
 
Recall FromTuesday'slecturer

hm RoUe Let f Ea b R continuous and flea.bg

be differentiable Then if fCa fcb we have CE a b

such that f cc D

Pf If fex is a constant function then forany c C a b

fco o

If fix is not a constant fan 7 toE cab sit
assume

fIto fla WLOG f to flat
Then let Io C a bI be the point that realizes

Max f171 XETaib This is realizable since a b iscompact

and f is continuous Then fixo 3 fIto f a hence

Xota and x b ie Xo C Aib By Lemma lasttime
global

since Xo is a total maxima Chence a local maxima of f
hence f Xo O Take c Xo

Generalized

Thm_ MeanValue Thur Let f g Eab R be cont fcu
differentiable on aib Then 7 CE ca b such that

fc.at fcb.SI g'cc Egca gcb.SI fic
fcb fca g'cc gcb glad fcos

P Let hcx7 fia fcb I gtx glass fix fees gla gud
Then hca flat fcbi gc.at g.ca Efta ftas Egosgas

0
heb Has fCbs gas gas fu fear gear gobs

O



So we may apply Roble Thin to hex hence thereexists

a CE la b such that h'cos D

i h'Cx fca feb gtx f x gla gu
i h'ca o implies the desired equality.CA

µ the special case that gca fca gcb fcb

III III go.fi
D In a pointceca.si

This c will be achieved if
had fix gtx has a local max

or local min

To see where fcc g'Cc we may shift the graph of
g up and down to see the point of tangency

Thin Let f Eab IR be continuous and differentiable

over Aib Then I C C a b such that

flb fca b a f ca

Pf Apply the generalized MKT with gas _x



Rmd mean value theorem relates scope at a point

to the difference of the values of the function

Cori suppose f a b R cont f'm exist for
XEcab and If'cx I E M for some constant M Then

f is uniformly continuous

xcy

PI HE o we may take 8 Fu Then t x y C a b

we may apply MVT for the inured internal ix y and get
f y fix y x fCE for some 2C Xy

Ifly feat ly x If'czY e s M E E

Let
Coe f a b IR cont and diff over cab

If fCx 70 b x C aib then f is monotone increasing

i e if y x then fly 3 fix

If fix 70 V xcca.to then f is strictly increasing

Pf exercise

0 Intermediate Value Theorem for derivatives
Thm_i Assume fax is differentiable over Eaib

with f ca s f b Then for each µ E fcar flbs
there exists a CE Ca b sit f c µ

Rink This does not follow from IVT for fix since



fCx may not be continuous

Pf Consider gex fix M X then

gca f 1a µ so g b f b µ so

Hence i a b are not local minimum

of gox Chence are not global minima
i t

a a b
Let c be the global minimum of gum over a b3

then C E ca b and g'Cc O

f'cc µ

Hospital Rule
Ex

y Ling Sinj lingosinx 0 IIIox 0

we call it the F type limit The L'Hupital

rules say

fiys fiery
in

fine L

logx
both numeratorand denominator2 time x is

x o

E type fins fish
s III o



By introducing new variables we may reduce to the case

that g f Ca b IR differentiable we are interested in

lime texts
x at fix

The Assume f g a b R differentiable gunto
over aib If either of the following condition is true

finna fix o fifa gun O

G finra gun xp

And if lime f A E IR U 4th 03
x a G'ex

then finna fg A

PI Here we only consider the case that A E IR
the case A P ar w is an exercise

Li lima gex A i

For any E 20 I S O sit HxE a at 8

we have
If'g Al E

A e tg s Ate the Ca ats

a ats
ETI

a b
Hae Kps att we have than

a pifcp fca g gifs ga fCH r



Then I fi fca f
IFT Fa gift E CA e Ate

M8 casec Limagem o Limated o

Take limit of a a we have

Iim ftp
a gap g.cn

fgf tg c EA e Ate

Thus He 6 we have found a S o St t PE Ca Ats

Fgf E A E Ats This is precisely the definition that

line
p a Ip

A

cas.ec lim gla is
a a

We pick p E Ca att then pick a C a p
and d is sufficiently close to a such that

guns gcp 2
1 1 0 a ats b

gas

multiply angia to

A.gg PsfH fH 9cngagP sCA ej 9kIPgeo gc gca gca
fCp fca



Sc
gen gc

Take limit a a then get 1 Hence

liming
fH limsup s AteA E E gca gca

a
d a

Take limit a o we get hiya A


