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An atlas of carbon nanotube optical transitions
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Electron-electron interactions are significantly enhanced in
one-dimensional systems’, and single-walled carbon nanotubes
provide a unique opportunity for studying such interactions and
the related many-body effects in one dimension®-4. However,
single-walled nanotubes can have a wide range of diameters
and hundreds of different structures, each defined by its
chiral index (n,m)>¢, where n and m are integers that can
have values from zero up to 30 or more. Moreover, one-third of
these structures are metals and two-thirds are semiconductors,
and they display optical resonances at many different fre-
quencies. Systematic studies of many-body effects in nanotubes
would therefore benefit from the availability of a technique for
identifying the chiral index of a nanotube based on a measure-
ment of its optical resonances, and vice versa. Here, we report
the establishment of a structure-property ‘atlas’ for nanotube
optical transitions based on simultaneous electron diffraction
measurements of the chiral index and Rayleigh scattering
measurements of the optical resonances”® of 206 different
single-walled nanotube structures. The nanotubes, which were
suspended across open slit structures on silicon substrates,
had diameters in the range 1.3-4.7 nm. We also use this atlas
as a starting point for a systematic study of many-body effects
in the excited states of single-walled nanotubes®-6, We find that
electron-electron interactions shift the optical resonance energies
by the same amount for both metallic and semiconducting nano-
tubes, and that this shift (which corresponds to an effective
Fermi velocity renormalization) increases monotonically with
nanotube diameter. This behaviour arises from two sources:
an intriguing cancellation of long-range electron-electron inter-
action effects, and the dependence of short-range electron-
electron interactions on diameter'®",

The results for three representative single-walled carbon nano-
tubes are shown in Fig. 1. From the electron diffraction pattern
for the first of these nanotubes (Fig. la) we determine its chiral
index to be (18,7), which means that this is a semiconducting nano-
tube with a diameter of 1.75 nm. The second nanotube (Fig. 1b) has
a chiral index of (30,22), which means that it is also semiconducting
(with a diameter of 3.54 nm). The third nanotube (Fig. 1c) has a
chiral index of (24,24), which means that it is metallic with a diam-
eter of 3.25 nm. Each nanotube also exhibits distinct optical reson-
ances in its Rayleigh spectrum (Fig. 1d-f). Our data complement
previous fluorescence studies of nanotubes with diameters in the
range 0.6-1.3 nm (refs 17,18), and together they can be used as an
atlas for determining the chiral index of a single-walled nanotube
from a measurement of its optical resonances, and vice versa
(Supplementary Section S4).

A number of techniques can be used to determine the chiral
index and optical resonances of single-walled nanotubes (hereafter

called nanotubes), but they are all limited in various ways.
Fluorescence excitation spectroscopy, for example, allows the chiral
index to be determined from measurements of the fluorescence,
but only for a small subset of semiconducting nanotubes'”. Raman
spectroscopy is a more general technique, in principle, but it suffers
from large uncertainties due to the presence of many overlapping
resonant peaks from ensemble measurements!*-2!. The uncertainty
in our determination of the optical resonances for all nanotubes is
less than 20 meV. This is significantly more accurate than previous
comprehensive optical assignments based on Raman mapping,
where the difference between the measured and predicted optical
transition energies is greater than 100 meV for many nanotubes®..

It should be noted that our results are based on suspended nano-
tubes. It is known that environmental effects, such as the presence of a
substrate or surrounding micelles, can redshift the optical transition,
predominantly due to dielectric screening. A comparison of nano-
tubes suspended in air and nanotubes embedded in micelles shows
that this redshift is relatively constant at ~20 meV for different nano-
tubes'®, and similar redshifts are expected for nanotubes deposited on
substrates. Accordingly, a suitable correction should be made when
characterizing nanotubes that are not suspended in air.

The relationship between the chiral index and the optical reson-
ances of nanotubes reported here allows for a systematic examin-
ation of excited-state properties in one-dimensional nanotubes.
Although the optical transitions in nanotubes are excitonic in
nature, a convenient scheme by which to categorize the optical tran-
sitions in an (n,m) nanotube is the zone-folding technique, in which
the periodic boundary condition around the nanotube circumfer-
ence leads to a quantization of wave vector (k), described by parallel
lines separated by 2/d in the graphene Brillouin zone>®. In metallic
nanotubes, one of the parallel k-lines passes through the K-point,
which occurs when mod(n-m,3) = 0 (Fig. 2a). The other nanotubes
are semiconducting with mod(n-m,3) =1 or 2 (Fig. 2b). Each par-
allel k-line describes one pair of conduction and valence sub-bands
in the nanotube. Transitions at the bandgaps of such sub-band pairs
lead to strong optical resonances, and these transitions are tradition-
ally labelled S;; for semiconducting and M;; for metallic nanotubes,
where i is the sub-band index. Equivalently, we can introduce an
integer p (= 1,2,3,4,5,6,...) to index optical transitions in both
semiconducting and metallic nanotubes in the order of S,;, S,,,
M1, S535 Sau> Mys, Sess Sggr M3, S,y ... (Table 1). Each nanotube
optical transition can be associated with a specific wave vector k;,"’m)
(for example, red dots in Fig. 2a,b) in the graphene Brillouin zone
that varies with nanotube chirality (n,m) and transition index p
(for a detailed relation see Supplementary Section S2). The magni-
tude of k;,”’m) has a value of p x 2/(3d).

