
 
Differentiation1Derivation

a definition example

Leibniz rule chain rules

mean value property

Def Let f a b3 IR We say f is differentiable
following

at a point p C a bI if the limit exists
him fcx fcp ofx
x p T e this is a function a b 143

we denote this by ftp
Let f a b R

Prof If f is diff'ble at PE Ea b then f is

continuous at p

PI We only need to show him fix fcp
x p

t line fix fops 0
x p

fix fcplim x p o
x p

Iim fix fep
p Ip fcp exists

limftmj.fi cxpD fiffIfI ffimpHpDxp

ftp.o O



Prof If fix is differentiable at p then 7 Uk St

fix fcp t x p f p t x p UK

where lim Uk 0 remainder
x p fix fcp

Ip Ftp nap
Pf define recap

O x p

x2 XEQ
Ex fad

eac

f o exist fix is continuous at x 0

fix doesn't exist fix is not cont

Ex fix
X'sink o

O X so

MM f is continuous everywhere

flexi exists for any XF 0

Use definition consider the difference quotient at x _o

gaa fEI
Xsin sink X O

g a

O Xco X X

Iifhogcx doesn't exist f'co does not exist



XZ X O

Ee fix
O X fo

f x
fix o

Q if f i R R is a continuous function and

fix exists at all x ER Is it automatic

at is continuous

Anse No

fax
X sink X o

O X so

fix fco x'sink

fcot time limo I liam x sin to
X ot

fcoy O

f't exists and f 17 0

fort
f x 2X sink ax sin

zx sink X f ft costa
ax sin cosCtx

finff'M 0



Prof Let f g a b R And assume f g are diff'ble

at p Then

f g p f ept g'cp
Leibniz

Cfg Cp ftp gcp t ftp.gip
If gcp o then fig p

fudged ftp.gcp fcxcgcxs gcpbtfcxsgcp ftp.lgcplimPf Iim x p xp x p
x p

p fun
877 line yep

X p

fcp g'cp t ftp.gcp ABAR

more generally f A IR
chair Let f g i R R feafBB
assume fexo Yo and f is diff'ble

at Xo g is diff'ble at yo Then

the composition hlx GCfao is diff'ble at Xo

hix g fan f Xo
hex hexo GCfix gCfcxa

limPf tim x x xoxo x Xo
X Xo

f g
since f Xo exist we can write N N
HER fix feast fExo Ex xD cxxos.mx Hi

glyd
similarly ge gcyo gley c'gyo 1cg

going



and link UCH o liynfy.V.ly Oi Yo_f Xo
Then gffex glyoj I Ifcx y Figo v fan

g'cy Vcfans

x xD f'cxo acres 84yd UfcxD
gcf.ua gcfcx.pt

Hence lim lying fcxoiucxsI gkfcxodtxcfcx.it
x o

X Xo w

f'exo g fan H

y Tx
Ex fix Tx x o y2 14k

O X so

is f continuous at x o fine fl O fiff.fm

fco doesn't exist fEx exist Fx o

f ex
x o

o Xco
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p XP tXP for xx
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Mean Value Theorem

Def Let f a b R.CIeta.J
P

We say PE a BI is p is the global

is L T tt f
att
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have fun fcp

Similarly we can define localminI

Rink it is possible that f is locally constant at p
then p is both a local max

and local min a
P

Lemma i Let f i Ea b2 R If p is a local maximum

of f pC a b and fCp exists
then f Cp 0

If ftp.lim.EE Ltv
X p

Since p is a local ma of f I 8 o sit ltxe a.mn

3scp.fcx7Efcp7Since pC aib we may take 8 even smaller sit
ps pts

Bscp C a BI Then if XE p f p then Xp
1 47 O x p co fex fc so

a b

x P
fix fcp 70lim

x p
x p

fox fcp
Similarly Iim

p E O
x p



fox fcp
since f'Cp lime x p exists i f 30 ffp so

x p flip D

Rink why we need the condition PE la b and fcpl
exist

p can be a local max and Fcp non existent

e g fix_IN
P

a fan L local men are at the endpoints

the slope there are not zero

Henie to use this Lemma only interior local max

can beused

Tim Rolle Let f Ea b R be a continuous function

assume f cm exists for all X C Ca b If fCa fcb
Then I e E a b such that f cc D

f IN

Rink a BI C R is compact hence ft a.bz is compact

fix TEXT on oil continuous

f x doesnot exist for x 0,1

Pf if f Easts is a single point then f is a

const function any c C a b has ftc o

If maxlfcea.bg fca then let PECaib
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sat fCp max f Ea.bz Then by lemma

fCp O Letc p

If min fleaBD fla then similar argent
shows fEp 0

TheC Generalized Mean Value Theman

If f g Ea b1 IR are continuous and differentiable

on a b then there exist C E Cab such

that
c fcb fca g'co gud gla f cc

Pfs Define
hex fcb fca glad glad gcb gcas fix fad

Then hca O kcb O
Hence by Rolle Thu 7 C C a b sit hCc D

holds at non c

hix fcb fca gtx gcb gear fix

The C Mean Value Thu Let f a his R

diff'ble on a b then IC E a b sit

fCD fca b a ftc
PI Use m Generalized muT set gcx X
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