
 

Lasttime Definition of Riemann integral

Def partition of a closed bounded interval a BI
P a_Xo E x E x E xn b n segments

QXi Xi Xi l

f real and bounded fan on a b

U Rf 7 Mi DX Mi sup fix lxe hxii.x.is

L P f II mi Aki mi inf l fail cExit xi3

U f inf UCP f p partition of a b

f sup LCP f p partition of a.ba

today Stieltjes integral

Intuition Riemann integral for an interval ap3
we use IP dl for its length

another interpretation let weight be distributed

e on IR then 1B al is the amount

of weight on this interval a p
NEI



To describe other type of weight distribution
such as point mass or weights that are distribution
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T T point mass

evenly pointmass of m 2distributed
of m 5

massof
total wt 2

Howto describe such a weight distribution

Introduce a function Xcx weight lying on the
interval C D x

c is xI

In the above example

Xcx using our convention

f Ee

in t
mon it is not necessary so
1 m 5 m 2m 1 in general

if Xcy
XCX is a monotone increasing function then xcx say

Formal definition r

Let a a b R be an increasing function

P partition f Ea.bz IR bounded

adi Nxi Dixie
U P f d Mi Adi the weight

on the interval
Xi Xi D
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L P f d I mi Ddi
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Ulf d and Lcf a defined similarly

Def If Ucf d Lcf d we say f is

integrable wre with respect to a And write

f C Rca on a BI

Rink 7 if HXC a b m s fCx c M then

M dcb dca E II mi Gdi f Ei Mi Idi Mitchma
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UP f d Ucp f d

27 we want to show Lcf d E Ulf a

note if the 1N an tbn
we cannot conclude that

suplan s inf bn

L ata
Def Let P Q be 2 partitions of a BI

P a x x c X s a Xn b3
Q a yo y c Ym b



so P Q can be identified as a finite subset of
asb We say Q is a refinement of R

if Q J R as za subsets of a b

Given 2 partitions E and Ez we let

F i V Iz to denote their common refinement
PUR dEx
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P a Pz
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Lemme If Q is a refinement of E then

LCP f d E L CQ f d
ULP f d 3 UCQ f d

Lp La UQ UB
IR

refinement of partition improves the approximation

Pf Suffice to prove the case that Q has

one more point than E Say the point is x

Q x't Xi L exnXo C X s XII
P Xo c X c C.X Xi Xu

LIQ f d LCP f d Nx't xoxo inffixi mi
Xi l X't
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AIX't Xxii Mi Mi

acxi dox't mi mi

O
Lp I h3
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Pf Suffice to prove that HR Rz partitions

Ps f x E UCR f x

Let Rupa be the common refinement Then

LE E L p up E UBUP E UE
Hence LCR f o E inpf UCP.f.sn Ucf a
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then take sup over R we get

Lcf a suffix
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Them Cauchy Condition Urfa's

f E Rea 4 7 He o 7 P partition such that

UCP.f.tn LCP.f.tn E

defofsup 1hmHE defofinft f d

Pf LCP f d E Lcf d E Ucf a UCP f d HPpartition

i o E Ucf a LCfia UCP f D LCP.f.tn

since V E o I P partition sit Up Lp E

i EUcf x Lcf d L E t E so

i Ulf d Lcf a f ERK

Let f f da denote the common value Uffid
L fit

i Sf da inf UCP.fm P partition

i I Iz s E

UCP f a f f da s It

i Sf da sup LCP f a I p partition

i I Bz Sit

I f da LCR f a I
i Let P RUR then
Sfda LCP f a Ez UCP f d Sfdx Iz
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Lemma_ Thur6.7 Rudin

can if Up Lp s E then for any Q refinementof
E we have

UQ La LE
Yo QQ

Lp Up
b If Up Lp E and

SiLt si ti E Xin Xi fi b in ti
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c If f E Rch and Up Lp 2E Si C Xi i Xi
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Rmk_ For a more detail comparison between Riemann sum
LCP.fi

using sample pointsEfcsi Odi and Darboux sum wcp.f.sn
see Ross for classical Riemman integral no x
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Tim If f is continuous on a bI then fCRca
on ab

Pf Let be given Since f is continuous on a compact

at a b hence f is uniformly continuous Hence Hm o

7 Sap o s t t txyl Sap then Ifan flyILM

Consider a partition B such that Exi L Sap

UCPf a LCPf a EI Mi mi Gdi

o.smi
mi qgp.n.fi I.f fT fp FIig.je jig

E Iii h adi M Ehadi M Nb Nas

Now choose 7 such that 7 dcb Nas E E this

finishes the proof

Thin If f is monotonic on a BI and X is

Infineon and also increasing then f C RK

ft n 0 integer

1 Let E O Consider partition Pn with n segments

such that Idi This is achievable

using continuity of X and intermediatiate value them



Then

UCP.n.f.tn LCPn.f.sn

HAI
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Ei s fixing
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We can take m large enough so that the difference
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