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131 Let B be the set of bounded seq x Xuxa 3

define dcx.gg sup Hi Lit i 4 2 3
a show that d is a metric

Cb Does d Ij HjYjl define a metre for B

Soh Ca Since Xn and Lyn are bounded thus xn yn
is a bounded seq hence sup HnTnt exists in R
Hence delay C IR V Hn Tn in B The axiom CDCD

for metric is easy to verify We now check triangle

inequality f Xn Lyn Zu bounded sefs we need

to show that

sup l Xu ynl t sup19NZal 7 sup I kaZul

Indeed IXu Zhi HuYul 1 lyn Enl
Hence sup Hu 2ul e sup XuYul sup lyin 2ul

lb No dixy might be i.e Xn _I Lyn 0

13.4 From the definition of openset prove that
a union of arbitrary open set is open
G intersection of finitely many open is open

Pf D let Unfaea be a collection of open sets
If P E Y Ua then I doCA s t PE Ux



Hence Is o 13843 C Ua since Ua is open
i Bscp C Udo C Y Un

N
2 If PE h Ui Ui open then 7 Si o ti Ell inin

at BsiCps C Ui Let S min Si Then

Bscp C Ui ti Bscp China.tl

13.7

Pf Ca E E by definition and E AF for all
closed F 2E and we can take one of the F E hence

F CE This shows E E

E is an intersection of closed sets heme is
closed

XC h

b suppose E is closed An 7 X XuE E but E

there IS o sit Bs
Bs cee B

this contradicts with Xn X

suffice to prove that if IEE then7870 sit

Bscx C E Suppose it's impossible to find such 8 i.e

V8 0 Bscx n E 4 then take 8 to run throughth
let Xn E Bila n E then Xn X as a seq in S



n g S

By assumption X E E Hence we have contradiction with dEu

Cc if I seq Pn set limpu p and PuE E Un

then by b a V F E Fclosed we have LimPu p PaCF

heure pE F Thus P E E

if PEE thenfor any e o Boop NEE 4 otherwise

E is contained in the closedset Becp hence E C Bscpc

Contradiction with PEE PE BeCpf Hence we may pick
points Pn E Btcp h E and Dn converge top

d Recall that 2E E E Since

Eo U Ul UCE U open
Heine Eo A Ucl UCE Uopen

A 9Ucl Uc E U open

N E F I F SE F closed Ea

Hence E LEO E n E NCE

disjoint

13.1 Show that every opensubset of R is theunion of finite
or infinite seq of open intervals

HI Let U CIR be open
a We first show that f PE U there is a maximal

open interval pe aap bcp c U Indeed by openness of
U 7870 sit C p S pts C U Hence

He U N p s pts cnEPi p s3JUCUcncpts.tios



z Ue U UE

Let acp sup UE bcp i inf us
Since HE is closed and bounded above hence acp CUE

Similarly bop E U't tf q sit acp sqchop

since 9 UE and G UE thus 9 EU oUE U

Hence 8 C U And since acp bcp EU this interval

is maximal

2 U is a disjoint union of such maximal intervals
Indeed every pointof U is contained in such an interval

and these intervals are disjoint from eachother

3 Let A denote the collection of such intervals Then
for each IEA we may pick a rational point PeEQnI

Since PI I C A C Q is a subset of Q and

bijut with A we have A is countable Hence

U U 1
IEA

is a disjoint union of countably many open

including finite and infinitely countable


