In addition, Ce(H),
which is designated Ces in the superconducting state and Cev(H)
in the vortex state, is taken to be Cen = cT in the normal state. With
the commonly used polynomial expression for Clat,

Clat ¼ B3T3 þ B5T5 þ B7T7 þ � � � ; ð1Þ

CðHÞ ¼ CeðHÞ þ B3T3 þ B5T5 þ B7T7 þ � � � ;

and, in the normal state,



Fig. 1. The H dependence of the specific heat, as [C(H) � C(9)]/T, before subtraction
of the paramagnetic-impurity contributions or any other analysis (see text for
discussion): (a) for x = 0.05; (b) for x = 0.1. Fig. 1a permits a direct comparison with
the specific-heat data in Ref. [25].

Fig. 2. The electron contributions to the specific heat: (a) for x = 0.05, (b) for x = 0.1.
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CðHÞ ¼ cT þ B3T3 þ B5T5 þ B7T7 þ � � � : ð2Þ

In these equations Clat has the form expected for small amplitude
vibrations in a monatomic harmonic lattice, i.e., for the acoustic
modes in the low-temperature limit: The T3 term represents the
contribution of phonons in the low-frequency dispersionless limit,
and the higher-order terms allow for the effects of dispersion. How-
ever, Eq. (2) is often used in an interval of temperature at higher
temperatures, where optical modes make a contribution. In that
case it is a convenient, but arbitrary, fitting expression; the param-
eters determined by the fit do not have the same physical meaning,
and should not be expected to give correctly either Clat at tempera-
tures below the interval of the fit, or the lattice entropy in the inter-
val of the fit.
In the vortex state

CeVðHÞ ¼ cvðHÞT þ aðHÞexp½�bðHÞ=T�;

where the first term is the theoretically expected contribution of
the vortex cores [27], and the second is an empirically determined
approximation to the contribution of the superconducting conden-
sate of a type II superconductor [28]. With the addition of Clat,

CðHÞ ¼ cvðHÞT þ aðHÞexp½�bðHÞ=T� þ B3T3 þ B5T5 þ B7T7þ ð3Þ

In the superconducting state

Cð0Þ ¼ Ces þ B3T3 þ B5T5 þ B7T7 þ � � � ; ð4Þ

where Ces is a function that goes exponentially to zero at low T. In
the samples studied here, however, the MgB2C2 impurity phase con-
tributes a ‘‘residual’’ EDOS and a normal-state-like contribution, crT,
which must be included in Eq. (4), to give

Cð0Þ ¼ crT þ Ces þ B3T3 þ B5T5 þ B7T7þ; ð5Þ
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where the first two terms represent the electron contributions of
the two phases and the remaining terms represent Clat for the
two-phase mixture. As described below, the separation of the three
contributions to C(0) is based on the compositions of the samples
as estimated from the the X-ray measurements and the values of cr.

The first step in analysis of the data was to make a correction for
small H-dependent ‘‘upturns’’ in C(H)/T below �3 K, which appear
as structure in [C(H) � C(9)]/T in Fig. 1, and are associated with the
magnetic impurities. For each H the data below �4 K were fitted
with the sum of the high-temperature tail of a Schottky anomaly
and the first three terms of Eq. (3). The Schottky contributions
were then subtracted and subsequent analysis was based on the
data corrected in this way. (The second term in Eq. (3) was pro-
posed as an empirical representation of that contribution to the
specific heat for a single-gap superconductor. It cannot be expected
to be a good approximation for a two-gap superconductor over the
whole range of temperature to Tc, but it should be an adequate
approximation in this low-temperature interval where only the
small-gap band contributes.)

