
 

Rudin Ch2 on connectedness

Recall

a topologies a set X together with a

collection of subsets of X called open subsets

such that
a X are open

yeaUx is open A avibirfrary indexset Ux open

N
n n Ui is open Cfinile intersectionin

Given a top Space X and SC X we endow

S with the induced topology

UCS is open iff 7 Tc X open in X s t

a Tins

Exe X IR S I CIR with induced topology on S

Hnek n is openin S Pf Sin h E htt AS
a Tr
u UT openinX

EI X R S o I Then S is open in S

S is not open in X

fore Calif SC X is open in X then UCS is open ins

Iff U is open in X

G If SC X is closed in X then ECS is closed ins

iff E is closed in X



I X IR S oil U Fitz CS U is open ins

X Iu see.ua
Lo.EIcs U is closed in

Pf a U CS open in S UCS open in X

Bydef U Te NS for some T C X open in X

since UT and S are both open in X hence U isopen
in X

if U is open in X then
U Uns

Hence U is open in S

b similar

Really A top Space X is if the only subsets
of X that is both open and closed are X and ol

disjoint union

X is notconneuted iff X U IV

U U are nonempty opensubsetoff

SBsubspace

Def ADLet X be a top space F C X subsetwith induced
topology

E is a connected subset iff E as a topspace is connected

Lemmy E is connected iff E cannot be written as AUB



equivalenceof where IAB p and ANB
definitionwithRudin here closure

pagetaken
w.r.tv ambient

Pf B Prove my contradiction Suppose F AUB IAB 4
An5then A A n E hence A is closedin E

C i INE Inc AUB In A u IVB A U A

Similarly B is closed in E A EIB I A is also
open

Hence E is not connected contradiction

f as exercise

Rudin

Thmc2lt E C R is connected

H x y EE x y we have Ex yI CE

PI prove by contradiction Suppose IX y EE Ky such

x YI E Thismeans I 2 CExif sit Z E Since xYEE
2CCay let A E A C P 27 B E ncz.tn
Then A B are open in E and non empty xEA yc B

and E A 1B Hence E is not connected Contradiction

Prove by contradortion Suppose E A 1B A B

nonempty disjoint opensubsets in E Pick x c A and JEB
WLOG assume x ay Then by hypothesis x YI CE

Let II x YI NA A B

frBT x y n B x y
since A B are both open and closed in E
Hence ATB are both open and closed in Ex yI



Since Exig is closed in R II B are also closed in R

Let 2 Sup F Since It is closed and bounded in R
Z C II 2 Y since YET YET Hence Zig CBin
Since BN is closed i CZF C B i 2 C 7 y cz.PTCB

Thus ZEE and 2 c contradiction with FNB of

Returntocht1 Continuous fan and connectedness

Recd If f X Y is cont F C X is connected

then f E in 4 is connected

In the special case f R R continuous

The If f a.bz IR is cont and if feassfcb
and C is such that f a c Fcb Then I XECab

at fCx c

A

i
a

PI Since Ea b CIR is connected we have fleab3 CR
is connected

Since fCa fcb E f East hence by Thm2.47



fla fcb C f a b3

In particular if C E fca fcb then
c E f Ea b3

let XE a b sit f x C Then a b

Hence X E a b

Discontinuity for real valued functions

Recalt F X Y is discontinuousat
ifandonly if X is a limit point of X and

lgi.fifig doeseeither doesn't exist or

does not equal to fix

Det Let f a b IR
not necesarity continuous

H X E Eab we say f q if for all
seq tn in x b that converge to X we have

limit linmfctn _of

a X b

V x E a b we say fix 3 4 if for all

sq Cta in Boa X Converging to X we have
lime fan qn p

Equivalently one can use E s language For example



fat q iff V E o 7 8 o s't t TE X 8 X n ab

Ifk glee

Say fait the right limit of f at X
f xi left

Def Say f Cab R x C asb Suppose f is
not continuous at Xo 1stkind discon

we say f has siget x if
both fcx.tl and fck exists i.e either fcxa7 fc

or foxes fix
otherwise

May f has 2udkindofdiscontinuity

I Xco a
OEe Ca ft

q xx f0
discontinuity of 1st kind simple discontinuity

Z X E Q
Cbs fix

o x E Rhq

if
a

If x is fix continuous at Xo



D
Aas Notcout Use E S language I E say E I
such AS o f exo s x si oil Biz tacos Bill

thereare irrationals Ig Zz
inexoS Xo187

Wecan also use Seg def to show f is not cont at Xo

ht Xu be a song of irrational converging to Xo

then Iim fun F f links Hence f is not contnas n o at x
lim o fCXo L
no

O

X X E Q
2 f

o X El Q

3 fix
th X EQ X Ma Cm n

coprime

O X E Q


