
 

1 Show that if f is integrable on a BI then

for any subinterval c DI f is also integrable

Pf Suffice to show that for any a o there exists

a partition P of c DI sit

UCP f x LCP f d E

since f is integrable on a b't then there exists
a partition Q of a bI St

UCQ f a LLQ.fr E

we may refine Q so that points c d are in Q

and At also holds under this refinement Thus

Q a X s X c X C XK c s Xia l c Xm dsjn.fr
then we may wt P Xk Xiu e c Xm the subset

of partition Q on c DI Thus
m

UCP f x LCD f a I i k Mi mi Xi AlkiD

E Ei Mi Mi tha axis

ULQif.tn LCQ.f.D.EE
Thus we have constructed a partition P of cod
satisfying CH

al Suppose f is a continuous non negative function
on a b Show that fabfix dx D fixs ou xea.bz



Pf suffice 7 Xo E a.bz that foxo so then

Let q I fix I 8 o sit V X E a b Ix voles

fix fix I E Thus fix fix E ztfixo

Y XE Bgtxdn a.br Let Ead C Bstxo n a b d c Then

d
fabfadDX 7 fix dx z f e dx ECd c so

contradict with Sabfdx o

3 Let fix be a function on oil with

fix
O X o

sink x 70

and let a be given by

Atx
X co

Z 2 X 70
fex

show that Solfix dad exists

Pf Since 2nF 2 n s b hence as N sp

IFN 2 0 Thus as x o I is

hence a 2 0 Thus xx is continuous

at X o Sime fix is a bounded realfunction



with discontinuity only at x o and d is

continuous at x 0 Hence by Thm6.10 in Rudin f ER
It

4 If p q so such that To14 1 Then if f g are

Riemann integrable over Eaib then

Ifabfg dx l E I S HIPdx T fab 1819drift

Pf Ca We first show that f u u o

Uu e Ift ee
Thecase is clear if u o or V o Hence we only consider

the case that u o and V o For fixed Pit U we consider

the function 4 v UV Then since g I

limQiu to And Q'us Vat U hence as v o
is

lim Q v U 0 and LimQiu Plo Uf o
v20 v o

Hence the inf Ecu v o is achieved for some v ccom
and at AV Uo P'Cvo o Thus Vo U Vo u

Note that tf I opt 11 8 f g qI
Thus he satisfies V UP

UCH U Itg u U'T UP U T UPuP o

Hence V V E Cop Q V 3 UND 0



b Suppose f g are non negative functions

and satisfies ff dx L Sgtdx L then

Sabfait gaa dx e Sab F t 8kg1 dx f 4 1

c For general integrable function f g we have

fabf g dx El f f g del e f Ift GlDx

If Ifl 0 or Igt 0 for all x c tails then there is

nothing to prove hence we may assume 1ft andCgl are not

identically zero Let
A fab Ifl dxI B fab Igloo dx.IT

then A B 70 Let
fex Hanka Gus 184 13

then S F Pdx SGalax l Hence by b

J Fca Gox DX E L

Thus b
If I 1gal dx e A B fab IflPdx I fablgi did'T


