
 
1 Let f IR7113 be a differentiable function Assume that f is convex
show that fix is monotonously increasing

Pf For any real number x y we need to prove that
f y fix

fun s fly Let h Tx we will show that

f ca e h and h E fly

J
Let Xlt l t X ty then

Since CI t fix t fly 3 f G tix ty x't L

hence subtract both sides by fCx and divideby xlt7 X tix y
we get f Xa f xh 7 XA X

et t 70 then the RHS fix hence

h fix
Similarly he fly Thus fix the figs tf

2 Let f o.o IR be a twice differentiable function

Suppose fix 0 as x 70 and f cx is bounded

Show that fCx o as x 20

Forany x o h o

Pf Using Taylor expansion of fix at x evaluated at xth

we have

faith fix h fix h f 5
for some S E Cx xth



fCxth fad
Heme fix a hz f s

Fix an e o Then since fix 70 as x is 7 R o sit

if x R then Ifix Is E Also let 1470 sit If't KM
b t o Then VX R h 0 we have

Ifinal E 2ft HIM
Since this inequalityholds for all h o we may pick an h

to optimize the upperbound i.e make the RHS smallest

Since A113 3 211TH and equality is achieved when 17 13

thus HIM 7 2 J hzM 25in and is minimized

when h 2111T Hence

If'cx l E STEM VX R

Thus for any E 0 there exists an E o sit

255M Eo and there is an R O s t VX R
fix I E 2TEM SEO

We have him fix o
x 20

3 If f IR IR is a continuous function such that fka exists
for all X 40 If we also know that him fix 5

x o
Show that f lo 5

Iim fch fooPf We claim that 5 hence fcos _5h20



Indeed using the mean valuetheorem applied to interval ah

assuming h 0 here the he 0 case is similar then 7 SE ab

such that

f h Sto
a

f'Cs

Since fiff fix 5 hence V E o IS o sit if 02 8 then

If'Cx 5 Is E Thus if ochs 8 we have

fflhh.FI 51 f'Cs 51 L E

f h foo fCh fcy
Hence Iim a 5 Similarly lim a ghoho

Thus fcos 5

4 Give an example of bounded real function on oil

that is not Riemann integrable

Seok fix


