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Van derWaals-coupled electronic states in
incommensurate double-walled carbon nanotubes
Kaihui Liu1†, Chenhao Jin1†, Xiaoping Hong1, Jihoon Kim1, Alex Zettl1,2, EngeWang3 and FengWang1,2*
Non-commensurate two-dimensional materials such as a
twisted graphene bilayer or graphene on boron nitride,
consisting of components that have no finite common unit
cell, exhibit emerging moiré physics such as novel Van
Hove singularities1–3, Fermi velocity renormalization4,5, mini
Dirac points6 and Hofstadter butterflies7–11. Here we use
double-walled carbonnanotubes as amodel system for probing
moiréphysics in incommensurateone-dimensional systems, by
combining structural and optical characterizations. We show
that electron wavefunctions between incommensurate inner-
and outer-wall nanotubes can hybridize strongly, contrary to
the conventional wisdom of negligible electron hybridization
due to destructive interference12,13. The chirality-dependent
inter-tube electronic coupling is described by one-dimensional
zone folding of the electronic structure of twisted-and-
stretched graphene bilayers. Our results demonstrate that
incommensurate van der Waals interactions can be important
for engineering the electronic structure and optical properties
of one-dimensional materials.

Engineering and tailoring the properties of materials is of central
importance in modern science and technology. In bulk materials
this is realized mainly through modifying the strong covalent bond
by changing the crystalline structure or doping chemical elements.
However, in low-dimensional materials, electronic properties can
also be engineered through modifying the weak non-covalent
coupling, because the electron waves are not buried in the bulk and
the inter-molecular electronic coupling becomes important. This
is exemplified in artificially twisted bilayers of graphene/graphene
and graphene/boron nitride, where new phenomena ranging from
Van Hove singularities1–6 to Hofstadter butterflies7–11 emerge from
van der Waals coupling between atomically thin two-dimensional
(2D) layers. In this letter we investigate coupled electronic states
in double-walled carbon nanotubes (DWNTs), a prototypical
van der Waals-coupled one-dimensional (1D) material14–19, and
reveal structure-dependent electron wave hybridization between
incommensurate inner- and outer-wall carbon nanotubes.

DWNTs provide an ideal family of 1D structures to explore van
der Waals electronic coupling because each DWNT is precisely
defined at the atomic level and there are hundreds of different
DWNT varieties. Specifically, a DWNT is uniquely characterized
by the chiral indices (no,mo)/(ni,mi) of the constituent outer
and inner single-walled carbon nanotubes (SWNTs), and a
constituent SWNT can have a different electronic structure
varying from metallic to semiconducting depending on its chiral
index20. Electronic coupling between van der Waals-coupled
DWNTs has long fascinated researchers21–26. Theoretical studies
of commensurate DWNTs, where the inner and outer walls

have commensurate carbon lattices and therefore are amenable
to theoretical calculations, predict strong inter-tube coupling26.
However, commensurate DWNTs have never been observed
experimentally because it is almost impossible to have two
commensurate SWNTs with the radius difference matching
the tube–tube separation in a DWNT (refs 16–25). Electronic
structure calculations of incommensurate DWNTs, on the other
hand, are challenging because a finite unit cell does not exist.
Several theoretical attempts studying incommensurate DWNTs
suggest that inter-tube electronic coupling is negligible between
the incommensurate inner- and outer-wall carbon lattices because
couplings at different carbon atom sites oscillate with random
phases and cancel each other12,13. Here we show experimentally
that, contrary to previous theoretical predictions, electronic
coupling from van derWaals interactions can be surprisingly strong
in incommensurate DWNTs. The coupled electronic states can lead
to either a blueshift or redshift of the optical transition energy by up
to 150meV, with the exact energy shift depending sensitively on the
DWNT chirality. In addition, we develop a theory based on 1D zone
folding of twisted-and-stretched graphene bilayers that successfully
describes the coupled electronic states in incommensurate
DWNT systems.

