
 

1 Let Sn be a bounded seep Show that

a liminf Sn E limsupSn
b limsupSn inf f snugSn l NCIN

Pf Ca let An sup Snl n N Bar InfEsuIn N

Then AN713N Since Sn Is bounded hence

IimAki and Lim u exist Hence Iim An limbo

byExercise9.9cal Thus limsupsu limitsu

b Since AN ANTI and AN is a bounded

sequence heme himAn inf ANINEW byThur10.2
We can also prove it directly let u int ANINEIN Then

AN 3 U UN Andforany E O IN sit Ute AN otherwise
of AN

Ute would be a bigger lower bound contradiction with definition

ofinf By monotonicity Un N we have

Ute AN An U Anul LE
Henie Au converges to U

2 If can bn are 2 bounded sequence show that

limsup anthon t limsup an t limsupbn
Thengive example to illustrate strict inequality

Pf We first give example i
never

an to huffed bn f n odd



then Ant bn I Heure

limsup Cantbn I limsup au limsupCbn L

Let AN sup ant n N Bae sup but now

CN sup antb.nl naw By boundedness of aubn
we have ANBNCw are all finite andhave limitsin R

we claim that Cn E AntBar Given the claim

we may take limits and get the desired results
t.imCw E Lim Ant Bn himAN t limBN

lineup antbn E limsup au t limsupbn

Now to prove the claim we have Au SAN bncBN
tu N thus Antbn E Am113N Home

CN sup f Anthon nan E AN Bar Thisgives theclaim

3 a Let Su be a seq et

Isna Sul E 2 n tu EIN

Provethat Csn is Cauchy

b If Isna Sul E th is the result still true

Pf a V n cm integers we have



Isn Sul 2 Sa Seul
e EKIN ISK Siu I

III 2
K

E E 2 k 2
htt

E 0 I N 70 St 2 N L E then trim Ntl

we have fSn Sm E 2
mincnm s 2

Ntl 11
pNeg

Thus Sn is Cauchy

b False if we only have Isnt Snl Hh For
example

Sn It Tnt
then Su is monotone increasing and is unbound

4
10.7 Let s be a bounded nonempty subset in IR s t

sup s ES Show that there is a seq of
points Csn ins sit limSu sups
Letu sup

Pfe For each E 0 I SES at a Essie U

Hence Un EN let E th we canchooseSES sit
U ta l SnE U Thus Csn forms a sequence

in S convergent to U
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S
lo8 Let Su be an increasing seq of positive number
define on ta Sit Sn Then ou is an increasing

seep

Pf Ont On sit e Sae Cat tsn

nc.pl N SH TSD n Snn CHD sit t Su

1 Snee SD t t CIne Sn
Nlnti

Since Sr is monotone increasing then Sati Sia 0

for all is ke n Hence Sna on 30

610.12 let ti I the l Int tn

Ca show that hint exists

b guess what is limtn

Pf a tax tn and 0 that
i we have a monotone bounded sequences

thus limtn exists

47 try computing
t Fm e

2108C Ind

2nF log l Ina a 2 L Tna n



Hence the limit is non zero

7 Let s xECoil x o.a an for some n An 3

Show that for any t C oil 7 Su in S such

that lim Sn t

Pf if TES then the constant sequence set u

would work If t EIS then let

f o b b
be a decimal expansionof t if the expansion is finite
we add trailing zeros Then define

Sn o bi bn3

Hence I Sn th I o.o 03 o
Teary f but I

n many

E 10 o 03 t o butBnei I
10 fo

n n many

2 lo
n

Since 2.10 0 as n D we have Sn t

TIF you feel uneasy using decimal expansion of a real
number here is an equivalent version

Let Sn o ai an 1 an 3 Then S If Sn
and each Sn is a finite set Let

tn Max a cSn as t



then tn et e th yo
enD

Heme It tul e lo
ch D

tn t