4.2. Electron contribution to the specific heat of Mg(B1-xCx)2

The measured C(H) has to be corrected for the contribution of
the MgB2C2 to obtain C(H) for Mg(B1�xCx)2. Because data are avail-
able to make the correction for the electron component but not for
the lattice component, the measured C(H) was first analyzed to
separate the electron and lattice components, and the electron
component was then corrected for the MgB2C2 contribution. The
high values of the critical fields, Hc2(T), limit the temperature inter-
val in which normal-state data are available for analysis with Eq.
(2). In such a case constraining the fit to give the correct entropy
at T � Tc may give more reliable values of the parameters. That ap-
proach is used frequently, and was used successfully for MgB2 [6].
It was also used in the preliminary analysis [10] of the data for the
Mg(B1�xCx)2 samples, but subsequent analyses showed that the de-
rived values of the parameters were sensitive to the temperature
interval of the fit and the number of terms in Eq. (2). Furthermore,
the Clat derived in this way, which gives entropy conservation at
the zero-field transition as required, does not give entropy conser-
vation at the in-field transitions at lower temperatures, i.e., it does
not extrapolate to the correct Clat at lower temperatures. Conse-
quently, a different, two-step approach was used: First, a reason-
ably accurate value of B3 was obtained by a fit with the first
three terms in Eq. (3) to the 7-T data below �4 K, where the second
term in Eq. (3) is small and the fourth and higher-order terms are
negligible. Eq. (2) with five terms in Clat, but with B3 fixed at the va-
lue obtained in the low-temperature fit to the 7-T data, was then
used to make entropy-conserving fits to the 7-T, normal-state data.
These fits were made in the intervals 15–37 K and 12–29 K for the
x = 0.05 and 0.1 samples, respectively. They gave values of c of 1.46
and 1.64 mJ K�2 mol�1 for the x = 0.05 and 0.1 samples, respec-
tively. The values of B3 obtained in the low-temperature fits and
used in these fits were 0.0125 and 0.0175 mJ K�4 mol�1 for the
x = 0.05 and 0.1 samples, respectively. For all fields other than 7 T
the values of cv(H) were obtained by fitting the data below �4 K
with the first three terms in Eq. (3), but with B3 fixed at the values
obtained in the low-temperature fits of the 7-T data. The H = 0 fits
gave the values of cr, 0.074 and 0.171 mJ K�2 mol�1 for the x = 0.05
and 0.1 samples, respectively.

The concentrations of the impurity determined by the X-ray
analysis and the residual EDOS, as measured by the values of cr,
provide the basis for the correction of Ce(H) for the contribution
of the MgB2C2. If the X-ray concentrations were accurate they
would be in approximately the same ratio as the values of cr. How-
ever, there is a discrepancy: estimates of c for MgB2C2 based on the
X-ray concentrations and the values of cr for the two samples differ
by 34%. This implies errors of the order of 15% in the concentra-
tions. Such errors in the X-ray results would not be surprising,
and the values of cr can be expected to be more accurate measures
of the relative concentrations of MgB2C2. Accordingly, the concen-
trations of MgB2C2 in the x = 0.05 and x = 0.1 samples were taken
to be 5.0% and 11.6%, which keeps them similar in magnitude to
the X-ray values, and eliminates the discrepancy in the apparent
values of c for MgB2C2. These concentrations and the values of cr

were used to calculate the numbers of mols of each of the two
components in the samples, and to correct the Ce(H) measured
for the sample to that for Mg(B1�xCx)2. The uncertainty in the cor-
rections is essentially that in the X-ray determinations of the mag-
nitude of the MgB2C2 concentrations. With these corrections the
values of c for Mg(B1�xCx)2 are 1.50 and 1.77 mJ K�2 mol�1 for
x = 0.05 and 0.1, respectively. For each sample the measured value
of B3 is an average of those for MgB2C2 and Mg(B1�xCx)2 weighted
by their relative amounts in the sample. In the absence of the value
of B3 for MgB2C2 it is not possible to correct the measured value to
obtain B3 for the Mg(B1�xCx)2.

Ce(H)/T for Mg(B1�xCx)2, obtained by subtraction of Clat and cor-
rection for the contribution of the MgB2C2, is shown in Fig. 2. The
specific-heat anomalies associated with the transitions to the vor-
tex state, including those that occur at temperatures well below Tc,
have plausible shapes and satisfy the entropy conservation
requirement. The conservation of entropy in these transitions con-
stitutes a test of the derived Clat at temperatures well below Tc, and
attests its general validity.