Inter-tube electronic coupling can be probed through the shift in
optical transition energies of a DWNT compared with those from
isolated constituent SWNTs. It requires accurate determination of
the chiral structure and optical transition of individual DWNTs,
which is achieved in our study by combining electron diffraction
measurements18,19 and single-tube absorption spectroscopy27,28 on
the same suspended DWNTs (Fig. 1a and Methods). Figure 1b,c
shows, respectively, the electron diffraction pattern and absorption
spectrum of a representative DWNT. The electron diffraction
pattern (Fig. 1b) unambiguously determines the DWNT chiral
indices (nomo)/(nimi) to be (22,9)/(11,11), which corresponds to a
semiconducting outer-wall nanotube with a diameter of 2.16 nm
and an armchair metallic inner-wall nanotube with a diameter of
1.49 nm. Its absorption spectrum (Fig. 1c) shows four prominent
optical resonances at 1.58, 1.66, 2.08 and 2.41 eV. In comparison,
the isolated (22,9) outer SWNT has three optical transitions So33,
So44 and So55 at 1.66, 2.17 and 2.58 eV, respectively, and the isolated
(11,11) inner SWNT has one M i

11 transition at 1.77 eV in the
experimental spectral range29. (Transition energies of the isolated
SWNTs are indicated by vertical lines in Fig. 1c). There is a one-
to-one correspondence between the DWNT optical resonances and
those from the constituent SWNTs, but the resonance energies
are shifted by −80, −90, −170 and −110meV for the So33,
So44, So55 and M i

11 transitions, respectively. (The larger oscillator
strength of the metallic M i

11 transition is because this transition
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Figure 1 | Optical transitions of an individual chirality-defined DWNT. a, Schematic illustration of the experimental design. Chiral indices and optical
transitions of the same individual suspended DWNT are obtained through single-tube transmission electron microscope (TEM) di�raction and absorption
spectroscopy techniques, respectively. b, Experimental electron di�raction pattern of a (22,9)/(11,11) DWNT. The outer (inner) tube is semiconducting
(metallic) with a diameter of 2.16 (1.49) nm. The horizontal zero-order and high-order di�raction bands in the di�raction pattern uniquely define the
nanotube chiral index (n,m). The black diagonal feature is from the blocking stick inside the TEM for dark-field imaging. c, Absorption spectrum of the same
DWNT, exhibiting strong optical resonances. A one-to-one correspondence exists between the DWNT optical transitions and those from the constituent
SWNTs (dashed lines and Supplementary Fig. 1), but the resonance energies are shifted by−80,−90,−170 and−110 meV for the So

33, So
44, So

55 and Mi
11

transitions, respectively. This large transition energy shift demonstrates the strong inter-tube interactions between the incommensurate inner and
outer tubes.

is doubly degenerate; see Supplementary Fig. 1 for more details).
We performed combined electron diffraction and single-tube
absorptionmeasurements on 28 individual suspendedDWNTswith
a total of 99 optical transitions. In all studied DWNTs, we can map
each observed optical transition to that from an isolated constituent
SWNT, but the resonance energy is always shifted. (The optical
transition energies in the SWNT are obtained from experiments or
simulations29, which have less than 20meV uncertainty.)

Figure 2 summarizes the observed resonance energy shifts for
all optical transitions in DWNTs sorted by the shift value. All the
DWNTs consist of incommensurate inner and outer walls, but the
optical transition energy shift can be large, varying from a redshift of
190meV to a blueshift of 50meV in different DWNT species. Even
for optical transitions from the same constituent SWNT, the energy
shifts can vary significantly (Fig. 1c). Our observation signifies
a very strong effect from inter-tube coupling in DWNTs, and
this coupling depends sensitively on the exact electronic states in
a DWNT.

In the literature the only well-established interaction between
adjacent SWNTs is dielectric screening. It has been shown in
previous studies of nanotubes in different environments30,31 that
dielectric screening can lead to a redshift in optical transition
energies, and the redshift value is similar for all optical transitions.

This dielectric screening effect can account for an average redshift of
optical transition energies observed inDWNTs (Fig. 2), but it cannot
explain the very large and strongly transition-dependent variations
in optical transition shifts, especially the significant blueshifts
for certain optical transitions. Obviously, other important inter-
tube interactions are present in these incommensurate DWNTs,
such as electron wavefunction hybridization between inner and
outer walls.

To correctly describe the van derWaals-coupled electronic states
in incommensurate DWNTs, we develop here a new perturbation
theory based on 1D zone folding of twisted-and-stretched bilayer
graphene. For an incommensurate DWNT, the supercell size is
infinite owing to the irrational ratio between the inner- and outer-
nanotube unit cell lengths. As a result, its electronic structure cannot
be calculated using conventional tight-binding or ab initiomethods
based on periodic boundary conditions. In our calculation, we
treat the interactions between electronic states from the constituent
SWNTs perturbatively, and sum up all pair interactions between the
inner and outer carbon lattices.