The one-to-one mapping between a nanotube optical resonance
and a wave vector in the graphene Brillouin zone provides a
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Figure 1| Electron diffraction patterns and Rayleigh spectra of three representative nanotubes. a-c, Electron diffraction patterns (left, experimental; right,
simulated) for three single-walled nanotubes with different chiral indices. The zero-order and high-order diffraction bands uniquely define the chiral index
(n,m) of the nanotube. The (18,7) nanotube (a) is semiconducting and has a diameter of 1.75 nm. Inset: schematic for combined TEM electron diffraction
and Rayleigh scattering measurements on the same suspended nanotube. The black diagonal feature is caused by the blocking stick used for dark-field
imaging. The (30,22) nanotube (b) is semiconducting and has a diameter of 3.54 nm. The (24,24) nanotube (c) is metallic and has a diameter of 3.25 nm.
d-f, Rayleigh spectra for the three nanotubes in a-c.
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Figure 2 | Momentum-resolved transitions with nanotube optical resonances. a,b, Zone-folding pictures of metallic (a) and semiconducting (b) nanotubes.
The contour curves are constant energy lines in the graphene Brillouin zone. The solid parallel lines describe available states consistent with the nanotube
boundary condition, which are separated by 2/d in the graphene Brillouin zone. (The dashed parallel lines are a guide to the eye with a separation of 2/(3d).)
The solid lines can be indexed by an integer p describing their distance from the K-point as p x 2/(3d), and each solid parallel line corresponds to a pair of
conduction and valence sub-bands in the nanotubes. Metallic nanotubes have p values of 0,3,6, ... and semiconducting nanotubes have p values of 1,2,4,5, ...
Nanotube optical resonance, arising from the bandgap of a sub-band pair, is associated with a specific wave vector k;”’m) (red dots in a and b) in the graphene
Brillouin zone. For a given p, different nanotubes (with different n and m) have optical transition energies E, corresponding to different k-points, and this E,-k
relation defines an effective dispersion relation E,(k). ¢, Momentum-resolved transition energy dispersion E,(k) for p= 5 (corresponding to the S, transition).
Each nanotube samples out a certain E,-k dot in the graphene Brillouin zone, and the collection of such an E,-k correspondence from different nanotubes
defines an effective dispersion relation E,(k) for transition p= 5. Dots are experimental data, and the surface plot is based on empirical equation (1).

framework to describe the chirality dependence of nanotube optical
transitions. For the pth transition in each given nanotube (with
indices n and m), its transition energy (Ep) and underlying
wave vector (k;"’m)) establishes one Ep—k correspondence. A collec-
tion of such E,-k correspondences from different nanotubes, which
sample different k-points in the graphene Brillouin zone, defines an
effective dispersion relation E,(k) for transition p. Figure 2c displays
such a ‘momentum-resolved” transition energy dispersion for p=>5
(S44)- If we neglect possible one-dimensional effects arising in nano-
tubes, Ep(k) of nanotubes will reproduce exactly the inter-band
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optical transition dispersion in two-dimensional graphene and p will
be a redundant index. Any p-dependence of Ep(k) (that is, a deviation
of E,(k) from the corresponding dispersion in suspended graphene)
therefore probes changes in the many-body interaction effects and
curvature effects specific to one-dimensional nanotubes. Also,
because p is proportional to nanotube diameter (for fixed k with
p=1.5kd) and it indexes all nanotube types, the evolution of Ep(k)
with p will shed light on how many-body effects differ in metallic
and semiconducting nanotubes and how they evolve with nanotube
diameter towards the suspended two-dimensional graphene limit.
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Table1 | Integer p and fitting parameters v, 1 and g of
empirical equation (1) (described in the text for different
optical transitions).

Transition p ve 10°ms™) 1 (eV nm?) B (eV nm?)
S 1 1.229 0.142 -0.173

o 2 1152 0.097
M, 3 1176 0068
S5 4 1221 0.058
" 5 1226 0.058
- 6 1236 0.058
o 7 1241 0.047
Ses 8 1244 0.052
M, 9 1248 0.047
10 1.256 0.054

77

S;and S,, data are from ref. 17 with slightly shifted energy (20 meV for S,; and 15 meV for S,,) to
compensate for the micelle-induced redshifts'. To obtain the resonance energy for a specific optical
transition in an (n,m) nanotube, one can plug the listed parameters into equation (1) and use (k, 6)
values obtained from zone folding.

To describe the effective dispersion such as that in Fig. 2c, we
introduce an empirical formula
E, (k) = 2hvi(p) x k+ B x K+ n(p) x k> cos(36) (1)
Here, k and 6 are polar coordinates for the magnitude and direction
of wave vector k. The dominating first term characterizes the linear
Dirac cone in the graphene band structure with an effective Fermi
velocity vp(p). The second and third terms describe, respectively,
deviation from the linear dispersion away from the Dirac point
and deviation from a circular cone due to the graphene trigonal
symmetry. The p-dependent effective Fermi velocity v( p) and aniso-
tropy prefactor m(p) are included to account for nanotube-
specific physics. Using this formula we were able to fit all 522
transitions from 206 individual nanotubes in our study with an
overall uncertainty of less than 20 meV. Table 1 summarizes the
values of vp(p), B and m(p) in equation (1) that were used to fit
our data, as well as those obtained from fluorescence excitation
spectroscopy'”!8. Figure 3a shows the k-region covered by
experimentally observed optical transitions for p=1 to 10.