4.3. Two-gap analysis of the electron specific heat in the
superconducting-state

For both samples Ces, shown in Fig. 2, deviates substantially
from that given by BCS theory. The deviations are qualitatively
similar to those for MgB2, which are known to be a consequence
of the presence of two different energy gaps. In such a case, one
of the two gaps must be smaller than given by BCS theory, and
the other larger [4]. At low temperatures the small-gap band
dominates Ces; at Tc it makes a contribution to the discontinuity
in Ce(0) but the shape of the anomaly is determined mainly by
the large gap. The standard way of interpreting the specific heat
is by comparison with the a model [7]. Originally developed for
single-band superconductors, the a model is based on the
assumption that the temperature dependence of the gap is given
by the BCS theory in the weak coupling limit, but the 0-K ampli-
tude, D(0), is scaled by a factor that represents the strength of the
coupling, a � D(0)/kBTc, which has the value aBCS = 1.764 in the
BCS theory. It was recognized in the earliest considerations of
multiband superconductivity that interband coupling had to be
taken into account, at least to ensure the equality of Tc in the dif-
ferent bands. In the application of the a model to a two-band
superconductor it is assumed that each band makes an indepen-
dent contribution to Ces scaled by the fraction of the total electron
DOS derived from that band [8]. Tc is assumed to be the same in
both bands but interband coupling is not otherwise taken into ac-
count. Nevertheless, the a model has been generally successful in
representing specific-heat data and giving values of the parame-
ters in reasonable agreement with other measurements and with
theoretical calculations. Furthermore, its use in analyzing specific-
heat data in multiband superconductors has been justified by
comparison with the results obtained by solution of the Eliash-
berg equations [29]. Two-gap, a-model fits to Ces for both samples
are shown in Fig. 3. They were obtained by adjusting the values of
a and the fraction of the total EDOS for each band to obtain the
best approximation to Ces. Theoretical calculations put the smaller
gap on the p band and the larger gap on the r band, which per-
mits the association of each of the experimentally derived param-



Fig. 3. Analysis of the superconducting-state electron specific heat into contribu-
tions associated with the r and p bands: (a) for x = 0.05; (b) for x = 0.1. The curved
lines represent the results of the fits: solid, for the total electron specific heat;
dashed, for the p-band contribution; dash-dot, for the r-band contribution.

Table 1
Parameters characteristic of the contributions of the p and r bands to the electron
specific heat: the coefficient of the total electron specific heat, in mJ K�2 mol�1; the
fractional contributions of the p and r bands; the energy gaps, as represented by the
values of a. The data for x = 0 are from Ref. [9].

x c cp/c cr/c ap ar

0 2.53 0.46 0.54 0.60 2.20
0.05 1.50 0.66 0.34 0.62 2.50
0.10 1.77 0.80 0.20 0.82 2.10

Table 2
Parameters characteristic of the superconductivity in Mg(B1�xCx)2: the energy gaps in
the p and r bands, in meV; the coefficient of the electron specific heat and the
contributions of the p and r bands, in mJ K�2 mol�1; Tc, in K. The data for x = 0 are
from Ref. [9].

x Dp Dr c cp cr Tc

0 2.01 7.38 2.53 1.16 1.37 38.9
0.05 1.68 6.77 1.50 0.99 0.51 31.4
0.1 1.39 3.57 1.77 1.42 0.35 19.7
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eters with the appropriate band. The parameters characterizing
the gaps, ap and ar, and the fractional EDOS, cp/c and cr/c, are
included in Table 1, where they are compared with those for
MgB2.
5. Discussion

5.1. Electron–phonon coupling, electron density of states, critical
temperature, and energy gaps: comparisons with theoretical
calculations and with other experimental results

Comparison of an experimental value of c with theoretical cal-
culations requires calculated values of both the band-structure
EDOS, N(EF), and the electron–phonon coupling constant, k, each
of which contributes to c. N(EF) is the ‘‘bare’’ EDOS, and gives the
corresponding coefficient of the electron specific heat, c0 = 2.357
N(EF), where c0 is in mJ K�2 mol�1 and N(EF) is in states eV�1 cell�1.
The experimental c, which includes the phonon enhancement, is
related to c0 by

c ¼ ð1þ kÞc0 ð6Þ

Here and in the following, for convenience, each of the symbols
N(EF), c0, k, and c is used to represent either the total of the quantity
for the two bands or one of its single-band components. A relation
of the form of Eq. (6) is valid in both cases. When needed for clari-
fication or to specify a specific numerical quantity, subscripts p or r
are added for a single-band component, e.g., cp and cr for the com-
ponents of c; Np(EF) and Nr(EF) for the components of N(EF).