In a zone-folding scheme, electronic states of an isolated carbon
nanotube are described by parallel cutting lines in the graphene
Brillouin zone (GBZ) due to angularmomentumquantization along
the circumference. Therefore each SWNT electronic state can be
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Figure 2 | Energy shifts of 99 transitions in 28 DWNTs compared with the
corresponding constituent SWNT transitions. The optical transition
energies in DWNTs are significantly shifted as a result of inter-tube
interactions, ranging from−200 meV to 50 meV in di�erent DWNTs
(circles). The average redshift (∼−55 meV) can be attributed to a
dielectric screening e�ect. The large structure-dependent energy shift
arises from the electronic coupling between the incommensurate inner and
outer SWNTs. Our theory, including the inter-tube electronic coupling and
the dielectric screening (diamonds and triangles), successfully reproduces
the experimental data (circles). Up triangles, down triangles and diamonds
represent transitions from DWNTs with s= 1 (two walls of the same
handedness),−1 (two walls of opposite handedness) and 0 (at least one
wall is armchair or zigzag), respectively.

characterized by µ, the quantized angular wavevector indexing a
cutting line; k, the continuous linear wavevector along the cutting
line; and σ , indexing the valence/conduction band20. In a DWNT,
the electronic coupling between an inner-tube state α(µ,k,σ) and
an outer-tube state β(µ′, k′, σ ′) is determined by summing up
all the carbon–carbon pair interactions between the inner and
outer SWNTs. The coupling matrix element can be expressed as
(Supplementary Information, Section 2):

Mαβ=
1

2
√
NN ′

∑
Rj

ei[(µ
′
−µ)θj+(k′−k)zj]

∑
R′i

ei[µ
′1θ+k′1z]tσσ ′ (1θ ,1z)

Here N (N ′) is the total number of graphene unit cells on the inner
(outer) nanotube; Rj = (θj, zj) is the coordinate of an inner-tube
unit cell and 1R=R′i−Rj = (1θ ,1z) is the displacement of an
outer-tube unit cell at R′i relative to Rj; tσσ ′(1θ ,1z) is the coupling
coefficient between two interlayer unit cells. The first (second)
summation goes over inner-tube (outer-tube) lattices. It is clear that
the summed terms have an oscillating phase changing with carbon
atom positions. This oscillating phase leads to the commonly held
belief that overall electronic coupling in incommensurate DWNTs
will average to zero12,13. Although this is mostly true for random
pairs of electronic states, there are important exceptions: an outer-
tube stateβ(µ′,k′,σ ′) can have finite electronic coupling to an inner-
tube state α(µ,k,σ) if it satisfies the requirement:

q′=q+Gi,

q=
µ

ri
θ+kz ,q′=

µ

ro
ro
ri
θ+k′z=η

µ

ro
θ+k′z (1)

where ri(ro) is the inner-tube (outer-tube) radius, θ(z) is the
circumferential (axial) unit vector and Gi is the reciprocal lattice
vector of the inner tube’s 2D GBZ (Supplementary Information,
Section 3). Here q is the wavevector in the 2D GBZ defining the
inner-tube state α, and q′ is the wavevector in the ‘stretched’ 2D
Brillouin zone (by η= ro/r i along the circumferential direction)
of a ‘compressed’ graphene defining the outer-tube state β . This
effective ‘compression’ is a unique characteristic of 1D DWNTs,

which makes the originally different inner- and outer-tube cutting
line spacing (Fig. 3a) the same. Figure 3b shows the 2D GBZs
associated with the inner (pink hexagons) and outer tubes (grey
hexagons), where the effective ‘compression’ of the outer nanotube
leads to a ‘stretching’ of the corresponding GBZ. In this scheme,
the available inner- and outer-nanotube states (with quantized
angular momentum) lie on the same parallel cutting lines. In
Fig. 3b the requirement of equation (1) has a clear physical
picture: an outer-tube state β can couple to the inner-tube
state α only if its corresponding 2D wavevector q′ matches
q + Gi, wavevectors of states equivalent to α in the extended
GBZ of the inner-tube (q and q′ overlapped at filled circles
in Fig. 3b).