We first examine the renormalization of v(p), which character-
izes the angle-independent change in the slope of the E,-k dis-
persion. This angle-independent component can be conveniently
obtained by slicing the full E,-k dispersion (Fig. 2c) along the arm-
chair direction (that is, with #=30° and 210° in equation (1)).
Figure 3b displays the results for p=2 (orange curve) and p=9
(blue curve). They are symmetric over the K-point (k=0), but
exhibit a clearly different slope, or effective vz The overall depen-
dence of vy(p) on p (or equivalently on d on the top axis) is
shown in Fig. 3c. It shows a renormalization of the ‘effective
Fermi velocity’ (vz) in nanotubes. This renormalization arises
from many-body effects due to electron-electron interactions, and
it varies between different nanotube species.

The magnitude of renormalization in the Fermi velocity depends
on both the nanotube diameter and the k-vector region in the
graphene Brillouin zone. Because experimental data for transition
p=1 (S;;) have k values much smaller than other transitions
(Fig. 3a), its comparison to other transitions requires that the k-
dependent renormalization effects be taken into account.
Qualitatively, we can attribute the observed relatively large effective
Fermi velocity for p=1 transitions to this k-dependence, but a
quantitative theoretical description of the k-dependence of the
renormalization is beyond our experimental work. Transitions p =2
to 10, however, cover largely the same overlapped k-region (Fig. 3a).
They provide a unique opportunity for us to isolate the diameter
dependence of the renormalization of the Fermi velocity, which can
be described by vu(p) = (1.277-0.267/p) x 10°m s~ ! (solid line of
Fig. 3¢c). It shows two surprising behaviours: (i) a higher effective v,
which is associated with enhanced electron-electron interactions®'2,
is observed in larger-diameter nanotubes; and (ii) v; values for
semiconducting and metallic nanotube transitions fall on exactly
the same curve. These experimental observations provide a striking
demonstration of the different effects of the long-range and short-
range components of electron-electron interactions in excited
states of one-dimensional nanotubes, first described theoretically
in the pioneering work of Kane and Mele!®!!,

It has been shown theoretically that the long-range interactions
have cancelling effects on bandgap renormalization and exciton for-
mation® !¢, In particular, ref. 11 provides a rigorous argument that
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Figure 3 | Renormalization of the effective Fermi velocity and its p-dependence. a, \Wave-vector range in the graphene Brillouin zone where experimental
data exist for different transitions. The k-values for the p =1 transition are much smaller than those for other transitions. For transitions p =2 to 10, the
experimental data overlap well in the range 1.2 < k< 1.8 nm™' (between dashed lines). In this selected k-region, p values from 2 to 10 correspond to average
nanotube diameters (d) from 0.9 to 4.4 nm, and they include three metallic (p = 3,6,9) and six semiconducting resonances (p =2,4,5,7,8,10). b, Ep(k)
dispersion along the armchair direction (that is, with 6 =30° and 210°) for transitions p =2 (orange line) and p=9 (blue line). These characterize the
angle-independent component of transition energy dispersion. Dispersion for p =9 shows a significantly increased slope (that is, effective v).

¢, Renormalized effective Fermi velocity v as a function of p. For transitions of

p =2 to 10 covering the same k-region, p is proportional to d in the top axis,

and the diameter-dependent renormalization is well described by vi(p) = (1.277-0.267 /p) x 10° m s~ (solid line). Surprisingly, this reveals that v values for
semiconducting and metallic nanotube transitions fall on exactly the same curve, despite their dramatically different electron-electron interactions. On the

other hand, electron-electron interaction induced vy renormalization increases
p =1 transition does not follow the common trend because this transition has

systematically with nanotube diameter. The effective Fermi velocity for the
k-values much smaller than other transitions (a). Its v is relatively large due to

the k-dependence of renormalization, in contrast to the diameter-dependent behaviour for transitions p= 2 to 10.
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Figure 4 | Trigonal asymmetry. a, £_(k) dispersion along the zigzag direction (that is, with 6 = 0° and 180°) for transitions p =2 (orange line) and p=9
(blue line). The trigonal anisotropy of the dispersion is obvious from the asymmetry between the 6= 0° and 180° directions (corresponding to positive and
negative k-values, respectively), and the asymmetry is markedly stronger for the transition p = 2. b, Anisotropy prefactor n(p) for different p (or equivalently
on d in the top axis). It is well described by the expression n(p) = (50 + 180/p2) meV nm? (solid line). This diameter dependence of trigonal anisotropy
arises from strain effects and o-m bond hybridization due to the finite nanotube curvature.

the cancellation is perfect for a constant long-range interaction.
Here, we demonstrate experimentally that such cancellation is
almost perfect for the actual long-range interaction in nanotubes:
the semiconducting and metallic nanotubes have drastically differ-
ent long-range electron—-electron interactions, but their optical tran-
sition energies fall perfectly on the same curve (Fig. 3c).