Carbon doping of MgB2 is expected to change parameters re-
lated to the superconductivity by band filling, with its attendant
changes in the electron–phonon coupling, and also by increasing
the interband scattering. Both effects are expected to reduce Tc.
The interband scattering is expected to produce a merging of the
two gaps, with the larger gap decreasing as the smaller gap in-
creases. The band filling is expected to reduce both gaps. The rele-
vant experimental results derived from the specific-heat data are
summarized in Table 2 by the values of the p- and r-band energy
gaps at T = 0, Dp and Dr, c and its components, cp and cr, and Tc.
The evolution of cp, cr, and c with carbon doping is compared with
theoretical calculations in Fig. 4 (there are no other experimental
measurements). The x dependences of Tc and Dp and Dr are com-
pared with other measurements in Figs. 5 and 6.

Two groups have calculated the band structure, electron–pho-
non coupling, energy gaps, and Tc for Mg(B1�xCx)2, but with some-
what different approaches: De la Pena-Seaman et al. [32,33] used
the virtual-crystal approximation for the band-structure calcula-
tion; they solved the Eliashberg equations, taking the anisotropy
of the Fermi surface into account, but without including interband
scattering; they approximated the Coulomb pseudopotential with
a value that had been derived for MgB2. Ummarino et al. [34]. used
the supercell approximation and included both interband scatter-
ing and an x-dependent Coulomb pseudopotential in several differ-
ent ways. For undoped MgB2, for which most of the differences in
the two calculations should be irrelevant, the two groups report,
respectively, N(EF)= 0.696 and 0.70 states eV�1 cell�1 Similar values
have been reported by others, e.g., in the same units, 0.71 [11,35];
0.710 [13,17]; 0.72 [22]. The well established band structure calcu-
lations used to obtain N(EF) for MgB2, together with the consistency
of the results, gives confidence in their accuracy. On the other
hand, the spread in the calculated values of k is considerably great-



Fig. 4. The evolution of cp, cr, and c with C doping. The solid curves are guides to
the eye. They connect solid symbols that represent the experimental results
reported here for x = 0.05 and 0.1, and in Ref. [9] for x = 0. The dotted curves, which
are also guides to the eye, connect open symbols that represent theoretical results
calculated from the values of k and N(EF) in Ref. [33]. The dashed curves represent
the theoretical results shown in Figs. 1 and 2 of Ref. [34].

Fig. 5. Measurements of Tc as a function of carbon doping. The Gonnelli data are
from Ref. [37], the Holanova/Szabo data from Refs. [38,39], and the Tsuda data from
Ref. [40]. The point for this work at x = 0 is from Ref. [9].

Fig. 6. Measurements of the energy gaps in the p and r bands as a function of
carbon doping: (a) plotted vs x, (b) plotted vs Tc. The Gonnelli data are from Ref.
[37], the Holanova/Szabo data from Refs. [38,39], and the Tsuda data from Ref. [40].
With the exception of the Gonnelli point at Tc = 18.9 K and x = 0.132, for which only
one gap was observed, the points are in pairs. The two gaps for each sample are
represented by two symbols with the same shape at the same x, the solid symbol for
Dp and the open symbol for Dr. The points for this work at x = 0 are from Ref. [9].
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er (see below). This suggests a comparison of a calculated k with an
‘‘experimental’’ k derived from Eq. (6) with the experimental c and
a calculated N(EF). Taking the calculated N(EF) as 0.710 states eV�1

