
 
There are 2 versions with minor differences I will do version A first

then versionB
in purpleI

1 l False For example let S En nCIN

then sup s _0

VersionB false let S

G False The set of rational roots for such monic polynomial
c I here

are integers and it divides the constant term Hence

suffice to check if 1 1 are roots It turns out x L

is root

3 True CSD takes value 0 infinitely many times means

the set A NEIN I Sn o is infinite It doesn't

mean Sn is a constant seq since one assumes

Sn is convergent hence all subsequence has the same
say a
limit't particular the subseq Sn n a the constant

Zero swbseq converge to X hence 2 0

If we don't assume sin is convergent the statement is false
eg Sn

O n einen

n n odd



Truew
4 Let A r I r E Q and there exists n k CIN such

that r Fa
The sequence Csn enumerates the set A i e every

element in A appears in Su once and exactly once

Now for any real t 70 one need to show

that n l Isn TI e e is infinite this is equivalent

of showing a E Al la H s is infinite Let M

be a large enough positive integer such that 3M e I then

for each k M we claim there exist an MKEIN sit

3pm and 15 t1 137 Indeed consider 3kt ER o
it lies in an interval x a111 with a E Z d 0 Then

at least one of the endpoints or Atl is not divisible

by 3 Let this equal to such an endpoint Then

Ink 3kt I E l hence IMET tls Jk this provesthe

claim Thus the set
M 1 k M integer is an infinite

set satifying 1M tf se

In exam aslong as you make the claim that HE 0

there are infinitely many distinct rational numbers of the form
inside Ct e tess you getpoint

5 False For example Su In LimsupSu_0

See Ross 12



slim Iim YI s

cas line T.tn limiIFIjn iIiI z f I

3 line Tnt's him It Elim HEYT

since for all new I Elt F E 2 and
Lim at I t a 0 we have

I lim En e lim HEY T E him 2 1

Hence lim HEY T L and the original limit L

4 lim n n T lim42 Hf T

lim h'T N'T th T

since lim n'T I lim

see forthe argument

we get lim cnz.tn T lim n'T limn'T lim th T

I lol I



3 Prove that if Su and tu are Cauchy then
Sutton is Cauchy

PI We need to show that HE 0 IN sit

I Sn ttn Sutta Is E V ni n 7N

Since Sn is Cauchy hence for any Enyo IN 0 sit

I Sn Snzl L E V ni na N

Similarly since tn is Cauchy D Ez o 7 Nz70 St

givenezo I thi that Ez V n.sn Nz
NowTchoose E Er Ez obtain the corresponding NcNz
and set N Max Ni Nz Indeed V ni m N

I Sn t th Smt tn I Sm Sna 1 Ctn trial
Isn Shalt Itn trial S Ert E Ez Ez E

F n n N3NTtriangle inequality and n n 7N N

Heine suck choice of N satisfies the requirement

I Let Amba be bounded sequence of real numbers
show that 7C ER sit too the set

n lan bu tt s is infinite

Pf Suffice to show that there is a subsequence

of Caubn that converges then we can choose t to be

the limitof the subsequence Since Lanbn is a

bounded sequence by Bolzano Weierstrass theorem



9 y
canbn has convergent subseq

HI Let Su C D Find all subsequential

limits of Csu

Pf We claim that Il are all the swbseq limits

Indeed Sh n even converges to 1 and Sn n odd

converges to 1 Suppose t It is another subsea limit

then I E 0 sit t 2E teza doesnot contain 11 1

In particular C l E HE n t s tt e 0
H s HE n t s tt E

Since Sn can be partitioned into two subsequences that

converges to Cl and ti respectively Hence IN o sit Uh N

Sn E C l E ITE U l s HE

Sn El Ct E tea

This shows no subsequence can converge to t Hence

if t It then t is not a subsea limit of Csn

I Suppose Sn is a seq of positive numbers that
converge to 0 show that there exist a subseq

satisfying the condition that
Snku E ta Snk htKEIN

Pf Let Nfl Assume Nisha snie are constructed



S
and satisfies the desired condition we just need to
Shout 7 Nkt Nk Sit Smee s Snk Indeed

by setting E f Snk we get an N 0 sit for N

Isn ol E Esme
Since Sin is positive we get 04 Sns Isna f n N

Clearly N Rk otherwise his N but Sn 45ha
Hence we may take that Ntl and get

SnnistzSn.a.tt6IersionBJ_iLet
Db.e a seq of positive numbers that

are not bounded above Show that there is a

subseq of Csu sit Shui 72 Snk f k

Pf Let Nfl Assume Mcmc cm are constructed

and satisfies Snit Sni for e L n k l we now

construct Nkel St hist Nr and Sma 7 2 Snk

Indeed since Sn is unbounded hence UM 0 the

set ul Sn M is infinite Hence the set
n I Sn M n n I n Me is also infinite Pick

M 2Rk and pick Nku be any element in

NI Sn 2ha A NI n his then Nkt satisfies the

reguirenet

71 For any t c IR show that

tin 2 EjL LETS
converge



ge

P y of X ut c l c X I s UJ e

Let an 2 III 2 t i

bn 2 Ej5 zit

Then an 2 tnt bn
Then bn t 2 C 1 2 1 12

t 2
n
2 1

t l 2

and
an bn 2

n
n

Since limbn lim t CI 2 n t
Iim an limbn lim 2nun t O f

Thus

t liman Eliminftu E limsuptn Elimbn t

and we get liminftu limsupta t lintnet

In version B we had tu 2 Ej o LIE
and the limit is 2T