Short-range electron-electron interactions, however, show quali-
tatively different behaviour: they produce a significant net blueshift
of optical transition energies?!1. Reference 11 shows theoretically
that the effect of short-range interactions increases slightly but sys-
tematically with nanotube diameter, in contrast to the common
notion that many-body effects are always stronger in more one-
dimensional structures. We demonstrate this diameter dependence
of short-range interaction experimentally in that vi(p) (that is,
optical transition energy at the same k) increases with nanotube
diameter. Interestingly, the effective Fermi velocity in large-diam-
eter nanotubes should approach the ‘intrinsic’ v; in suspended gra-
phene, and our measurements suggest a value of 1.28 x 10°ms ™.
This is significantly larger than most reported Fermi velocity values
for supported graphene?>??, presumably due to reduced electron—
electron interactions and Fermi velocity renormalization from sub-
strate screening in supported samples.

Finally, we examine the p-dependent m(p), which describes the
changes in trigonal anisotropy in the energy dispersion. This is
best illustrated by slicing the full Ep(k) dispersion (Fig. 2c) along
the zigzag direction, which shows the asymmetric behaviour in
the = 0° and 180° directions (corresponding to positive and nega-
tive k-values, respectively). We will again focus on transitions from
p = 2to 9, which cover the same k-region, to isolate the diameter
dependence of 1. We show in Fig. 4a such E (k) slices for transitions
p =2 (orange curve) and p =9 (blue curve). In addition to a lower
overall Fermi velocity as described previously, transition p=2
also exhibits markedly stronger asymmetry. The dependence of
asymmetry parameter 1 on p (or equivalently on d in the top
axis) is displayed in Fig. 4b (dots), and it is fitted empirically by
n(p) = (50 + 180/ pz) meV nm? (solid line). Two factors contri-
buted to this p dependence of 7: modulated mr-electron hopping
coefficients from strain and the hybridization of ¢ and m states
from the curved surface?®. The strain acts like a pseudo-magnetic
field threading the nanotubes. Its effect can be calculated analyti-
cally*® and causes an increase in 1 by 85/p> meV nm?2 ~45%
of our experimentally observed values in the wave-vector range
12<k < 1.8nm~'. The rest of the change in n probably

328

originates from o-m bond hybridization. The effects of this
magnitude are consistent with theoretical studies using a local
density functional method?®.

In conclusion, we have compiled an atlas that allows us to ident-
ify the chiral index of a nanotube from a measurement of its optical
resonances, and vice versa. In addition to providing a solid foun-
dation for the spectroscopic identification of pristine nanotubes,
this atlas allowed us to perform an in-depth study of many-body
effects in a wide range of nanotubes, thus opening the way to
further systematic investigations of this type.

Methods

Suspended long nanotubes were grown by chemical vapour deposition (CVD) across
open slit structures (~30 x 500 wm) fabricated on silicon substrates. We used
methane in hydrogen (CH,:H, = 1:2) as gas feedstock and a thin film (~0.2 nm) of
iron as the catalyst for CVD growth at 900 “°C (ref. 27). This growth condition yields
extremely clean isolated nanotubes free of amorphous carbon and other adsorbates
(Supplementary Fig. S1)*. We determined the chiral index (1,m) of every nanotube
from the electron diffraction pattern using nanofocused 80 keV electron beams in a
JEOL 2100 transmission electron microscope (TEM)?**. By utilizing the slit edges
as spatial markers (Supplementary Fig. Sla), the same individual nanotubes can be
identified in an optical microscope set-up. We probed optical transitions of these
suspended nanotubes by Rayleigh scattering spectroscopy with a fibre-laser based
supercontinuum light source covering the spectral range from 450 to 900 nm. The
instrumental resolution in determining the transition energies was 5 meV.
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1. Isolated single-wall carbon nanotubes suspended on the open slit

Figure S1. (a) Scanning electron microscope image of suspended nanotubes. The
nanotubes are controlled to be well separated from each other with an average separation
over 30 um. By utilizing the slit edges as the spatial markers, we can reliably locate any
given nanotube in both transmission electron microscope and optical microscopy setup.
(b) High-resolution transmission electron micrograph of a nanotube. It is seen to be

single-wall character with clean surface.

2. The wavevector k™™ corresponding to the bandgap of the ith sub-band pair in

an (n,m) nanotube
The ith optical resonance in an (n,m) nanotube arises from the electronic transition at

the bandgap of ith sub-band pair in the nanotube, and it corresponds to a unique

wavevector k™™ . The wavevector k™ can be described in the polar coordinate by (k,

0). The magnitude k depends on nanotube diameter (d) and ith transition, and it has a

2 NATURE NANOTECHNOLOGY | www.nature.com/naturenanotechnology
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value of px2/(3d) for all nanotube species. The relation between integers p and i is listed
in Table S1. The polar angle 6 is related to the nanotube chiral angle
o=tan (+/3m/(2n+m)) in the following way.
Semiconducting nanotubes:
O=o+i*n for ith transition in semiconducting nanotubes with mod(n-m,3)=1.
O0=a+(i+1)*n for ith transition in semiconducting nanotubes with mod(n-m,3)=2.
Metallic nanotubes (mod(n-m, 3)=0): Two sub-bands exist for ith transition.
0=a for the higher energy sub-band.

0=a+n for the lower energy sub-band.