cell�1, and the experimental c as 2.53 mJ K�2 mol�1, the experi-
mental k is 0.52. The calculated values, which range from 0.61 to
0.88, are all higher. The De la Pena-Seaman et al. value, 0.672, is
substantially higher. Their calculation was based on the assump-
tion of harmonic phonons [33]. The phonons are actually anhar-
monic, and Choi et al. [14] found k = 0.61 and 0.73 for
anharmonic and harmonic phonons, respectively. (The calculation
with the anharmonic phonons was also necessary to obtain agree-
ment with the experimental Tc.) The calculated k of Ummarino
et al. was �0.88. Other reported values include 0.88 [16]; 0.76
[13]; 0.72 [22]. The lowest of the calculated values, 0.61 [14],
which seems to have been obtained with the most extensive con-
sideration of the possibly relevant effects, corresponds to
c = 2.69 mJ K�2 mol�1, just 6% greater than the experimental value.
That difference is larger than the probable error in the experimen-
tal value, but making some allowance for uncertainty in the exper-
imental value and taking the complexity of the calculation into
account, the agreement of the experimental and theoretical values
is certainly satisfactory.
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For MgB2 the calculated values of N(EF) for the individual bands
cluster around Np(EF) = 0.41 and Nr(EF) = 0.30 states eV�1 cell�1.
Together with the values of cp and cr, 1.16 and 1.37 mJ K�2 mol�1,
respectively, they suggest kp = 0.20 and kr = 0.94 as the ‘‘experi-
mental’’ values. The calculated values range from 0.395 to 0.630
for kp, and from 1.046 to 1.230 for kr. They include, for kp and
kr, respectively, 0.395 and 1.046 [33]; 0.61 and 1.l2 [34]; 0.630
and 1.230 [17]; 0.45 and 1.19 [13]; 0.45 and 1.09 [22]. Whereas
the calculated values of kr are 10–30% higher than the experimen-
tal value, the calculated values of kp are higher by factors 2–3. This
raises the question of possible experimental error in the relative
values of cp and cr. However, because kp and cr add up to c it is
not possible to reduce the discrepancy for the p bands without
increasing it for the r bands by adjusting the values of cp and
cr. Furthermore the analysis of Ces into its two components gives
values of Dp and Dr that are in reasonable agreement with other
results, which supports the validity of the values cp and cr. A rea-
sonable interpretation of the differences between the theoretical
and experimental values of kp and kr is that the calculations of
the electron–phonon interaction on the p bands are less successful
than for the relatively simple r bands.

Band-structure calculations for carbon-doped MgB2, unlike
those for MgB2 itself, give significantly different results for the val-
ues N(EF): For increasing x De la Pena-Seaman et al. [33] found
small decreases in both Np(EF) and Nr(EF) that produce a decrease
in N(EF) from 0.70 states eV�1 cell�1 at x = 0 to 0.55 states eV�1

cell�1 at x = 0.1. The calculations of Ummarino et al. [34] gave a
reduction in N(EF) from 0.70 states eV�1 cell�1 for x = 0 to 0.60
states eV�1 cell�1 for x = 0.1, but in their calculation Np(EF) de-
creases approximately linearly and Nr(EF) is essentially constant
for x 6 0.1. Choi et al. [36] considered the case of x = 0.1, and found
an even smaller decrease, in N(EF), only 10%. Consequently there
are no well established values of N(EF) that could be used to define
the ‘‘experimental’’ k for comparison with calculated values. In-
stead, the experimental values of c are compared with values de-
rived from the calculated values of N(EF) and k in Fig. 4. As
shown there, the experimental cp is not strongly affected by car-
bon doping but the experimental cr decreases steadily with
increasing x. These trends are qualitatively consistent with the ex-
pected band filling effects on Np(EF) and Nr(EF) but they combine
to give a conspicuous minimum in the experimental c in the vicin-
ity of x = 0.05 that is inconsistent with both of the theoretical re-
sults. The relatively good agreement between the two theoretical
results, as they are represented in Fig. 4, however, is somewhat
misleading: the underlying values of kp, kr, Np(EF), and Nr(EF)
and their dependences on x are significantly different. Accounting
for the discrepancy between the experimental and theoretical re-
sults for the x dependence of c on the basis of experimental error
would require an error of the order of 0.7 mJ K�2 mol�1 in one or
more of the values of c. For undoped MgB2 the value of c is rela-
tively well established, and Fig. 12 of Ref. [25] (specific heat mea-
surements of another C-doped sample with Tc � 20 K) suggests
that those results would give a value for c similar to that reported
here for x = 0.1. There is no obvious reason to expect an experimen-
tal error of the required magnitude for x = 0.05. Furthermore, as is
made clear in Fig. 3, the correct values of the components of c, cp
and cr, for both the x = 0.05 and 0.1 samples have to be close to
those obtained in the two-gap analysis of Ces. Some experimental
error is certainly possible, but the general lack of agreement among
calculated values of k, and, for carbon-doped samples, the lack of
agreement among calculated values of N(EF) suggest that errors
in the calculations may make a major contribution to the discrep-
ancies between the experimental and theoretical values of c.