For coupled inner- and outer-tube electronic states satisfying the
condition of equation (1), the couplingmatrix element has the form:

M=Cδq+Gi ,q′e
−(λ1r/2)(k′2+µ′2/riro)

where C and λ are parameters. The value of M can be calculated
quantitatively for all coupled states (Supplementary Information,
Section 3), and itsmagnitude decays exponentially with q′=|q+Gi|.
Therefore only electronic states closest to the 0 point (red filled
circles in Fig. 3b) are important, and effects from other states are
more than 100 times smaller. We evaluated the coupling matrix
elements for electronic states corresponding to all optical transitions
observed in ourDWNTs, where the twisting angle between the inner
and outer walls varies from 0.5◦ to 25◦ and the inter-tube distance
varies from 0.33 to 0.38 nm. We found that the largest coupling
between electronic states (Mmax) does not have a simple relation
with the inter-tube twisting angle. However, the coupling strength
depends very sensitively on the inter-tube separation (diamonds in
Fig. 3c), which can be described by an exponential decay (red line
in Fig. 3c).

With knowledge of the matrix elements, we can now
quantitatively estimate the transition energy shifts induced by
the inter-tube electronic coupling using perturbation theory with
(see Supplementary Information, Section 3)

δEel
ii =

3∑
β=1

|Aiβ |
2

Ei−Eβ
=

3∑
β=1

|Aiβ |
2

1Eiβ

Here δEel
ii is the transition energy shift of a specific inner-tube (outer-

tube) optical transition Eii, and Miβ and 1Eiβ are, respectively, the
coupling matrix element and energy difference between the inner-
tube (outer-tube) state i and outer-tube (inner-tube) state β . It
is obvious that the 1/1Eiβ is critically important in determining
the final energy shift, and its value varies systematically on
multiple parameters, including the inner-wall diameter and chiral
angle, the outer-wall diameter and chiral angle, and the specific
optical transitions. As an example, we examine the maximum
value of 1/1Eiβ for the inner-tube Si22 transitions with diameter
d=1 nm, and plot its dependence on the inner-tube chiral angle
(θi) and the inter-tube twisting angle (θtwist) in Fig. 3d,e. The figure
shows distinct behaviour for inner semiconducting tubes of the
mod(n−m, 3)=1 family (Fig. 3d) and the mod(n−m, 3)=2 family
(Fig. 3e). In addition, a large value of |1/1Eiβ |, corresponding
to the white region in the figures, occurs only when the twist
angle θtwist satisfies a specific relation with regard to θi. Similar
systematic behaviour of 1/1Eiβ can be obtained for different optical
transitions and for DWNTs of different diameters and inner- and
outer-wall chiral angles (see Supplementary Information, Section 4
more details).

Combining the information on Miβ and 1Eiβ , we can predict
optical transition energy shifts δEel

ii due to inter-tube electronic
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Figure 3 | Chirality dependence of inter-tube electronic coupling in an incommensurate DWNT. a, Zone folding picture of the electronic states in the 2D
graphene Brillouin zone (GBZ) for the inner SWNT (pink colour) and the outer SWNT (grey colour). The inner and outer tubes have di�erent radii in real
space (upper panel) and therefore a di�erent cutting line spacing in momentum space (lower panel). The orientation of the 2D GBZ is determined by the
SWNT chiral angle with cutting lines fixed along the y (axial)-direction. b, The requirement of finite inter-tube electronic coupling illustrated in the
extended 2D GBZ. The outer-tube GBZ (grey) is stretched by ro/ri and placed on the inner-tube GBZ (pink), so that the inner- and outer-tube electronic
states are described by the same cutting lines in the 2D extended GBZ. For an inner-tube electronic state at wavevector q, it can only couple to outer-tube
states with wavevector q′=q+Gi in the extended GBZ (that is, the lattice of filled circles). Our theory further predicts that the coupling strength decreases
exponentially with increasing q′. Consequently, only three outer-wall states close to the 0 point (labelled with red filled circles) can couple strongly with
the inner-tube electronic state at q. c, Largest coupling of an electronic state (|Mmax|) for our studied optical transitions in DWNTs as a function of the
inter-tube separation1r, which shows a strong exponential dependence (red line). γ0=3 eV. d,e, Dependence of 1/1Eiβ on the inner-tube chiral angle θi
and inter-tube twist angle θtwist for the inner-tube Si