3. Empirical fitting formula with more fitting parameters

The empirical formula Eq. 1 in the text captures the main physics in nanotube optical
transitions and gives out a small overal uncertainty of less than 20 meV. However, we
can have an even better phenomenological description to the experimental data set using
a formula with more fitting parameters. For the pth nanotube optical transitions we can

use the fitting function'
E,(K) =a(p)ek+Beklog1.5k-+k*«[n(p)+y(p)cos(30)]cos(30). (Eq. S1)
This fitting gives slightly lower overall uncertainty of less than 15 meV, and it captures

the trigonal warping effects more accurately for nanotubes with small chiral angles. The

fitting parameters are listed in Table S1.
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Table S1. Integer p and fitting parameters for different optical transitions

.. o
Transition | p | v | (ovonn) |(evound) (eV?nm)
Si 1 1.532 0.148 | -0.056
S», 2 1.474 0.097 | -0.009
M, 3 1.504 0.068 | -0.002
Ss3 4 1.556 0.058 0.014
Sus 5 1.560 0.058 0.016
M., 6 1.576 0.061 0.009 -0.620
Sss 7 1.588 0.050 0.000
Se6 8 1.593 0.052 0.000
Ms; 9 1.596 0.058 0.011
S+ 10 | 1.608 0.058 0.004

4. Caption for the data table file

The table describes systematically chirality-dependent optical transitions of nanotubes
in the visible and near infrared range. The column and row of the table are indexed by n
and |n-m|, which uniquely defines the chiral index (n,m) of a given nanotube. In each
table cell, we list the integer transition index p and the corresponding transition energy E,
in unit of eV. The experimental data of over 200 individual nanotubes from this work is
displayed in red color. Complementary data from fluorescence excitation spectroscopy” >
are also included and displayer in orange color. Together they represent to about 2/5 of
all nanotube species in the table. With straightforward interpolation, we determine the
optical transition energies of the rest nanotubes, and these interpolated results are
displayed in black.

Several systematic behaviors can be easily identified from this table. In each row, the
nanotube species vary periodically as metallic, semiconducting, semiconducting as a
function of |n-m|. The metallic and semiconducting nanotubes are color coded in green

and blue, and the p index of their optical transitions have values of 3,6,9... and

4 NATURE NANOTECHNOLOGY | www.nature.com/naturenanotechnology
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1,2,4,5,7..., respectively. In each column, the diameter of the nanotube becomes larger
with the column index n, and the corresponding transition index p increases
monotonically for transitions in the same energy range. More detailed analysis and

