
 

Connectedness

Recall a ATopologicalspace X is a set X togetherwith a

collection of subsets of X called opensubsets st

X to open U open is open In open is
arb open

inducedtopology

a For a top sp X SC X a subset we say
openinx

UCS is openCin S iff Tc X t

u Ins

For a top sp X X is connected

if X cannot be written as X U UH
where U V of UNU_4 U U open in X

Lemmy Let X be a top sp SC X subset 1 FAE

is S is connected when S is endowed with the induced
topology

Rudin'sdef'n forconnectedsubset
27 S cannot be written as AUB where

AAB p and AnB 4
means taking closure in X

PII ch CD Prove by contradiction Suppose S AUB

wish ANB of Ah 4 Then A B are both

open and closed in S Indeed

A AS Inc AUB GINA UCIUB Auto A
Hence A is closed in S Similarly B is closed in S



y
Since the complement of A in S is B which is closed

Heine A is open ins similarly B is open in S
Hence S is a disjoint union of nonempty open sets

HD S is not connected

2 47 Suppose S C is not connected then

S AUB A B nonempty open.inSo disjoint

A B are also closed in S Hence A FAS for
some chest subset FC X closed In particular A _Ins
This implies IAB 0 Similarly BAA_9 This
contradict with 127

Lemma2 inducedtopology Let X be a top space SCX subspace

subspace means subsetwithinduced topology Then
i if S is open in X then Uc S is open in S

iff U is open in X

us if S is closed in X then UCS is closed in S

iff U is closed in X

PI exercise It

Now we finish the leftover from lasttime

Thin Let F C IR be a subset Then
2471 E is connected V x y EE and KYin
Rudin we have x YI CE



Pfe Suppose x y QE then 7 ZE IX y ZEE

2 x Y Here 2 C Xy Now
F c b ne u CZ.to NE

two open subsets in E nonempty nm

E is not connected A contradiction

Suppose E is not connected then

F A B A B are both open andclosed in E
disjointunion

Pick XEA yEB WLOG assume xcy Then

by conceit hypothesis Ex.gs CE Let try AA
Bd Exy3hB Then

x y F 1B II B both openand closed
in xYI

Since KiB C x y are closed inTx.yI and Excy CIR

in R hence I BN CIR are closed in R

Let Z infCB Since B is bounded 2 ER
z

Since Bn is closed 2 55 f Brely
Fifty Hence 2 EX sinqt.ge xEB l y
and is

Then 1 a sequence in HZ aP converging to 2
dosed

ta Z C.tn E II II is closedin IR ZEHence
Ex21CAN
2cTt



Thus 2 ELI and ZEB Mcontradict with INF 4

Nowsbacktoch4 CRudin
Recall if f X Y is cont and X is connected

then fCX is connected

Coe If f i ta b IR is continuous and

assume fca fcb then V y E fca fCbs
I xeca.tn s't f t

tag fffffCa l
Pf Since a b1 is connected

f
MKEab satisfies the criteria onRHS a b

of thin2.47 then f Ea b is connected

Since fca fcb C f Eab3 by Thur 2.47

we know fca fCBI C f Ea b3

Intermediate value property

Discoutinuiotyoffuuctionsoukt.IR
Ecx.RecMlimitfa say f E 7T any function

ofF
cross

say X EX is a limit pointVi.e H Bsk 13 3 BECx
BECAME 4 then we say line fit y ifC x

V E O IS o Sot

f BENNE C Belg



Equivalently for all seq tn x tu f X tu EE

we have liar fCtu yn is

Def left and right limit let fi a b R XElaD
We say f Kot Y if lim.flw.b.tt Yb Xo

similarly say f X7 y if III flea o
t Y

Noe f is continuous at Xo If
fexo f Kot fexoJ

If f is not continuous at Xo If foxot and fCX
exit we say f has a simple discontinuity at Ko

or a 1st kind discontinuity

otherwise as if fair or fckot donot exist then
2nd kind of discontinuity

1 X Lo

Ee a fan o o

l X so

discont at x o 1st kind of dixon

hi fan sin
go

IhWhr h
E



f Ot doesn't exist fhM f has a

f o D 2nd kind disc

3 fade
1 XE Q

O X E Rl Q

then tx ER f is disc at X

2nd kind of disco fix facts don't exist
One can approach any XER using purely on

Rl Q

M n

147 fix
XE Q X F coprime

n

O XE RlQ
Hw 18

Rudin

Claim e f X E IRI Q f B continuous

f X E Q f has simple discontinuity

LEI take x 52 let Xu be a sequence xn252

let Xu be purely rational what is limfexn

Picks look at Bs F h Q write each

rationed in here as TT Take all those with
the smallest denominators it is a finite set



IE
one can get a seq of rationals Exa such that
Xu 52 and denominator Xa P For such

Xu lim fan O
hep

L
claim VXER f Xt fix 3 0

monotonofuuctionsonlR.fia b R We say f is weakly

monotone increasing if t acxcycb
wehave fad a fly

Similarly define monotone decreasing

Thad if f a b R is monotone increasing

then f Xt and fck exists at every point
XCCab More precisely

f ex sap fits 1 tea X

fext inf fit t C x BB
If x y then fcx inf fits I tag

s sup fits 1 xstay fly

Thad f a b IR monotone increasing fur



then f has at most countably many
discontinuities

Pf Let x be a discontinuity of f define
ICD fix 7 foxes

Define
g U Ix

a
discontinuity

of f
then I is a union of disjoit open subsets

Hence by our homework results I is at most
countable disjoint union of opens intervals

Discussion

If fi o 11 IR cont and f Eo 11 CEO II

Show that IX C 0,13 c t fCx X

EE


