
 

Today 1 Uniform convergence and adx f
2 Review for the last 4S of the course

also I'll be available for OH during review week

Recall that a sequence of functions fn a b R

is said to unify to a given function f Ea bJ R

if lim dolf fn O where didf fn sffpea.by fWfn l
n p

µIfhf
Also recall if fu are continuous T b
And fu f uniformly then f is continuous

Place where fix fix
maximizes

If fu f continuous

today and if fu is integrable is f integrable Yes

and if fu is differentiable is f differentiable
No

The 7.16 Rudin Let be monotone increasing on a bet

Suppose fn CRca and fn f uniformly on Taib Then
f is integrable and

S f da himSabfnda

Pf Let Eu 547 I fix fix l Then U xEEa.bz

ffnte.nf.mxE Efx fix 1 En F In
fu fu en

Hence

fffnixa.dx.cn f fold E Tf da E Jffnten da



Note that
f fnten da f Cfa E old
S Edda Stfu g da

b
2En Sada 2En dcb Nas

I this is fixedgoestozero
as n o

Hence

O s J f da f f da E 2 En Nb Nas

since Eu 30 as n P thus

f f da f fda and f is integmble
Wir t d

on ab

Corrollarge Suppose fn E RCH and
5Cx 2nF fix V xt a.be

the series converges uniformly i.e FN I.inifnH
andFN F uniformly then F E RK and

b b fbfFM da In a n x da

Pf Since fu are integrable hence the finite sum of iwsthem
are integrable hence FN are integrable Then we may
apply the theorem

u If gdaSb Fix da twists Fw d
2f Iffylim Zhi SabFn DxNsp

2 fab fna DX I



Now consider uniformedconvergence and differentiation i

For example consider

fix In sincn x
Their fu 0 uniformly on R

even

but flex y coscn.hn fail to converge pointwise

Theoremen Suppose fu is a sequence of differentiable functions
a

on a BI such that fnext converges uniformly to GCD

and b XoEEab1 suchthat fnWo Converges

Then fund converges to some function f uniformly aud

fix goof finny fnext

Nole here we are not assuming fincx is continuous

X limfnixo
exampleidea

I
t

fun Gtfo 1 X'cuts
fn'Ix 2 tn 2a Xo b

fnco 3 4 3
i fu converges uniformly on 0,13

not convergentunif on R

Pf Given E 0 Choose N large enough such that

the following conditions are satisfied

d Ifntxo fmla l c Iz f n m 7N



2 sup If'net fmCtl s baT att n m N
te a.bz

bhimNs to fn fm fnml
Apply mean value theorem V X t C a b fn fm

fix fix fit fruits E
txatkaj.EE

If S fiCSD x t t

forsome 5 C x t orCt x

For any point X C a BI we have

Ifnx fmix I E Ifncxs fmcxi cfacxos fmcxoDI lfncxd fmix.SI
E E Ez E

Thus fuk is uniformly Cauchy hence converges uniformly

on Eacbd We may denote the limit as fad

Now let's fix a point X C a BI we aregoryto prove fix
himfindWe consider difference quotients

fit of
H f

fpoiftf.set X t X K
4nA lofts
but the

Then for each n since fu are differentiable factormay
ruin the

lime ducts fnext f comC x

Then implies lait 4mA E z aJ
Hence duct converges uniformly for t X Since fn f
we have 4h uniformly on t C a b t X



Finally by uniform convergence

III fish la't tiff him fits

thing find ftp.oct fix

Review

2 Differentiation f him hh70

the slope of f at point X

if f ex exists at x x fix is continuous atx

if f ex exist over asb and if fix is continuous at
a BI then we have Texampu TI sf t

mean value theorem

fcb fca b a f157 for some SEC'ab
fcb fcait relate the difference quotient with

the derivative fCs

Iayl em if f ex is exists on Ca b

and f ex is continuous on Taibi Then

D Xo E a b we can do an n term Taylor
expansion around Xo with error term

if XI Xo XCFails

fix fix f4 ex f
z ex

FYff.fi cx xoj fiIf cx xD



3 is between Xo and x

mean value them is a special case for n 1

Warnings One can have a smooth function fix
whose Taylor series

Paola Info cxx.si
converges for x in a nbhd of Xo say Ix H's

But fix Pxocx for IX x Ics

Warning For smooth functions fix the radius of
convergence for Taylor series Pxocx maybe zero

i e if Xo then the sum

2 ftp cx xo

is divergence

Borel Lemma For any sequence co Cc Cz of real
number I find smooth sit ft o Cn Eng

Now for integration a
Riemann integral and Riemann Stieltjes integral
not all statement about Rieman integral is true

for Riemann stieffe integral



Meaning of the weight function X I _Eads

aCd dcc Dweight of the internal I
UCP f D LCBfix

Using partition and upper sum lower sun
to approximate upperintegral lower integral

Ucf a Lcf a

by boundedness of f Ulf L and Lcf a always

exist

Consider weight distributor

Exe 7 on IR two parts
o I 2

uniform distribution on
internal coil

of mass_I
a pointmass at x 2

oda jump_mass
L can be a at x ztoken as

Results about integrable far
f is real and bounded function on Ea BI

If f is continuous then f is RG
FL

audience

If f is monotone and X is continuousTE

then f ERK

If f has finitely many discontinuity



if X is continuous at those discontinuities

then f E RCH

not required but nice to know if is

EIT.im coIn
tin

Iffase.i
ze

Lebesgue criterion for Riemann integrability