understanding of the table is described in the text.
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n S S S S
n-m=0 n-m=1 n-m=2 n-m=3 n-m=4 n-m=5 p: Epi(eV) pi: Semiconducting (S) = p
3.06 1 151 1 1.80 1 181 1 265 p, Ep Metallic Si 1
5 3.06 | 2 258 2 243 Eps(eV) Sz 2
n-m=6 Epi(eV): data (this experiment) My | 3
276 || 1 1.29 1 144 280 || 1 154 || 1 2.02 Ep data (fluorecence experimet) Sa3 4
6 276 || 2 2.20 2 215 2 218 S Epi(eV): interpolated value Su 5
n-m=7 My, 6
249 | 1 112 1 1.23 267 1 132 1 1.62 1 153 Sss 7
7 249 || 2 1.93 2 194 2 249 2 208 S Ses 8
n-m=8 Mss 9
227 || 1 1.00 1 1.08 247 |11 113 || 1 1.32 252 11 132 1 1.68 S;7 | 10
8 227 | 2 172 2 175 2 213 ) 2 1.88 2 202
n-m=9
207 | 1 090 1 096 228 11 100 |1 1.15 240 | 1 111 ff 1 1.38 244
9 207 || 2 155 2 1.58 245 || 2 186 || 2 1.74 2 226 2 180 S
n-m=10
193 | 1 0.82 1 0.86 210 |1 092 )1 1.01 225 | 1 101 |ff 1 120 2.34
10 193 || 2 1.40 2 144 222 |2 166 || 2 1.59 2 197 | 2 170 2 236 S
n-m=11
177 || 2 1.28 2 131 19312 148 1 091 209 | 1 092 1 106 222 || 1 1.00
11 177 || 4 239 4 253 202 || 4 257 || 2 1.46 236 || 2 175 | 2 158 2 204 2 171
n-m=12
164 2 1.18( 2 121 1.78 |4 241 {1 0.80 195 || 1 085 1 094 208 | 1 092 1 1.08 2.20
12 164 || 4 223 4 235 1.84 2 133 214 || 2 157 || 2 146 248 || 2 182 | 2 157 S
n-m=13
153 | 4 2.08 4 2.18 167 || 4 226 || 4 247 181 || 4 241 | 1 0.86 195 |1 1 085 1 097 207 || 2 1.85
13 153 || 5 250 5 253 1.72 1.96 2 135 224 | 2 165 | 2 1.46 2.55 S
n-m=14
144 || 4 1.93 4 2.05 156 || 4 212 || 4 2.29 169 || 4 227 | 4 258 182 | 2 147 | 1 0.86 194 || 2 1.67
14 144 || 5 234 5 240 1.60 5 255 1.80 204 | 4 239 2 134 231 | 4 250 | 2 145
n-m=15
252 || 4 186 4 194 147 || 4 200 || 4 213 159 | 4 214 | 4 2.38 171 | 4 227 | 2 1.25 182 2 151 | 1 0.89 1.94
15 252 | 5 225 5 2.28 150 |5 248 || 5 241 1.67 5 258 1.87 4 267 211 | 4 238 | 2 1.35 2.33 S
n-m=16
238 || 4 1.76 4 1.82 255 | 4 188 | 4 2.00 149 || 4 202 | 4 222 159 || 4 214 || 4 247 171 4 226 | 1 0.80 182 || 2 153
16 238 | 5 213 5 216 5 234 |5 230 15 || 5 258 | 5 242 1.72 5 252 1.93 1.25 214 || 4 2.38 S
n-m=17
230 | 4 1.69 4 1.72 243 |4 178 || 4 1.88 146 | 4 191 | 4 2.07 151 4 203 (| 4 229 161 4 214 || 4 253 171 | 4 226
17 230 || 5 2.03 5 205 250 5 221 5 218 255 |5 242 || 5 230 1.61 5 241 1.79 1.97
n-m=18
219 || 4 158 4 164 232 | 4 169 || 4 1.77 244 | 4 179 || 4 196 151 4 192 | 4 216 152 4 203 | 4 235 161 || 4 214 || 4 257 171
18 219 | 5 1.92 5 1.96 237 |5 210 | 5 2.08 259 || 5 228 || 5 221 255 || 5 251 | 5 234 1.66 5 240 1.83 1.99 S
7 254 n-m=19
211 || 4 150 4 1.56 222 |4 158 || 4 1.69 234 | 4 171 (| 4 184 247 | 4 182 | 4 201 143 | 4 193 | 4 220 152 | 4 203 4 239 161 | 4 214
19 211 | 5 1.83 5 1.87 227 |5 197 || 5 1.98 246 | 5 216 || 5 2.09 5 236 | 5 220 155 5 258 | 5 230 1.70 5 239 1.85 S
7 243 7 251 7 254 2.54 n-m=20
202 || 4 144 4 1.49 213 || 4 154 || 4 157 221 || 4 163 | 4 174 234 | 4 173 4 1.89 145 )| 4 185 (| 4 2.06 144 | 4 193 || 4 224 153 | 4 203 | 4 240
20 202 | 5 1.76 5 1.80 217 |5 191 ) 5 1.87 231 || 5 205 { 5 2.00 254 | 5 222 | 5 211 244 | 5 244 || 5 2.20 1.58 5 230 1.72
7 234 7 241 7 248 || 7 257 7 2.56 2.52 2.59 n-m=21
194 || 5 1.69 5 171 204 | 4 144 || 4 153 214 || 4 156 || 4 1.64 225 4 165 | 4 1.78 238 || 4 174 || 4 1.93 148 || 4 184 | 4 212 144 | 4 194 || 4 2.26 1.53
21 194 || 7 226 7 232 208 5 182 5 1.81 223 | 5 194 | 5 1091 242 | 5 210 5 201 260 || 5 230 ) 5 211 243 || 5 248 || 5 2.23 1.61 5 229 1.73 S
8 253 8 254 7 234 || 7 249 7 247 7 259 2.51 2.59 n-m=22
187 || 5 163 5 1.64 197 |5 172 || 4 148 207 || 4 149 || 4 157 216 || 4 157 | 4 1.70 227 | 4 163 || 4 1.82 234 || 4 176 || 4 1.97 151 4 184 | 4 212 146 || 4 1.94
22 187 || 7 217 7 222 200 | 7 228 || 5 1.75 214 | 5 186 | 5 1.83 230 | 5 201 | 5 194 249 | 5 213 || 5 2.02 5 238 5 211 242 || 5 252 | 5 220 1.64 S
