
 

today a brief recap
Q A
sample problem

Series Convergence lot
ratio test roottest integral test alternating seriestest

Metric Space Topology Ross813 i Rudin Ch2
data

metric spare CX d X set d Xxx R x ycondition
oday cdixit z

digit

inducedmetrie i If IX dx met sp Sox subset we

can endow S with a distance function ds SxS R
dscxiyj dxcx.gs b x yes

Tpologyassociatedtoametnzspace h.at xd be a wetsp

UC X is oper iff UpCU I 8 o sit Bslp C U

Bscp xexldcp.si as

The collection of open sets satisfies

X ane opensubset

arbitrary union of open is open

finite intersection of open is open
Hence we get a topological space X

XIEil

Closed set E C X is closed if Ec is open



SS or
X are closed

curb intersection of closed is closed

finite union of closed is closed

Compact set X d metric space

Def KC X is compact if any open coverof k
admits a finite subcover

i e For any collection of opensets Ui3ieI sit

YL III k.EE II
time

Defcseq.compactness K c X is seq compact if
for any seq Xn in K there is a convergent

subsequence Xn K sit Xo likeXD exists and is

in K

Tim K is compact K is seq compact

If X IR then KC X compact K is closed
and bounded

Ex X oil Then if set K oil

P VK is bounded Yaad D
Koonispanft

K is closed in X



Rink open and closed are relative notion one

need to specify the ambient space
Compactness is absolute notion independent

of the ambient space

For general metric space X d TE we still have

K compact K is bounded and closed

K compact KAE is compact
F CX closed

connectedness i

Let X be a top space X is connected iff X
cannot be written as a disjoint union of two nonempty
open subsets in X

different but equivalent to Rudin's def'n

E C R is connected x y in E

x YI CE

a b
Hence connected subset are intervals a b

ca D

Continuous Maps between metric space
or 1904,5k

Let X dx CYdy be met space

f X Y is a map



Defed f is continuous if tf XEX He o 7820

at f Bsw C Becfino

Deff V X E X for all sequence Xu x we have

Iim fun fixnap

TEquivalently only need to check for XEXlimitpo.at X

Lfwseg Xn X that Xu X we have Lim fix fix
i

f is cont if
Deff If VC's open subset f Y is open
Deft f is cont if t F CY closed f CE is closed

Props Given f X Y continuous

as if KC X is compact then f k is compact

if K C X is connected then fck is connected

Rink as if U C X is open f u may not be open

fix x2 U C bi f U o l

27 if K C Y is compact f K may not be
compact



Fei f oil IR inclusion

K o I in IR f K 0,1 not compact

UniformContinousfunction Let X Y be metric spaces

f X Y is unif cont if HE o 7S o set

It X y E X with dcx y CS their images

diffan fcp E

Free Upgrade if f X Y cts X cpt
then f is waif cts

F xofnon wuifcont.io fix Sin tx X E o.o

f x X XE R

Ch4 of Rudin TT
metricsp

fa X R
Sequence of functions and convergences

f p
Different versions of convergences

for f pointwise s ExeX Ling Ifn final o

fin f uniformly line P Ifa final On p

uniform convergence is a stronger notion that ptwise convergence

Ex say 61 7 is a bump function II
a fix cecx n fa 70 ptwise not uniformly



only

fu 6in x for o ptwise not uniformly

fcx In for o ptuize not unif

Cont
Prof If fu K R is a seq of fca on a

compact set k such that

fu f ptwise and f is continuous

fue ca e faced V x.tk
Then fu f uniformly

Exe forex In.xT over E 1,13

Pf I
q µ
fans T J n4C5

a
4

1 u2

f 3
since

yup Ifuan ol e Fn sup 16calXER

a const

Pf2_ since Ifucial satisfies the
prop's condition byte hence fu o uniformly
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Rudin's def'n of limit point of a subset E c X

X E X is a imitp E if t S 0

Bsix h E I 0
BEK Bs 93 ycXloadcy.in as

X is a limit ptof E I Xa X sit

Xu EE Xu IX

samplepnoblems.ch
Let X be a complete metric space

e s X R

For each new let On CX be an open
a

dense subset Then I On
µXisdenseis dense in X iSfE
i e VxCX USo
Bslx NE 7 0Obe if we drop the open requirement
i e VXCX 08 0of On this fails e g Q and
Ix'iaudstedMQ are dense in IR but have

empty intersections

pick any XE X we need to show that Its 0

I 2E X at dCZX CS and Z E On

We are going to construct a seq Xi Xz Xz



sit Xn E Osh O N n On
and dlXn X e 82

For Xs by denseness of Oz I X E 13 1 7 A Os
IEchoose 8 0small enough such that
qy

Q

5 C 02

Bs C B lX
S s 92

For Xz we choose Xz E Bs xD A Oz of
Their Xz C Bs xD C Bsatx

find 8270 Small enough sit

Bs C Oa

Bs.LI C Bs.lk
Sz E 12

Continuing this way we get a sequence of points Xn
and radii Sun sit

Sn E Sn i 12
a BsnCxT C Bsn Xm

Xn E Othnon
B.sn C On

Xu E BgmCXm

since b n m da Xm s Sm
and Sm 0 as m o Xn is a Cauchy seq



Y

Sina X is complete Xa has a limit call it

Z AMEN
dot Xm him dCxn Xm E Sm

n m
n p

ZE 13 C Osh n Om
hence Um Z E Osh nom

D
Hence Z E I On

and d z x sad f Baire'sTheorem


