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11.5 Let Gu be an enumeration of all rationals in 10,13

Ca Give the set of subseq limits of Ifn
b Give the values of limsupgu and liminf gu

Solution Ca The set of the subseq limit S is 0,11

Indeed for any t C 0,11 and any e O

The set g I GE Q h 10,11 A Ct s tts is infinite

Since Mon is an enumeration of Q h coin hence the

set NE N I 9in E Ct E t 14 is infinite By 1hm 2
t is a subseq limit of 19h n

b limsup gn sup S I

liminf Gn inf S O

III Let Csn be the seq of numbers as following

x Yz Yz 744 Ys
t tl Yz Yz 14 Ys

ti tl Yz Yz 14 Ys
I f Yz Yz 14 45

a find all the subseg limits



S seq

b find Limsup and liminf of Csn
Weclaimthat

solution a S th i n CIN U o is the set of subseglimits

For each NEIN there is a swbseq of LSD with constant

value Tn hence th is a subseq limit And f e 0

I noCIN sit To E hence the subset n l Isn ol as
Contains the indexing subset for the subseq with value to
hence is infinite By Thm 11.2 there exists a subseq Converge

to 0 If t E IRIS then we canfind an e 0

sit Ct e t 19 n s 0 in particular SnEfCt e t 19

for any nC IN Thus S is indeed the set of subset limits

b limsupSn supS 1 liminfgn inf S O

Let s be a bounded set Proie there is an increasing

seq Su of points in 5 such that limsn supS

PI Since S is bounded hence D sups exists in R

If X E S then we may take the constant sequence Csn

with Sn d HNEIN If X S then by minimality
of among upperbounds of S for any E 0 there

exists XES such that 2 X d E Hence

the set As Exe S l a x a e is non empty

Hence for each new we may let Sn be any



S y y
element in AYa This sequence Sn converges to A

We may then take a monotone subseq of Su to

achieve the desired requirement

12.11 Prove Csn is bounded if and only if
limsup Isnt s th

Pf If Sn is bounded then A sup Isnt near exists

and is greater or equal than sup Isnt l n N for any
N Hence A 7 limsup Isnt 70 thus LimsupKal exists ink

If limsupIsnt exists in R say limsup Isnt X

By definition LimsupIsnt lim An where

An sup 15m11 man Hence for any E 0

IN sit V n N dE An T d 1 E In particular

18mL s at E H m N

Thus sup 15m11MEIN sup Isil 1521 15mL LANAI

E Max Isil 1 1 ate

which exists in R

first
12.11 Prove the inequality in Tbm 12.2 i e

Let Csn be any seq of nonzero real numbers

then
liming Is I s liminf Isnt



PI consider the possible values of atiming SETI
case 2 0 there is nothing to prove since

Isnt'T is a seq of positive numbers hence

inf Isnt't n N 30 and liming Salt 70

case A th we need to show that liminf Isnt D

which is equivalent to show him Isnt to For any

M 0 we need to show that there exilts an N sit

ISnl 3M for any n N Now since

timing Isnt Isnt to hence for any Mi 7 Ni 0

St Isnt Sal 7M f n Ni Thus t k O

ISNikl ls.vn sfiIl.lsEit l 1557 1
Isnt Ma

k
SnMiN.CM N k

I
Heme Isnt 3 C T Ms An N

where C Snl M N
0

Since lim C'T l Hence 7Nz 70 sit for Nz Ct I
n70

Thus if we let Mi 2M and choose Ni accordingly then

setting N max C Ni Nz is enough Indeed

An N Isnt 7 C'T M 2M M

This shows 15nF diverges to to

case X E R 470 the proof is similar to the secondcas

To show liminf Isnt 3 X suffices to show

that for any 1 E 0 we have liminfls.lt act



S y we we 11
Since liminf Isnt Isnt d hence for any 1 Ei 0

there exists Ni such that

Isnt Isnt 7 A Ct Ei Ah N
k

Isn.tk 7lsx.l x i e f k O

Isnt'T 7 CF acted H n N

where C is some positive constant depending on Ei N

C Isn1 facts
Since tim C 1 hence f l Ez 0 7Nz o sit

I18,2 C'T 7 I Ez

Thus for n Max Ni Na we have
Isnt'T 7 I g Ct Ei d

foranyg.ve l7E20

Thus if we choose Ei Ez such that C EDUED G E

and if we set N Max Nc Nz where Ni Nz
are obtained as above then

tf n N Isnt 7 2 I E

This shows liminf Isnt'T a

12.12 Let Csn be a sequence of non negative numbers

and for each n define

gene th l Sit it Sn

a Show that
liminfSn e liminfTn e limsupOn E limsupSn



b show that if LimSu exists then limon exists

and equals lim Sn

c Given an example where limon exists but

limsn doesn't

g a
short but incomplete proof

Solution Ca We may prove this directly or we may
cheat by considering sequence

An e
S't TS

Then Ant fan e Sn Cen T em
fromthin 12.2 i
liminflesYeliminfleon Elimsup en t limsup n

Lemma i if bn is a sequence of non negative real number
then liming eton eliminfbn

limsup eb e
limsupbn

where we set
to th

However to prove this lemma needs some effort Hence if youtake
this for granted then
A eliminf Sn s eliminfon e elimsuprn e elimsupSn

liminf Sn t liminfCon E limsupTn d lineup Sn



a Now we prove this in the style of Thin12.2
We first prove that

a Iimsup in E limsupSn

If Limsup Sn to then there is nothing to prove

Now assume D limsupSu ER Hence we only
need to show that HE 0

limsupon E at E

Since d limsup Sn thus for any Ei 0 7Ni 0 sit

At E Sn Un N

Hence Nik TNtk NTN Smt t i t SN.tk

E Ata K

Dunk E N kON N k LTE

taking limsup over k on both sides we get
limsup Tn limsup Tank E limsup n kOn ftp.ldt.D
n p k D

At Ei

If we choose a _E we get the desired result

The claim about liminf Sn slim inf Tn is similar

b lim Su exists liminf on limsupon limSu

line rn limSu

O n even
c Let Sn I n odd then on I

but Sn doesn't converge



ge

12.132 Let Csn be a bounded seq in R If
A AER only finitely many Sn s a

B b ER 1 only finitely many Sn b

then sup A liminf Sn inf B limsup au

Pf we prove only one side supCA liminfSn

For each n O integer let

An inf Sm l mon

then by definition Sm dn t m n hence

rn1 Smcan c 1,2 n is finite hence an CA

Let's denote A dn l nEIN then A CA
Next we show that f AEA I Aln 7A Indeed

if AE A then n I Sn a is finite and let N

max n I Snca We then have Sn a V n N

hence a E inf Sml m N Xiv This shows

sup A supCA liminf Sn

12 a line N

Let Sn N1 then SmIsn htt

hence Iim Snails D

1inch lim Sn T

b line Incnis'T lim ft



I
let sn n In then

Smulsu nY na nn htt F n

we have lim Ht e