The expected decrease in Tc with increasing x is apparent in
Fig. 5. The values of Tc for the doped samples obtained from the
specific heat measurements tend to be lower than those obtained
by other measurements. This may be a consequence of the fact that
the specific-heat Tc was taken as the midpoint of the transition in a
bulk property, whereas other measurements are more likely to re-
flect the onset of superconductivity. The data of Gonnelli et al. [37]
for Tc in Fig. 5 and for Dr in Fig. 6a, which extend to x = 0.13, differ
conspicuously from the Holanova/Szabo [38,39] and Tsuda et al.
[40] data, which extend only to x = 0.10. In Fig. 6b, where Dr is
plotted vs Tc rather than x, the differences are reduced consider-
ably. This shows that they are, at least in part, a consequence of
a difference between the Tc and x relations in the Gonnelli data
and those in the Holanova/Szabo and Tsuda data. In particular, they
show that for a given Tc the value of x in the Gonnelli data is higher
than in the Holanova/Szabo and Tsuda data. In this context, evi-
dence that the upper limit of solubility of carbon in MgB2 is
x = 0.10 [41] is relevant. Kortus et al. [18] have argued that the de-
crease in Tc can be understood mainly as a band-filling effect. Start-
ing with the band structure of undoped MgB2 and the rigid-band
approximation, they found an approximately linear decrease in Tc

to x � 0.05. With several refinements, but without taking interband
scattering into account, the linear region was extended to x � 0.15.
Their result gave Tc � 30 K for x � 0.1, in reasonable agreement
with the Gonnelli data but substantially higher than the other data
in Fig. 5. (In several papers it has been emphasized that the Gon-
nelli data were obtained on single crystals. However, it should be
noted that there are also single-crystal results [42] for which Tc

is lower than any of the data in Fig. 5.) For x 6 0.1 the calculation
of De la Pena-Seaman et al. [33], which does not take interband
scattering into account, gives a nonlinear dependence on x and a
lower Tc, � 25 K at x = 0.1, in better agreement with the other data.
The calculation of Ummarino et al. [34], which does take interband
scattering into account, gives a result more like that of Kortus et al.
[18], approximately linear in x and with Tc � 30 K at x = 0.1. The
spread in the experimental data and the differences in theoretical
calculations that give similar results preclude any conclusion about
the role of interband scattering in determining the x dependence of
Tc.

As shown in Fig. 6, the Gonnelli data for Dp and Dr differ con-
spicuously from those of Holanova/Szabo and Tsuda. Regardless of
the possibility raised above that the differences in the Dr results
reflect differences in the underlying Tc�x relations, the Gonnelli
data are unique in giving evidence of a merging of the two gaps
near x = 0.132, and Tc = 18.9 K. For that sample they saw only one
gap. The specific-heat values for Dp and Dr are in better agreement
with the Holanova/Szabo and Tsuda data than the Gonnelli data.
Together with the Holanova/Szabo and Tsuda data, they suggest
that Dp decreases from �2.2 meV at Tc = 39 K to �1.4 meV at
Tc = 20 K. In contrast, the Gonnelli Dp, together with the single
gap they observe at x = 0.132, is approximately constant at
�3 meV, which is essential to their conclusion that the gaps do
merge. The preponderance of the experimental data suggests that
if the gaps do become equal, it is at a value of x substantially higher
than 0.1 that has not been reached (and which may be beyond the
solubility limit of carbon). On the theoretical side, Kortus et al. [18]
have interpreted the approximately constant Gonnelli Dp data as
the net effect of the increase of Dp with increasing x that is ex-
pected for interband scattering (which was not included in their
calculation of Tc) and the decrease expected for band filling. Qual-
itatively, the same interpretation could be made for the other Dp
data in Fig. 6, which decrease slightly with increasing x. The calcu-
lation of De la Pena-Seaman et al. [33] is in better agreement with
the Holanova/Szabo, Tsuda, and specific-heat data for Dp but in
better agreement with the Gonnelli data for Dr. It has the gaps
merging only at x = 0.175, where they are both zero. Depending
on whether interband scattering is included or not, and also on
assumptions made about the x dependence of the Coulomb depen-
dence, the Ummarino et al. calculation [34] gives a variety of re-



