
 

1 Let fi ta b R be differentiable Prove that fix
cannot have any simple discontinuities

PI We prove by contradiction Suppose there is a simple

discontinuity at XoE la b then fixo is not equal to either the

left or right limit of fCx at x Xo WLOG suppose fixo mfIxo

Let a f Ho b m fix and let E la b112

By definition of limit there exists S 0 such that if
XE XoXo18 then If'cx bl S E However this contradict

with IVT for derivative applied to interval Xo Xo1812

Since fHo a If'cxo 812 al 7 la bl I fix1812 b1 1

hence for the Fat Tb between a and b there exists for µ
VE XoNot This means

I f Cr bl lµ Bl Ela bl Ela b E

contradict with the choice of 8

2 If a sequenceof differentiable functionconvergesuniformly does it mean
fix is differentiable

Ans No forexample consider fix Max o X x ER
and fnun thelog Item Then eachfuk is smooth

and fnext converge uniformly to f C adjustthis example

a bit to make the kink at x o for fix lie in 0,12

X Sin T x
Another example is let f o so



let 417 bethe smooth step function on R such that
0 XE O

4K Eloc XC oil
1 X 3 I

i then we define

fnix fix QCnx
Then

sup Ifnix final sup lfix l 14cm 11
XER XER

sup Ifcal In
Xeth

Hence fund fix uniformly

One can also check that fnix is smooth especially

o 0 Vmin

3 Let fix X 245inHx Compute its derivative

andshow that there is a sequenceof local minima approaching
x 0

if o

pf f'ex 4 3 21 sin t X4 L f cost
X cos f t 421 2 1 Sin

for x o ftp imfM fH 1imx4Isinkx o
x o X o x o x



Hence fix exists and is continuous for all XER

For u o let Glu f tu a 4 2T Sinn

Then u o i g'd o is in bijection with x o if'cxi o

under the map u TT Moreover local max min of
g and f are matched Hence suffice to prove that

there is a sequence of local minimum of Glu as u o

gyu u
4 I 4 t osu

forty U o

Recall that sincu has local min at u g o

u 0 cosu o since o 2TLnt E i n _o I 2

Let Cn 21h 1FTL We will show that

there exists N 70 sit An N there exist a local
minimum of glu in Ccn Cnt

Lemmai If how is a smooth function on uC o.o

and how and hku are bounded Then for any e 0

there is a M sit Fu M Ihad ul E and

11 71 de
Pf as exercise

Apply the Lemma to him 4C2 sina and E zcosC then

we get an M 0 Let N be the smallest integer suchthat Cn M



For any n N consider the interval Cn Cnt

Let Glu cos u Iu 2tsinu Hca Iu 2tsinu
Gta Ei cos It Hca Ei E cost EcosCTE so

G Cnt cos E t HCcu1 3 cos It IzcosCTE 70
Hence there is a rut Cn Ca1 such that GC8D O

We next prone that G u 0 at u _rn

GLu U4 Gcu 4 U 5 Gcu t U 4 Gtu
Since at U rn Gcu o thus

gcrD rn4 G'Crn

Glu Sin u H'tu For u c CnEt Cn1
zant FIE Zant TITU

sincu E TI Html E s
Hence Glu 3 I 0 thus G rn 70

Thisproves Glu has a sequence Jn n N of local minum
such that rn C 2Int SIR 21h 14h in particular rn D

Htt Prove that fan E 4 414 x is a a

continuous function that is nowhere differentiable where

4cx min Ix n I i n c I



P i Let holy
c n'htt U Ent'z n1 forsome nez

I X CIn14 NE U n 1 na forsomeNEZ4

Then we can see that Cfcx is monotonous on the interval

between K Xtholx V

XEIR.sk no

asia
T T
h o

similarly let hnlx 4 hot4 x Then we have

If men then

4nCXthnix Chex I I
think1

and if m n then

Qm Xthnan Qm x 0

Hence
Qncxy.fmthncxD f 4mXthncx Qm

hnk m to hncx

is a sum of 1 with net entities In particular

if n is even then Qnx is odd and if n is odd

then Que is even

for eachKEIR
Thus consider the sequence xthncxfne.ae approaching X

we see him Qn XIhnen does not converge since it is
n 0

a sequence of integers with alternating oddity