8 244 8 243 8 261 |7 239 7 238 | 7 254 7 2.48 7 258 2.54 n-m=23
180 || 5 1.56 185 || 5 166 || 5 1.67 198 || 4 142 | 4 149 2.08 4 1.60 217 || 4 162 || 4 1.72 226 || 4 169 || 4 1.87 237 || 4 176 || 4 2.00 152 | 4 185 4 213
23 180 || 7 2.09 7 214 192 | 7 219 || 7 2.28 205 5 178 | 5 175 220 5 192 | 5 184 236 | 5 204 | 5 1.92 254 || 5 223 | 5 204 5 238 5 211 242 || 5 254 || 5 220
252 | 8 234 8 236 8 249 || 8 246 7 229 || 7 243 7 240 7 248 7 257 n-m=24
1.74 || 5 150 182 |5 160 | 5 1.60 192 |5 171 5 1.69 200 || 4 145 209 | 4 152 | 4 1.64 217 || 4 162 | 4 176 226 || 4 168 || 4 1.89 144 | 4 176 || 4 201 1.53
24 174 || 7 201 7 2.06 185 || 7 211 | 7 219 197 | 7 221 7 235 212 | 5 183 | 5 1.76 2251 5 19| 5 1.85 242 | 5 212 || 5 194 260 || 5 225 | 5 202 233 || 5 240 | 5 211 241 S
244 )| 8 2,26 8 228 254 1 8 240 |l 8 238 8 256 I 8 248 7 230 |l 7 249 7 240 7 250 7 257 n-m=25 |
168 || 5 1.45 5 144 176 |5 154 (|5 154 181 5 163 | 5 162 191 | 5 174 201 || 4 146 || 4 157 210 || 4 153 | 4 1.67 216 || 4 161 | 4 1.79 225 || 4 168 || 4 1.90 145 | 4 1.76
25 168 || 7 1.95 7 197 178 || 7 204 || 7 212 186 || 7 213 | 7 224 202 | 7 222 | 5 1.70 215 5 185 | 5 1.78 232 | 5 199 | 5 1.86 248 || 5 214 || 5 1.96 5 228 5 202 233 || 5 244 S
236 | 8 219 8 218 246 | 8 232 | 8 231 255 || 8 246 | 8 2.39 7 241 7 232 | 7 256 7 240 7 249 7 256 n-m=26
162 || 7 1.89 7 1.93 170 | 5 148 (|| 5 1.48 178 | 5 157 || 5 156 18 | 5 167 | 5 1.63 194 | 5 178 4 149 202 || 4 146 | 4 159 210 || 4 154 | 4 1.69 218 || 4 161 | 4 1.80 225 4 170 || 4 191
26 162 || 8 212 8 214 172 || 7 197 || 7 204 182 | 7 206 | 7 216 193 7 215 7 229 206 [ 7 224 | 5 171 221 ]| 5 190 | 5 179 235 || 5 203 | 5 1.87 2652 | 5 216 | 5 194 5 233 5 202
229 |10 254 || 10 259 238 | 8 224 || 8 223 248 || 8 237 || 8 2.32 256 || 8 252 | 8 240 7 244 7 232 | 7 260 7 240 7 248 n-m=27
157 || 7 1.83 7 186 164 |5 143 || 5 1.43 170 f 5 151 | 5 150 179 5 160 | 5 1.57 187 5 170 5 1.65 195 5 182 | 4 153 204 || 4 147 ) 4 161 209 || 4 154 ) 4 171 218 || 4 161 | 4 181 2.25
27 157 || 8 205 8 207 167 || 7 191 ) 7 1.98 175 7 199 || 7 2.08 186 | 7 207 | 7 220 198 7 216 | 7 234 210 || 7 225 | 5 174 225 ]| 5 193 | 5 1.80 240 | 5 206 || 5 1.87 257 | 5 218 || 5 194 S
223 |10 246 || 10 252 230 || 8 217 | 8 2.17 239 || 8 229 || 8 224 249 || 8 242 || 8 233 257 | 8 257 | 8 241 7 250 7 233 7 240 7 2.48 n-m=28
149 || 7 1.77 7 181 159 || 7 185 ( 7 1.90 166 [ 5 145 | 5 145 173 | 5 154 | 5 151 181 5 163 | 5 1.59 188 | 5 176 || 4 144 195 5 185 4 154 2.05 4 1.63 209 || 4 155 | 4 1.73 217 || 4 161
28 149 || 8 1.99 8 201 160 || 8 210 | 8 2.09 169 | 7 193 | 7 201 179 | 7 201 7 213 190 7 20| 7 225 202 || 7 214 | 5 1.66 214 || 7 225 | 5 1.73 231 ]| 5 198 | 5 1.80 243 || 5 208 || 5 1.87 255 || 5 219 S
214 |10 2.40 || 10 2.45 225 [[10 2.48 [[10 2.57 233 || 8 221 | 8 217 241 || 8 234 || 8 225 249 | 8 247 || 8 233 2.57 7 238 7 253 7 235 7 240 7 248 n-m=29
148 || 7 1.72 7 175 153 || 7 179 (7 1.84 161 | 7 185 7 194 167 || 5 148 | 5 1.46 174 | 5 157 | 5 153 182 | 5 166 5 1.60 187 || 5 177 || 4 147 196 || 4 142 | 4 156 200 || 4 148 | 4 1.65 212 || 4 155 | 4 1.73
29 148 | 8 194 8 1.95 156 || 8 203 (| 8 2.03 164 | 8 212 | 8 211 173 | 7 194 | 7 2.05 183 7 202 7 218 193 | 7 210 7 229 205 || 7 218 || 5 1.66 218 || 5 187 | 5 1.73 233 | 5 198 | 5 1.82 245 | 5 209 || 5 1.87
210 |10 233 || 10 2.38 2.16 (10 2.41 |[10 2.50 2.26 || 10 2.48 234 || 8 226 | 8 219 242 | 8 238 | 8 2.28 250 || 8 254 | 8 234 7 242 7 225 7 256 7 233 7 240 n-m=30
143 || 7 1.67 7 170 149 || 7 174 || 7 1.78 156 | 7 182 | 7 188 162 [ 5 143 7 1.99 169 5 151 5 148 176 [ 5 160 | 5 154 182 | 5 170 5 1.60 188 | 5 179 4 150 196 || 4 143 | 4 157 203 || 4 149 | 4 1.67 2.10