Fig. 7. The coefficient of the vortex-state, T-proportional term and the contribu-
tions of the r and p bands, normalized to the normal-state value c: (a) for x = 0.05;
(b) for x = 0.1. The solid curved line, for cvr/c, was obtained by fitting the
experimental data for cv(H) for H P 3 T. The solid circles are the experimental data
for cv(H)/c, and the solid triangles are the corresponding points for cvp(H)/c
obtained by subtracting cvr(H)/c. The open symbols on the right hand vertical axis
are the normal-state values obtained in the two-gap fit to the superconducting-
state data. The dashed curved lines are guides to the eye. See text for discussion.
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sults, including both approximate agreement with the Gonnelli
data for both gaps and their merging near x = 0.13, and a result
similar to that of De la Pena-Seaman et al. [33]. For the energy gaps,
as well as for Tc, there are theoretical calculations that are in qual-
itative agreement with all of the experimental results. However,
the similarity of the results of calculations based on different start-
ing assumptions and the differences in the experimental results
preclude any conclusions about the validity of those assumptions,
and, therefore, about the degree to which they are supported by
the experimental results.

5.2. Temperature-proportional term in the vortex state

The cv(H)T term in the vortex-state heat capacity of MgB2 is
highly non-linear in H and, corresponding to the anisotropy of
Hc2, anisotropic, i.e., dependent on h, the angle of H with the c axis.
Bouquet et al. [43] investigated these effects and gave a plausible
interpretation: For H 6 0.5 T, cv(H, h) was isotropic, non-linear in
H, and increased sharply with increasing H; for H P 3 T, it became
anisotropic and linear in H. They interpreted these results on the
basis of the difference in the coherence lengths, np and nr, for
the p and r bands: The spatial extent of the contribution of a band
to the DOS at a vortex core is proportional to the coherence length,
which, because of the small value of Dp, is much longer for the p
band than the r band. As a consequence, the p band makes a dis-
proportionately large contribution to cv(H) for each vortex, and the
p-band DOS is ‘‘used up’’, i.e., its contribution to cv(H) ‘‘saturates’’
at cp, at a relatively low H. Only the r band contributes to the in-
crease in cv(H) for further increases in H. For low H, the p band
makes the dominant contribution to cv(H) and gives it the sharp
initial increase; the lack of anisotropy is consistent with the 3D
nature of the p-band Fermi surface. Bouquet et al. separated
cv(H, h) into contributions of the two bands, cvp(H) and cvr(H, h),
by attributing the linear-in-H behavior at high H to the r band
and extrapolating it to H = 0. They obtained cvr(H, h) as the ex-
tended straight line minus the intercept at H = 0, and cvp(H) as
the remainder of cv(H, h), cvp(H) = cv(H, h)�cvr(H, h). The non-lin-
earity was thus assigned entirely, but arbitrarily, to the p band.
They reported the values of three critical fields, two for the r band
and one for the p band. Normally these would be defined as the H
at which the corresponding contribution to cv(H, h) saturates, but
for the p band the nonlinearity of cvp(H) precluded the use of that
definition, and an extrapolation of the initial slope of cvp(H) to cp
was used to estimate Hc2p. (Later more precise and more extensive
measurements by Pribulova et al. [44] gave similar results.
Although they were described in a more complicated way, the
analysis and interpretation were essentially the same as those of
Bouquet et al. [43].

