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1 Suppose f is a real valued function on R which satisfies

align fixth fix h O

for every xelR Does this imply that f is continuous

I X o

Solhi No For example o o this

function is not continuous at x o

Ingeneral if F CIR is a discrete set i e the limit

set E is empty then for any function Gi F Ryo

function

fix
8 xee

O XIE

is not continuous and satisfies him fixth fixh O
h70

2 If f X Y is a continuous mapping from a metric space X

to a metric space 4 prove that

f E C feet
for every set F C X Show that by an example

that f E can be a proper subset

Pf For any DEE there exists a seq of points Pn with

PuEE such that LimPu p Hence bycontinuity of f



y y S S
fop time f427 C feet

Pf2_ f E C feet E c ft feet
f feet is closed and contains E H

Since f is continuous and feet is closed

hence f FET is closed

furthermore f feet f fee 3 E

Hence condition Ct is satisfied

Exampletherttheinclusionisproperi
X o l Y R f X 04 the inclusion map

take F oil then the closure of E in X is E itself

The closure of f E in 4 is Eo 11

Here is another example

f IR IR fix ex
Let E R then fCIR o o

f E fUR Oso fCRT oils

4_ Let f g be continuous map from X to Y Suppose

there is a dense subset F C X sit He _SIE
Show that f L



S g

12 for any XEX there exist a seq xn in E

such that Xn X By continuity of f andg and fle gle
wehave fox lime fun limgun fix

6 Suppose f F Y is a map and let

Tf ix fix IXEE C Ex's

be the graphof F Suppose E is compact Then

f is continuous Tf is compact

we give 2 proofs

PIE let F E Ex's be given by xi x fix
then Tf is the image of FCE Since f is continuous

hence F is continuous Since E is compact and F is

continuous hence FCE is compact That is Tf is

compact

We need to prove that for any open subset V Y
the preimaage f v is open Or equivalent for any
closed subset K Y the preimage f CD is closed

Consider the projection maps Eyi Ex's 74 TLE Ex's E

they are all continuous Then

f K The Tg h K



We see Thi k is closed and Tf is compact

heme Thi K n Tf is compact and its image
under TLE is also compact Thus f k is compact

hence closed

Pfttf Let ix yn C Tf be a seq of points NEIN
we need to show that there is a convergent subset Since Xn

is a seq of points in E wea and E is compact we have a

subseq Xm Xo By continuityof f f Xm tho
I e Lms fix Hence Xm Ym Xo fixos

is a convergent subseq

We need to prove that for any sequence Xn
in E we have fun fix Suppose not then 7 Ezo

Sit we have a subsequence Xm s.tv fcxnk fix I E

Replace Xn by Xm we mayassume that Ifcxn fad E
Un Then consider the seq in the graph
cxn.fixD By compactness of Pf there is a subseq

such that an 54 x yo Hence

life Xnk Xo and lighfunk L Since Xn is

a subseq of Xn and Xu converges to X we have Xo X

Since Ifunk final E V k we have ly fast E
However since XoYo E Pf hence Go_fix fix
Thus we have a contradiction



I let f g IR IR be given by

fixg D guy
o D d
xyz

y HY F o.o yT else

Prove that i f is bounded on R

g is unbounded on every nbhd of 6 o
o f is not continuous at CoD

f g are continuous on everyline through origin

Pf for a o b o we have a'tb 3 Lab
hence 1 51 EICH't181 Thus if ixg o.o

then Ifix.gs EtdxYIlyYYD EI note that I o y o

xky4 o
and flow o Hence

fcxiyI E I V ix y CR2

For any nbhd U of o.o there exists an s o

such that C 44 L E E CU Hence for small
enough t e g Hee we have HP s E and
Ct3 t C f e E x l E E C U U

If octtke then

gets ts fI It It
Hence as t Ot gott is

Consider a sequence of points Ky that converges

to o.o such that the ratio 4 is constant e.g xnyn faith



y g y
then funYn I yT Hence for differentht
value of c the limit limfcxn.gs is different Thus

u o

fairy is not continuous at Oso

If the line is the y axis i e x o then

f ay ya O Y o

f Oso 0

Hence fCosy is continuous

If the line is of slope y Rx then we

have fix Kx X.lk kx.ltc4x2X4Ckxy4

finfofix.kD fFIctE O food

Home the restriction of fixy on the line y kx

is continuous

The discuss for gcx.ge is similar

11 Every rational x can be written uniquely as Mn
Where Min E K n o and m n are coprime

When X o take n l Consider the function

fix
Yn x man

0 X irrational



show that f is continuous at every irrational point

Pf We claim that for any yo ER lim fix o
I x xo
xxx

We need to show that for any E o I S o sit

Hoff xk8 fly L E Let N o be an integer largeenough

such that E Then consider the subset

AN I U f I U UNI 2
where Ink mln MEK Each d I is a closed

subset hence AN is a closed subset If y c IRIAN
then Off it If X E IRIAN thensince IRIAN is open

we have 870 Small enough such that Xo S Xo18 C IRIAN

This is the desired 8 If Xo C Am then we claim that

HxEAnVxo3 HoXI Indeed Innit M 1 4mnYnY ant 3
Hence we maytake S Nt

TNote that for thefirstpartofI8 since Xo is irrational hence thecase

XoCAN will not happen And student may safely ignore thiscased


