
1. (20 points, 4 points each) Topology on Q. You may use the fact that the

topology on Q constructed from the induced metric on Q as a subset of R is

equivalent to the induced topology on Q as a subset of R.
Answer the following question and justify your answer.

(1) Is the set (�1, 1) \Q open in Q? Is it closed in Q?

(2) Is the set (�
p
2,
p
2) \Q open in Q? Is it closed in Q?

(3) Is the set (0, 2) \Q connected?

(4) Find a subset K ⇢ Q, such that K is closed and bounded in Q, but not

compact.

(5) Find a subset K ⇢ Q, such that K is compact and K is an infinite set.

2. (20 points, 2 each) True or False. No justification is needed.

Let f : X ! Y be a continuous map between metric spaces. Let A ⇢ X and

B ⇢ Y .

(1) If A is open, then f(A) is open.

(2) If A is closed, then f(A) is closed.

(3) If A is bounded, then f(A) is bounded.

(4) If A is connected, then f(A) is connected.

(5) If A is compact, then f(A) is compact.

(6) If B is open, then f�1
(B) is open.

(7) If B is closed, then f�1
(B) is closed.

(8) If B is bounded, then f�1
(B) is bounded.

(9) If B is connected, then f�1
(B) is connected.

(10) If B is compact, then f�1
(B) is compact.

3. (15 points) Prove that the finite union of compact subsets is compact. More

precisely, letX be a metric space, and letK1, · · · ,Kn be any compact subsets

of X. Show that K1 [ · · · [Kn is a compact subset of X.

4. (15 points) Let g : R ! Q be a continuous map. Prove that g is a constant

map, i.e., there exists a constant ↵ 2 Q such that g(x) = ↵ for all x 2 R.

5. (15 points) Let f : Q ! R be a continuous map. Is it true that one can

always find a continuous map g : R ! R extending f , namely, g(x) = f(x)
for any x 2 Q? If true, prove it; if false, give a counter-example and prove

that no such extension is possible.

6. (15 points) For each N 2 N, let fN (x) =
PN

n=0 3
�n

sin(2
nx + n) be a real

valued function on R. Prove that as N ! 1, fN converges uniformly to

some real valued continuous function.
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1 N The set C1,1 A IQ is open in IQ by definition

of the inducedtopology Or directly we maycheck that

V x E 1,1 A IQ we may choose 8 min a 1 I 23 and

Bsca C C1 D h Q

It is not closed in IQ since its closure in Q

includes the points 9 I and 913 For example

the sequence l t new is a sequence in this set

and converges to 1 E Q but 1 is not in this set

2 C52,52 h Q I 52,52 A Q Hence by
the induced topology on IQ it is both open and
closed

3 0,2 A IQ is not connected In fact we will

prove that any subset SC Q consisting of more than
1 elements is disconnected Suppose d B E S
and trap then we may take any V C Rio St

rep and consider Se Sh C D D Sh C b 81

and Sz Sh Bto Sh Er th Then Si and Sa

are both open in S and nonempty a C Si and PESz
and S S U Sz hence S is disconnected

4 K o I h Q It is closed and bounded in IQ
But K is not compact since as a subset of R K



og
is not closed hence K is not compact as a subset of IR
Since the notion of compactness does not depends on the
ambient space wesay K is not compact

Xn

More conicypetely we may pick a sequemetin on n Q

converg some irrational number 2 This sequence

does not have a convergent subsequence in Q hence K

B not sequentially compact

5 K to u th l n CIN is compact as subset in IR

hencealso as swbatin Q

2 as above

For statement about bounded set consider

f i lo w o.o x 7
can be

then f Io D 1,0 image of bounded set is
unbounded

f o D bio image of bounded set canbe
unbounded

pf
3 Let Uaaea be a covering of KU Ukn then it is

also a covering for each ki By compactness of Ki
we can find finite subsets Ai CA such that

ki c U Ua Let I A U UAN their II is
cAi



a finite subset and K Ki C Ua

Ulla
LEA

Henie K is compact

4 Pf Sina IR is connected f is continuous

hence f CR is connected in Q

Suffice to prove that the only connected subsets

in are of the form a This was
proven in problem I 3

5 No Take f Q R as followingc

fix
I 21 52 XCQ

L X 52 X EQ

To see f is continuous we only need to check f
C P 52 h Q and CSI D h Q are open subsets in IQ

since these are the only possible preimages f CE for
F C R

gSuppose there exists a continuous extension to IR
then the left limit at 52 and right limit



11 gu
at Ja would be

g Fet f Et L

J T27 f Jr L

contradicting with the requirement that 852 7 81521
Hence no continuous extension exists

6 This holds by Weierstrass M test since

the summand I 3 sincrix n l E 3 n and
is
I 3 h CD
neo

And uniformly limit of continuous function