Fig. 7 shows the experimental cv(H) data normalized to the nor-
mal-state EDOS by dividing by c. With allowance for the fact that
the measurements were made on polycrystalline samples, the re-
sults are qualitatively similar to those of Bouquet et al. [43] on
MgB2. Although their analysis was somewhat arbitrary, there is
no theoretical basis for an alternative approach, and the same
assumptions were used to separate the contributions of the two
bands. On that basis the sharp increase in cv(H) at low H was attrib-
uted to the small-gap p band, and the slower increase at higher H
to the large-gap r band. The separation of the contributions of the
two bands involves the determination of four parameters. Two of
these are the maximum contribution of each band to cv(H). They
were taken to be the same as the contributions to c determined
in the two-gap fit to Ces: cp = 0.66c and cr = 0.34c for the x = 0.05
sample; cp = 0.80c and cr = 0.20c for the x = 0.1 sample. The other
two, which characterize the anisotropic Hc2 of the r band, are
Hc2||ab and the anisotropy parameter U � Hc2||ab/Hc2||c. Together
with cr, they define cvr(H). Since the data are for a polycrystalline
sample with an assumed random orientation of the crystallites,
cvr(H) is not linear in H, and the effective-mass model [45] was
used to obtain the appropriate average of Hc2(h) in terms of U
and Hc2||ab. The values of those parameters were chosen to give
the best approximation to the observed H dependence of cv(H)
for H P 3 T, where it is assumed to be that of cvr(H). The results
are Hc2||ab = 45 T and U = 5.0 for the x = 0.05 sample, and Hc2||ab = 25
T and U = 2.7 for the x = 0.1 sample. The values of Hc2||ab are some-
what higher than those reported elsewhere [30,31] but in view of
the uncertainties in the various measurements the discrepancies
are not surprising. The cvr(H) curves derived by fitting the exper-
imental data for cv(H) and cvp(H), obtained as cv(H) – cvr(H) are
also shown in Fig. 7.
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6. Summary and conclusions

Specific-heat measurements on two samples of Mg(B1�xCx)2,
x = 0.05 and 0.1, characterize the evolution of the two-gap super-
conductivity with doping. The measurements give parameters
characteristic of the individual p and r bands, which are compared
with other experimental results and with theoretical predictions of
the effects of the band filling and increased interband scattering
associated with the doping.

A two-gap analysis of the electron specific heat in the supercon-
ducting state determines the basic parameters characteristic of the
individual bands, the energy gaps, Dp and Dr, and the contribu-
tions to c, cp and cr. In combination with calculated values of
the bare electron densities of states for the two bands, Np(EF) and
Nr(EF), cp and cr give ‘‘experimental’’ values of the electron–pho-
non coupling constants for the individual bands, kp and kr. For the
undoped MgB2, the consistency of different calculated values of the
total EDOS, N(EF) = Np(EF) + Nr(EF), gives confidence in that num-
ber. The resulting value of the total electron–phonon coupling con-
stant, k = kp + kr, is in satisfactory agreement with one particularly
rigorous calculation, but all other calculated values are substan-
tially higher, as are the calculated values of kp and kr, particularly
kp. With increasing x, the experimental cp shows a weak minimum,
the experimental cr decreases substantially, and c shows a distinct
minimum. The two theoretical calculations are based on different
approximations and give different values for the underlying values
of the EDOS and electron–phonon interaction. Nevertheless, they
give surprisingly similar results for cp, cr, and c. However, they dif-
fer substantially from the experimental results, most conspicu-
ously in not showing the minimum in c.

There is considerable scatter in the values of the critical temper-
atures for superconductivity and the energy gaps derived from
other measurements, which is probably due at least in part to dif-
ferences in the assigned values of x. The values derived from the
specific-heat measurements fall within the limits defined by that
scatter. All of the measurements show the substantial decrease in
Dr with increasing x that is expected as a consequence of both band
filling and increased interband scattering, but the energy gaps ob-
tained from other measurements fall into two distinct categories
with respect to the merging of the gaps expected for interband scat-
tering: one set of measurements shows the merging; two others
give a different x dependence of Dp and no evidence of the merging.
The specific-heat derived values of Dp are in good agreement with
the latter, and suggest that the predicted merging does not occur, at
least not within the range of x that has been investigated.

The temperature-proportional term in the vortex-state specific
heat, which represents the contribution of the vortex cores, is
highly nonlinear in H, reflecting both the different coherence
lengths in the two bands and the anisotropy of the critical fields.
An analysis analogous to that applied to single-crystal MgB2, but
allowing for the polycrystalline nature of the samples, gave values
of the anisotropy and critical fields in reasonable agreement with
those obtained in other measurements.
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