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Thin 6.8Rudin If f is continuous on a b then f CRca on a b

f

Thm69Rudin_ If f is monotonic and if is continuous andalso
monotone

then f E Rca If increasing

Ei

today

Thm If f a b IR is bound and has

finitely many discontinuities And if L is continuous when

f is discontinuous Then f C Rca
Exi

f discontinous at x e x c

L is continuous at Ce Cz
c c

Pf Let E 0 be given Put M supthat Let E
be the set of points where f is discontinuous By
assumption E CeCz n Cm is a finite set
Whog assume E s ca b If not we can

I

I set fix o if a'exka or bass

steps choose small enough intervals u vjI around Cj suchthat

3,7XCYj dUj L E and Ujvj aredisjoint We can achieve



thissince is continuous at Cj limattl lim act Ngt g.tt 2g

step Let K a BI UjVj K is compact

and f is continuous on K hence f is uniformly
continuous Forothergiven choice of E o I 8 o sit

if xy c K IXyl CS then Ifanfigs E

Steps Let P be a partition of a b of the following
form lui visit are in P

and there are no other i

Ci
points in p lying in Ui vis a b

if Xiu Xi is not in EUjvj forsomej
then Ki Xi il CS

UCP f a LCP f a 2in Mi mi adi

if the interval Xi i Xi is not a jump interval ie contained ink

then Mi Mi E thanks to the uniform continuity of f on k

if the internal Exit Xi is a jump internal UjVj then

Mi Mi 2M C suplfail M Mefix s M
M esupfix emIiin e iz.ffanem

E e Ei adi 2M Ei adi I.IEmii'In
Ii not Ii is
jumpintend

ajump
interval

E E Nb dca 2M E

E Nb dca 2M
Since C is arbitrary we can achieve the Cauchy condition



Rink If f and X are both discontinuous at x c

then it is possible that f RCH
O X co d

Ee Ea b E l I Atx 0
1 xD

fix IT
fto

L X 70 i

let P be any partitionof E1,13 There are 2 cases

41 if P contains an interval Ii Exit XII sit

O E Xi l Xi then

Mi Sup fan 1 Mi inf 17 0
c Ii Ii xi.la

Adi acxi Lexi 1

UCP f d LCP.fr Ej Cmj Mj adj I o I 1

2 if I has X o as one of the cut points ie

Xi _0 forsome i Then Ii Ii

19 9 1Xi l
Mi sup fan I fix D

XEIi

Mi xiehf.fm O
Adi dixit dixit I

Mia 1 Aditi dCXi dai 0

Mit 1 Ii Ii 11

UCP f d LCP f a I o 2 t I D O 1



HP partition UCP ICP L

i f is not integrable

Thm6 If f a b IR is integrable want d

and assume fix C M M VXELa.to If
m M R is continuous Then

hex loffan
is integrable w v t X

Pf Fix an E 20 Since 4 is unit continuous on Emin

I 870 sit if Iye yal L S then I4cg fcyal LE

Since f is integrable I P partition sit

UCP f a LCP.f.sn s S2

For interval Ii Exit Xi let Mi mi be sapling

of f and let ME ME be sup or inf for him
We say i C A if Mi Mi Si otherwise we say ieB
I n A LIB

his_41

For IEA since Mi Mi S hence Mi Mi s E
For i C B Mi Mi't E 2 sap14cal 2K

8
3
Adi E E Mi mi Adi EUCP.f.tn LCP.fi a 82

B



adi 8

Finally UCP.h.tn L P h d It Mi't m ad

if 1M mi aa t Eps Mi't Mi Odi

Ea E adi 2K Idi

E E b dca t 2K S when we choose 8 based or E

E E Rcb dca 2K we can make further neguinent
that see

Since so is arbitrary 7 P s t UCPh x LCP.h.tn

can be made smaller than any given positive Iknarber

Propaties ofintegral i

Thm6 ff dx is linear in f and a

If fe fz CRca then fitfz ERK

Sff ifz da Sfadd t Sfa da
Sof da c Sfdd CER

If f C RHD f C RHD then f E Rcd124
S f dca.tk S fold t S f dd
f f dec a C f fold Vc.GR

Warning if fs E R Id and fz C RCA
then fastf maynot be in RChittz



f g

hm6iB_ If f g E RK then f JERK
27 If f is integrable then Ifl is integrable

I Sfdal E f Ift da

apply Thm 6ID