22 transition in DWNTs with di= 1.0 nm and do= 1.7 nm. A small1Eiβ , the energy di�erence between
the coupled electronic states, is critical for a large coupling-induced energy shift. The value of 1/1Eiβ has a systematic dependence on the nanotube chiral
angles and exhibits a distinct family pattern for the mod(n−m,3)= 1 family (d) and the mod(n−m,3)=2 family (e).

coupling in all DWNTs. For example, Figure 4 illustrates the optical
transition shifts of a (15,10) inner-wall tube when it is coupled to
different outer-wall tubes of chirality (24,11), (20,15) and (18,17),
respectively. It is obvious that, for the same inner tube, the energy
shift of an optical transition δEel

ii varies strongly with the outer-wall
tube species, where the shift can be either positive or negative and
has a magnitude as large as 150meV.

In addition to the electronic coupling discussed above, dielectric
screening between the inner and outer tubes also contributes to the
shift of optical transition energies. For simplicity we assume that

dielectric screening leads to a constant redshift∆ for all transitions,
and use it as the only fitting parameter to describe the experimental
data. Therefore, the total energy shift δE tot

ii =δE
el
ii +∆. Figure 2

shows the comparison between the theoretical prediction (triangles
and diamonds) and experimental data (circles) for all optical
transitions probed in our study using ∆=−55meV. We note that
the handedness (n>m or n<m) does not affect the optical spectra
of SWNTs; however, in DWNTs the relative handedness between
constituent tubes can affect the inter-tube electronic coupling
strength (except for the case in which the DWNT contains at least
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Figure 4 | Simulation of the inter-tube electronic coupling-induced optical
transition shift for a (15,10) inner SWNT. Optical resonances (S33 and S44)

from the (15,10) nanotube show a significant energy shift due to the
inter-tube coupling. The amplitude of energy shift depends sensitively on
the specific optical transition and the outer-tube species, which can be
either positive or negative, and has a magnitude as large as 150 meV.

one armchair or zigzag tube). Here we introduce an ‘s’ parameter
indicating whether the inner and outer tubes have the same (s=1)
or opposite (s=−1) handedness. The electron diffraction pattern
cannot determine the relative handedness (that is, the s parameter)
experimentally. Instead we assign the s parameter based on a better
match between the experimental and theoretical transition energy
shifts. In Fig. 2 up triangles, down triangles and diamonds represent
transitions in DWNTs with s= 1,−1 and 0 (contains armchair or
zigzag tube), respectively. The agreement between experimental and
theoretical results is fairly good given that all parameters in the
electronic coupling model are obtained from literature values and
the energy shift from the dielectric screening ∆ is the only fitting
parameter. The residual deviation might be due to a dielectric-
screening-induced redshift different from the assumed −55meV
and the uncertainty in experimental data (∼20meV). Detailed
information of all DWNT optical transitions and their comparison
with the theoretical predictions can be found in Supplementary
Table 1.

The inter-tube electronic coupling observed here is fundamental
for understanding the physical properties of double-walled and
multi-walled carbon nanotubes. More generally, our study shows
that van der Waals coupling can strongly modify the electronic
structures of 1D as well as 2D incommensurate systems. It opens
up new avenues in engineering the electronic and optical properties
of van der Waals-coupled low-dimensional materials.

Methods
In our experiment we use suspended DWNTs that are free of substrate effects and
compatible with both transmission electron microscope (TEM) diffraction and
single-tube optical spectroscopic techniques. Long suspended nanotubes were
grown by chemical vapour deposition across open slit structures (∼30×500µm)
fabricated on silicon substrates. We use iron nanoparticles as catalysts and
methane in hydrogen (CH4:H2=1:2) as gas feedstock, and control the size of the
catalyst particles to achieve the selective abundance of DWNTs (ref. 32). We
determine the chiral structures of DWNTs using electron diffraction with
nano-focused 80 keV electron beams in a JEOL 2100 TEM (refs 18,19). Using the
slit edges as markers, the same individual nanotubes can be identified in an
optical microscopy set-up. To obtain the absorption spectra of these individual

nanotubes, we use polarization-based transmission microscopy with a
supercontinuum light source covering the spectral range from 450 to 1,600 nm
(refs 27,28).
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