
 

Lasttimei
Taylor expansion finite term expansion with remainder

Taylor series C infinite terms sum no remainder

For simplicity assume that f a b R is smooth

ie bXC a b One11,2 3 f ex exists

N thorder Taylor expansion of f at base point XoC a b

is Pyoµcx7 f Xo ht x xD
neo

Taylor Theorem says

fix pxo.nu ex

forsome5 C X Xo a number between X and X

of course if X Xo then fXo Px µ xD

Tayl wseries let N N We formally write

fixPx x I ni H Xo Taylorseriesh o at Xo

This is an example of power series whose general form

is N
E Cu X Xo CnnEIR

11 n o

Q for what value of X is the above series

convergent



Propr Than 3.39 Rudin Consider power series En CnZ

put a linesup lc.nl'T Let R Tn
h 20

if 2 0 then R th s if t th then 12 0

Then the series is convergent if 121 s R

and the series is divergent if 121 R

Frink if 121 12 we don't know it depends I
Pf Use the root test for absolute convergence

If 121 LR then ICnZhl'T lath 121
i limsup lazy'T x 121 L I i 21City is convergent

n is

i E CnZ is convergent absolute convergence cow

If 121 R one can show lCnZ I doesnot converge to 0

Thus we can talk about convergence of Taylorseries

Exe fix ttx we want to find its
Taylor series based at x O

instead of computing f o and use the formula

E f co
Te Xn

we directly manipulate

1 I 1
Ita 12423124V 111 lexz I x x x2

I c x CX'T1 C y31
I 2 1 4 XG CXT t

This is the Taylor expansion at X O



Radius of convergence This series make sense if 1 1 1
This series is divergent if 1 1 I since x would not

converge to 0 Radius of convergence R L

O n odd
we can also use root test lCnl z n even

limn up
1cal'T 1 2 R T 1

Say f is smooth function

Warning Even if Px x series is convergent

for Ix X I R it o t mean

fex Pxocx for Ix XolcR

F fix smooth sit

fcos o fco o f c 2 f co o faozo
n 2

there exist a function satisfies the above data

namely XZ

But there exists more than one smooth far satisfying then

O Xfo
9

e tx x o

this also satisfies the above
Smooth 1
and 6176 0 Union

xeca.by 2

FsTe If a smooth function fix satisfies the

condition that H Xo C Asb 7 to o sit

fly Px X t Ix Kotaro

then wesay fan is a real analytic function

EI sincx Cosa et polynomials are real analytic
funand combinations 1 fgcn



N thorder

Taylor expansion is a way to approximate a smooth

function near a given point But the approximation

is not uniform over the entire domain of f
Other ways of approximation methods exist

WeisApproximedionthm If f is a continuous

function on Iasb I then 7 a sequence of polynomial

fans such fn f uniformly on a b
ee Ross for a proof

Riemann Stieltjes Integral Rudin Chlo

Motivation measure area of some irregular shape

a Area a b a Area Iab

area t.aa.a.ua eI a b
me
b

II formula one can cut the
pizza

disk to slices and get



area circumference heightof theslice

Iz Gar r Tlr

Generalmethodi cut the original shape in to smaller but

imwestauda.ir shape and add them up

Intuitively i'if f a b R is a Ini function
the

fabfan d
is the area under the graph

A fix
isthisa nice

of f I a function

1ms mumaa b e xsin

uniformly continuous

Howto get approximations to tha under the graph

get a sequence of
Onewayto define area is to approximations and prone that the

approximations as the precision gets better better concierge to
something cut the doma

ftp.repiaatu
Iii O

and measure the area of
each trapezoid and take limit

that bin size 0

Doubt is why do we need equal size cutting

2 why do we need the trapezoid approximation



This is a plausible algorithm but it is not a

definition of the area since it involves arbitrary choice

Def Partition Let a b CIR be a closed interval

A partition P of a b is finite set of number
in Eab Xo xKx XaXs

a Xo E X E XzE E Xu b Eq
ax b

Define LIXi Xi Xi i i 1,2 in

We will consider f asb R redaudfounded
may not be continuous standing assumption

if f is continue and f is defined on a tab

fheu f a b is compact hence bounded

fix
so

on E I I
Xx x o

is a real valued function on E I I but unbounded

Hence we will NOT consider such function

Given fi tails IR bounded and partition P Exotxie ex

we define

UCP f E Ei axi Mi Mi sup fix ixe xii.li



P f Ii 4Xi n Mi mi infffixixe xii.x

BM
4 IM

i iwill.net
DX 4 2

JaTfdx
Definition Ucf ii Iff UCP fpartitionofTaib

Cf i SEP LCP f
partition

tabfDX
ofea.bg

Since f is bounded hence I m M EIR sit

me fix E M UXC a b

i HP partition of a b1

UCP f Iii Iki Mi E Zi axiom
M 2in axi M fb a

Rf 3 Mlb a

Mlb a E LCPf E Ucp f E Mcb a

Wesay a function f is Riemannint if
Ucf Lcf

Q Which functions are Riemann integrable over Eab3



Some sufficient conditions

if f is continuous then f fdx exists
Xsin Y over o I is integrable

if f is monotone the Sfax exists

I

Nexttime i Riemann Stieltjes integral


