
 
Continuous functions from metricspace to metric space
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Recall A function f from set A to set B

is an assignment for each element a C A an

A Belement fans in B

f is injective or one to one
a

onto its image if V X y C A a
a

To
x y then fix fly f A B

f is surjective if t BEB there exists at least

one element LEA sit fld B f A B

f is bijectie if f is both injective and surjective

Given a subset ECB f E is a subsetof A

ICE deal fusee B

preimage of E

Let X dx CY dy be metric spaces

Let E C X f F Y
Recall E is the set of limit points of E
E XEX HE 0 7 YEE sit YtX defy Dae

x c X I ite o BECH N E to
puncturedopenball centered at X
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Def limit of function Suppose p.EE We write fix q
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as x p or lime fix qX p

if He o I 820 such that

VXEE o dxlx p s s dylfan g LE

iE Ii
q

The with the same notation as above The following are equivalent

as 7 fix of

us for any sequence of points in E convergent to p

Pn limp p we have lim fcpa qhas n o
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corollary if f has a limit at point p then it is unique
E

EI f 1132 0 R fairy at p go f doesnothavealimit

Rmk_ E is notnecessarily contained in E t
e.g E oil E 0 II
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The Suppose we have f g i E R suppose

p EE and him fix A tim841 13 thenx p x p

i him fastgix At B
x p

a limp fixgas A B
3 lim fix Gk A B if 1370 and fix to ExEE



x p f G

H VC ER Lim c fix c A
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Pf Use the alternative definition of lifefix using seq we

reduces these claims to corresponding claims for convergent

sequence

continuityoffunctions.DE
continuity at a point Let Xdx Tidy be metricspaces

andg fcp
F C X f F Y Let PEE We say f is continuous

at p if He o 7 S o suck that

VXEE with dxlx.pl S dy fix g SE
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The If PEE is also a limit point of E then

f is continuous at p f lim fix fcpx p
PI Exercise

Rmd 4 PEE can either be alimit or an isolated point

The condition of continuity is automatically satisfied for
isolated pt Hence continuity condition is only nontrivial

for limit point of E inside E
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Df We say f is continuous on E if f is
continuous at every point in E

3rd definition of continuity
The X dx LY dy f X 7 Y as above

Then f is continuous if and only if for every
openset V C Y f V is open in X

f is cont if preimage of
open is open

Pf Suppose f is continuous We need to show that TVC's

open f Y is open We need to show V PE f V

IS o sit Bscp C f CV Since fcp EV and
is open we have s o sit BeCfcpd C V By

definition of continuity of f at p we have a S o

sit f Bscps C Belfast Bscp C f 1311177
C f Va r

Suppose t C l open f V is open We need

tocheck that f pE X HE 70 7 870 sit

f Bscps C Becfcp H Bscp C f Belfcp
i BeCfcpo is open we can take V Belfcps and get
f Belfcps is open in X Hence there exists o s t

Bscp C f Belfort
X Y
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if f A B is a function and

F CA FCB Then f E CF 4 7 E C f CF

Pf f E C F s VxeE fad E F
47 ht xeE X E f F

E C f CF

The Let X Y Z be metric spaces and

f X Y gi y Z continuous function

We define h X 7 Z by had g fad
Then h is also continuous C h g f

notation

composition

Pf H V C Z open we have 8 y is open in Y

and f g VI is open in X
But h Y f g VI heme h v is open in X

hCV



Ihm_i If f g X IR continuous

then f g f g f g are continuous functions

and if 817 10 for any xE X then fIg is continuous

PI We prove here ftg is a continuous function

For any P EX a limit point X we need to check

that fcp gcp lim fanged this follows fourp
Iimfix fcp and lime gas Jlp and Thur 4.4 Rudin
x p HP

Ee a x IR IR is a continuous function
send a point to itself

2 XZ IR IR is continuous x2 X X

Xn IR IR is continuous

pad i aux t t a CR IR is continuous

The let f X IR with components of f
fix f ca fun fix

Then f is continuous if and only if each f i is
continuous

Hint
f continuous fi ascontinues

exercise
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