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Nexttime finish Ch7 unit convergence IT f
Review problems

General comments of integral
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4 ThreeKingdom time Chan dynasty
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Stieltjes integral assigns weight to an interval
I c DI NCI Lcd acc Integral Safdx
is approximated by weightedi.su

E fCIi NII sampling

Ian be s p fix igffad or f Si SiC Ii

In species the weight are given by a density

function NCI S Next dx in this case we

want to say f f da Sf d dx
Stieltjes integral Rieman integral



Thurles Let be a monotone increasing function
a'b

such that exists and is Riemann integrable WII
Then for any bounded real function f on Ea b

f Rca f d ER

In this case
fbafd Sba f d DX

P idea we will show

SaTfdx Tab f a'Dx H

and fab f da fab f d DX

then this implies the conclusion I will only prove

Fix an E 0 Since d ER then partition P
D a Xocxic LXu b such that
c UCP a LCP d L E Ii _Exit Xi
e

recall
For any sample points Si C Ii under Cat

Pid E x Si Lexi E U Pid

also recall using mean value theorem for a on each Ii

we get xCXi Lexi 1 Xi Xia a ti for some
triC Ii

i e Adi L'Cti anti



Now we want to compare

UCP f d Ii s p fan Adi

UCP ft E Ey dad ax

cannot compare the 2 sap directly We use samplepoints

to approximate

chore
V SIE Ii sample points
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I Ei fCsi dicti Ni Iifcsi Icsi Exit
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E
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Hence V SiC Ii sample points

A I Ii fCsi Odi E fCsi a'Csi chit E M E

A
Eifcsi Odi E NE t Efcsi x'Csi oxi

E ME UCP ft

since this is true for Si c Ii hence

UCP f D Ii SEE Si Odi E Met UCP ft
Hence we get

CAD UCP.f.DE ME t UCP fag
similarly

I fcsi a Si Oxi E MET Efcsi Idi
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To get rid of the partition P dependence we use

definition of upperintegral
Ibf da inf UCP f x

seal ofpapfti.im

imUCPi f d byreplacing Pi with
i P Qi PioPi IV Upi

we have sequence
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E
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similarly Jab f d dx lineUCQT.f.gl

In partition of cabs QT In

now take common refinement Son QuoQT Thus

IJab f da Jabfa'dxl flingUCSn.f.D lninzulsn.fi

nlihg UCSn.f.a UCSu.faDl E ME

Since LHS is indep of E and 870 is arbitrary hence

LHS 0 i e
Jbafdx Iba f x'DX

Ex Say on 0,11 let 2 XZ then x ZX

Thur f E RCH iff fcxy.cm is integrable



f get ridof marking on theaxis
hm 6 change of variables aruler

Let be increasing on ca b
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Assume we have a strictlyMdinaY g same ruler
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and B EA B R given try D dog
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Pf O is a bijection
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partitions on aib s partition on A Bs

p a p Aon n

x ex c ex Q Xo c 4 x c de

Ii Exit Xi IT_txfi.XTJ.aa.bz

UCP f a E SEE fix Lexisnexis f
A B

E sgc.pe 8th Phi MeiD

UCF g PD
similarly LCP f D LCF g p
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If f is a smoothIntegationaudDifferentiatin
function on a.bz and

Thmi Let f be a Riemann integrable Fix f foisdu
function on a b1 define their f is Sindh

Fix fax f cu du with f ca fix
Then Fox is continuous

if faa is continuous at Xo then Fix
is differentiable at Ku F'exo f Xo

PI a for any aexcyeb we had
m.ms

Fey Fib f fuedu
fly Fool E S Ifcusl du E M SE du m.ly x

M supfew
aid

Hence F is Lipschitz continuous hence continuous

2 Fix 2.70 Since f is continuous at xo e IS o

Et if t Ix Kot eus C a b1 we have fox fixedICE
We want to show the leftlimit

im Ftx Fl fexo similarly x x

x xot X Xo

F i fifaidu
f constant integrand

fax J fox du



Hence

I
t I fowl S Hai fixos dal

a f Hui fait du
IfXfXcXo theuXocucxcxotSi.theulfcu7

fcxdlcE.Ee f du E

Since for every E we can find such a foo wehave

im Fox Fox

x
fax

Similarly for the left limit

ThemeFundamentalThan of calculus
Let F be a d function on a b1

and assume f F'ex is in then

Jabfcadx Fcb Fla

Rink it is possible to have a function F St

Fix exists V xcta.br and is bounded but
wiki

F'ex is not integrable Volterra function

Pf For any partition P a xocx c cxu b3

5 b Fca Fcan Foto



5 Xu Fain i 5 Xm Fain a t T FCK Rio

Iii FCX.in 5 XiD

Since F is differentiable 7 tie C Xi l XII St

F Xi 5 Xia F ti Xi Ni i MVT

Since f is integrable too 7 P St

UCD f LCD f 2E

Hence f b Fca Ein F ti Oki

forsome
Ii f ti Lexi tiE xi i.li

E L Rf UCP f
and since

fabfdx C LLCP.fi Ucpf I

i fab fax Fcb HAD IE Ucpf Leaf cc

Since 570 arbitrary we get

fabfdx Fcb Fla

Thm integration by part On a.bz assume

F G are differentiable for with

F f G g integrable then



SabFDG FGl fabG.de

i e

f Fagan dx FcbGcb FcaGla fab'Gexifan dx

f
differentiable F G ane

differtiable
EI Let H F G then

H F Gt F G F ER G cont Gintegrable
I FG integrable

Hence similarly fG integrable H'inte
SabH dx Heb Hca

fabFG F G dx FcbGcD Fca Gla