30 143 || 8 1.88 8 1.90 150 || 8 200 | 8 1.97 158 || 8 211 8 205 167 || 7 188 | 8 214 176 || 7 196 | 7 2.08 18 || 7 203 | 7 220 197 | 7 210 || 7 232 209 | 7 218 || 5 1.67 221 ]| 5 189 | 5 1.74 233 | 5 199 | 5 181 2.44 S
205 |10 227 || 10 2.31 212 (10 2.35 [[10 2.43 220 || 10 244 || 10 255 228 || 8 2.18 235 8 230 8 220 243 || 8 243 || 8 2.27 250 || 8 258 | 8 234 2.56 7 244 7 225 7 258 7 233 n-m=31
199 | 7 1.62 7 1.65 145 | 7 169 || 7 1.73 151 || 7 175 (| 7 1.82 157 | 7 182 | 7 1091 163 5 147 | 5 143 170 | 5 154 | 5 149 178 | 5 162 | 5 155 183 | 5 172 | 4 142 190 [ 5 180 | 4 148 196 | 4 143 | 4 1.60 206 || 4 1.49
31 199 || 8 1.83 8 1.85 146 || 8 191 ) 8 1.92 153 )| 8 201 ( 8 1.99 161 8 211 | 8 2.06 170 || 7 188 | 7 201 179 | 7 197 | 7 212 191 | 7 206 | 7 223 200 || 7 211 5 161 211 || 7 221 || 5 1.69 223 | 5 191 | 5 175 235 | 5 2.00 S
10 221 || 10 2.25 2.06 [[10 2.29 |[10 2.36 214 || 10 236 || 10 2.47 221 || 10 243 || 10 2.60 229 | 8 224 | 8 213 236 || 8 234 | 8 220 244 || 8 249 || 8 2.27 2.50 7  2.36 2.57 7 2.48 7 226 7 258 7 233 n-m=32
194 || 7 1.58 7 1.60 201 (7 164 | 7 1.68 143 | 7 170 | 7 176 152 | 7 177 7 1.85 159 7 180 7 194 164 [ 5 148 (| 5 144 1.71 5 147 177 5 165 5 1.56 182 || 5 1.74 191 5 183 4 151 196 | 4 143 | 4 158
32 194 || 8 1.78 8 1.80 203 [ 8 1.86 || 8 1.86 146 || 8 195 8 1.93 156 || 8 204 | 8 201 164 || 8 214 | 8 2.07 173 7 191 | 7 2.04 182 | 7 197 | 7 2.16 192 | 7 205 7 226 204 | 7 212 || 5 1.62 216 || 7 219 || 5 1.68 224 || 5 191 | 5 174
10 215 || 10 2.19 10 2.23 (10 2.29 2.05 || 10 230 ([ 10 2.40 215 || 10 237 || 10 253 2.23 230 || 8 226 | 8 214 237 || 8 240 | 8 2.20 244 || 8 251 | 8 2.27 7 2.38 7 250 7 2.26 n-m=33
18| 7 154 7 156 19 || 7 159 || 7 1.63 142 | 7 165 | 7 1.70 148 | 7 172 | 7 1.79 153 7 178 7 1.88 159 | 5 143 7 1.97 165 5 150 5 145 172 5 158 | 5 150 178 | 5 169 | 5 156 184 | 5 175 4 145 190 | 5 184 | 4 152 1.96
33 189 | 8 1.73 8 175 197 |8 181 8 1.81 144 | 8 189 | 8 1.86 151 8 198 { 8 1.94 159 8 208 | 8 201 167 | 7 185 8 2.08 176 | 7 192 | 7 2.07 185 7 199 | 7 218 195 7 206 | 7 229 205 7 212 | 5 1.62 215 | 7 219 | 5 1.68 2.24 S
10 210 || 10 2.14 10 2.17 [[10 2.23 203 || 10 224 |[ 10 2.32 209 || 10 232 | 10 245 217 || 10 238 || 10 2.57 224 || 8 219 231 ]| 8 230 | 8 215 237 || 8 242 | 8 221 244 || 8 254 2.50 7 240 2.56 7 251 n-m=34
184 || 7 1.50 7 152 191 || 7 155 | 7 1.59 197 | 7 161 | 7 1.66 143 | 7 167 | 7 1.73 149 || 7 173 | 7 182 155 7 180 ff 7 191 160 [ 5 145 7 2.00 166 [ 5 152 5 145 172 5 160 | 5 151 178 | 5 168 | 5 156 184 | 5 176 | 4 145 190 [ 5 1.84
34 184 || 8 1.69 8 1.70 192 |8 176 8 1.76 201 )| 8 184 (| 8 1.83 146 [ 8 192 | 8 1.89 1541 8 202 8 196 161 8 211 8 202 169 | 7 186 | 8 2.09 178 | 7 193 | 7 210 187 | 7 199 | 7 221 197 | 7 206 | 7 231 207 || 7 212 || 5 1.62 216 || 7 219 S
10 205 || 10 2.08 10 212 (10 2.17 10 218 || 10 2.27 204 || 10 225 | 10 2.38 211 || 10 232 || 10 2.49 218 || 10 2.39 224 || 8 222 231 || 8 233 | 8 215 238 || 8 245 | 8 221 244 || 8 257 2.50 7 241 2.56 n-m=35
180 || 7 1.46 7 148 186 || 7 151 ( 7 154 192 | 7 157 || 7 161 142 | 7 162 | 7 1.68 145 7 168 | 7 1.76 150 ff 7 174 | 7 1.84 156 | 7 181 7 1.93 161 | 5 147 7 2.03 167 | 7 190 | 5 1.46 174 5 162 | 5 151 178 | 5 169 | 5 157 184 | 5 177 | 4 1.46
35 180 || 8 1.65 8 166 1878 171 8 1.72 195 8 178 | 8 1.78 199 | 8 187 | 8 1.84 1491 8 196 || 8 1.90 156 | 8 205 8 1.97 164 | 8 215 8 2.03 172 | 7 187 | 8 2.09 181 8 238 (| 7 213 192 | 7 200 | 7 223 199 | 7 206 | 7 232 208 || 7 212 | 5 1.62
10 2.00 || 10 2.03 10 2.07 {10 2.12 10 2.09 || 10 221 204 || 10 220 || 10 231 2.05 | 10 226 |[ 10 2.42 212 || 10 233 |[ 10 2.53 219 || 10 2.39 225 || 8 225 231 || 10 251 | 8 215 240 || 8 2.48 244 || 8 259 2.50 7 242
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