
 

today Finish the chapter on integration

i One motivation to consider Stietties integral is that
each

it allows for general weight namely small interval

c d is given a weight Hd Nc or acted rather

just the length One special case to assign weight is

to use a density function gin and acd acc _Sedgwick

in other words gex atx

y
Riemannintegrable wr t dx

Thm i Assume x is increasing and a CR on Taibi

And f a bounded real function on Taibi Then

f E RCH E f a E R
and in this case Sba f da Sba f a'dx

idea we are going to prove Ucf a Ulfa
i e Ibf da Fab fa'DX and similarly

fab fdx fab f a'dx

Jab fda fab f da iff Jabfa dx fab fx'dx

ex D x f x
then d 2X

Thinfab x day fab I zxdx
f d



LHgybroewakd
fab ftp.dx exists ist Sab gonad dx exists

Pf Let e 0 be given Since d ER I P Exosxic exn
partition such that

A UCP a LCP d E
LEY fcb fca Cb a offs

By mean value theorem
Gdi Rcti DX for some ti C Xi l Xi

I _Exit XII

From the sampling pointing thm given any SIE Ii

and ti C Ii sample points and given A we have

Zi Id'cti x'Csi In 4Xi L E

Since f is real and bounded we have M suplfixslxea.bz

Claim For any set of sample points Si E Ii i I in

we have

Ei fCsi EE fcsil.tn i4X.i
EME.pfofdaim

I
Ii fCsi Edi d Xi

Ii fcsi L'Cti L'Csi o4Xi

I Efcsi Gdi 2 fCsi L'Csi Mil E Ei I fait la'cti dis taxi
E M Ei INCti dCsi l Mi E Y Ef discrepancy between

Hence the claim Upper approximationsofboundfor Ift da and dDX



Given this claim we have H 9SiC Ii

a Ei fait adi E f Y ME
giant
upper

Ii fCsi adi E UCP ft ME board

up
onRts

UCP f D E U P f a ME oversi
forLHS

Ii f si a'Csi r4Xi E E fcsi Adi ME

UCP fa E UCP f x Me

Hence the two inequality above implies

c H 1 Ucl f N UCP f d I E ME
For any Q refinement of B if we replace I by Q
then E holds and holds Hence we can take

a sequence of partitions Pi R Ps such Pnti refines
TPn and 1in UCPi f a Safda

i is
e

and tiny UC Pii f a Pafa'dx

Thus weget I Tab fda Jab fa'dxlE Me
since this is true to

Jab fan Jab f a dx
Hence f cRca iff f d ER and Stds_Sfa dx



The 6.19 change of variable
Suppose 2 is increasing on ca.bz and f ERK

f dsuppose 4 A BI a b is
i

a stzfyiynreziggnjgmfmotim 7yab.ge on b
Define Bly 214cg and µgig fleecy Tif 9B
Then g C Rcp and yE

A B
B b

I gdB ff da f we are relabelling the
interval

A a fy a BI

PI A partition P Exo LX c can of Ea BI
corresponds to a partition Q goa ya of TAIBI
Let Ii be the i th interval in R and Ji be the i th interval in Q

UCP f a I fan NII

Ifs P Sb pts UCQ g pi

similarly LCP f 2 Ll Q g p

Ucg L gB Ucf D Left

Relation between integration and differentiation
in this section only talk about Riemann

gift al



hmG Let f ER on Ea b I For a ex e b
AreaFox

Let a f f
Than G12

µ if f ER outa.bFix Sa't't dt.LK ne i
d

a

Their Fix is continuous on a BI

and if fex is continuous at XoCEa bI

then Fix is differentiable at Xo with F a fcXo

Rmd If fix is not continuous at Xo then

it is possible Fcb is not differentiable at Xo
e g fan

H
aFix Iff't dt c.co

sH Ai e n

not differentiable cetX o

Pf N Since f ER hence f is bounded Put
M sup Ifad If my C a bI Ky then

xata.to

Fly Fox S fcadt
I Fly Fast I 59 fees I E f lfctsl.at

E S M dt M flyxI
Hence F is Lipschitz continuous with constant M



Ca Suppose f is continuous at Xo Hence for
any E o 7570 sit V X C Ea b1 Ix Xoles

we have Ifca fix Is E

Then He Sat in a b Stu SE ko S KI

and t E Xo No S then

FHI.se fs.fstifcusdu

fcxo fstfcxo7 du

FHfIEI fcxoif lfsfstcfus
fcxobdul.tnsfstIfcus fcxosl du

E Sst E du E

Since this holds for all E and corresponding s 7

F'oxo fix

Thin Fundamental Theoremof calculus
statement Let F be a differentiable function on Taibi

assume f is bound Thenlet F't
fab fix dx Fcb Fla



1what is wrong is that f may not be Riemann integrable

Volterra function

Correctstatement i Let f E R on Ea bI And assume

I differentiable function Fox on a.bz sit FEx_fix
then

fab fix d Fcb Fla

Fix E O

PI For any partition P

Fcb Fca Ii F Xi FiniD

if CR hence 7 P Sit

UCP f LCP f E

Then LCPift E fab f dx E UCPf

and 5 b Fca Iii F Xi FiniD
MV
2,1 5 Si LINIsit
in f si Xi C ftp.f UHH

Fcb Fla fab f dx l f U if UPI L E

Since E is arbitrary

Fcb Fca Sab f dx

Thin Suppose F and G are differentiable and

F G ane integrable f F g G



Then
fab'Fc gcx7dx f b Glob FcaGca fabfunGaadx

PI Let Hca Fox Gcx then H is differentiable

H'ex F'Cx Gcx t F G

f
e G is continuing Gintegnble

f G t F g f is integrable

H'ex is integrable Gif is integrable

Now we apply fundamental thn of Calais

J H dx Heb Hca


