
 

Function between metric Space Rudin 84 5.7

Read A function f A 713 from a set A to
a set 13 is an assignment toevery AEA
an demit fun EB

domain of f A source

range of f iafCA CB target

f is injective if b x y EA and x y then
fix fly

f is surjective if fCA B i e A REB
7 LEA sit fcos p

b ECB let f E a CAt fun EE

Fleury
let A CA B CB f A B then

fCA's c B A C f CB
pf fCA's CB Vx c A fox C B

Ux EA x E f CB

L A C f CB's

Let IX dx and CY dy be metric spaces

Defy A function f X 74 is continuous at
PEX if HE o IS 0 such that



I S
V XEX.withdxcx.psc5
7dylfcxs.fcpDLE.LIEquivalent to

f Beeps C Bgcfcp

X Y as before

Thin A function f X Y is continuous iff
f V e Y open f U is open

rink it only uses the notion 9of opensets works

for general topological spaces

Pf suppose f is continuous then we need to show

f VEY open f V is open i e t p E f V

78 o sit Bsicp c f Vwww.sh

Since fcp C Y andV is open we have s o

and Belfcps C V By continuity of f 7 Bscp
et f Bsap CBeCfcp Hence

f Bsap C BeCfcps C V Bscp C f V

Hence f V is open



If f U is open for any VC Y open
we need to show that Vp C X HE o 78 o

at f Bscps C Belfcps Since Bscfcps is open
hence f BeCfcps is open and contains p By
definition of open set IS o sit

Bscp c f BeCfcpi

f Bscp C B Cfcpi

Def limit Let X Y be metric spaces

Let E C X be a subset E dxle is ametric space

and fi F Y Suppose I is a limit offpointof E
then we say line fad f if there is a pointgey

x p
such that HE o IS o sit

f CBIC A E C Bscq Bfcp xCX
x p

i e f XEE sit O dCX 8 we have dexpics

dffaa f s E

Rink P is a limit point of E if VS o

B'Icps ME 9

E is the set of limit points of E

e.g F oil E 0,11
F 94 near E 03

a E E
isolated W E
T



XEEL Is o BecanE x3

Thm i with X Y E f as above PEE
We have lying fix q if and only if
H any convergent seq Pn p with PneE Pn p

him fcpa q
Pu P

Pf suppose Impfc f And suppose Pu p pnee
we need to show him fCpa f For any E 0 weneed

n p

to have auy au_N70 s.t tu N dffcpa g LE By
definition of a limit of function 7820 sit if
d pn p s S then dcfcpa f E By Pn P IN o

sit An N dcpn.PT S Hence in summary IN 0

s.t.lu N dcpn.pl s dffcpn.ge E

Suppose lim f of that means 7 E 0 sit V8 0
x p

f BIG NE is not contained in Bacq

i e I XEE sit o s dxCXip SS sit

dCfan f E

Let 8 take values In for new and one obtain a

sequence of pts Xu sit OL dckn.PT5th and
XuEE

dcfcxni.co E This
contradict with the statement that for all seq
Xu p Kuip fan of



FTO show statements P Q
we show P Q

and p
IQ

cpisnotrtsuea.ms

ftg XscR

4
8 fix gap

The Let f g X R And assume that

tiny fan A Limp841 13

Then in him f g ex At B
x p

ca lim Cg ex A B
x p

3 if 1370 guy40 EXEX then

fip Hg x A B

P1 using the corresponding result about sequences

3rd clef of continuity andonlyif
Thug f X Y f is continuous if for any

p E X a limitpotof X we have

fCp Ling ful

fi e fCliff D YIP f
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The Let f g X IR be continuous functions

then f g f g fIg if g o are continuous

functions

PI To show f1g is continuous just need to show

tf PEX
lim fax gex fCpt gcpx p

This follows from Thur4.4 above Ff

The if f X Y G Y Z are continuous

then of X Z is continuous

T of x g xD is the composition off.gg

Rf Just need to show that U V C Z open

f v is open But

Cgof v f g x is open
in
open e g cont

If X Y are topological space

then XxY is a topological space with opensets



T 7 I 9

generated by Ux x UC X open VC's open
A
using u n

Given a mmaps f 2 X g 2 Y
f g Z Xx't f g Cz fez gas

fig is continuous if andonly if f and g
are continuous

The let f X IR with fax fix faces

Then f is continuous fi X7112 are continuous
V i.li in

PI see Rudin

Ee a x IR IR identify is continuous

XZ IR 7112 a multiplication of cont fen
is cont

x R R cont

pix A X t Ao IR IR is continuing
polynomial

as if f X Y is continuous then
f U CX open fcu is also open in Y

X false
i 7

fix H i R 7113
1 I

f fish Eo 1



2 if f X 3 Y cont Then AE CY closed

f ICE is closed

Tire E is closed Ec is open
Y E U E

f
a

f Y f E U f CED X

f Y X
X f E w f Ee Y

F Ec

f CE f E
a
open

hence f E is closed

f IR7112
o

q ft EI C E I


