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Metric Space CX d
Topology on X d U CX is if bPEU

IS o sit Bscp C U

Ve X is if V is open

Det
co swbI K c X is compact

iftrany open cover of k 7 a finite subcover
of K

properties K compact K is bounded

K compact K is closed

F CX closed K et E is also
F CK compact

see 7

Thet K C X is compact t seq in k
7 convergent subseq in K
which requires the limit of

the subsey in K
Thm2_ Heine Borel

For Rn KC IR is compact

K is closed and bounded

Rmd so open and closed are relative properties

i.e we should say E is an open subset in SpaceX

we should specify the ambient space

R.ec CX.d metre space Scd X
then CS dsi Sxs R is a metricspace



s 1
dls with the inducedmetae

Open set in S may not be open set in X
Exa X IR with dcx.gs Ix yl

S 0,11 C X with induced metre ds
what are opensets in S

openhall B Cp fest dscg.PT E

B'ICI GE10,121 I 9 It at
3

I II d zHa

I 11 is open in S o y
CE I is not open in X

Ex i X R S ht new U 903

What are open sets in S

QI is the set 3 open Yes
is the set the NEIN open

is the set 03 open
I5

Firs
0 to'z I

B Cst ges I Id fl 3 Sis isopen

ins
9th is open similarly Une

µ
at is open



BC Cp Sixes dex p s r open ball radiusncenter p
1 1 in

B'Ilo Sixes I dexio as

contains ht for n k 1 Hence is not

contained in Eo Heine 103 is not open

Inducedtopology i Say X is topological space

SC X We can equip S with the induced topology

ECS E is open in S iff there exist an open

subset ECX sit E SAE

Given CX d SC X we get 2 ways
of getting topologies on S

metric X d metric spa
inducing

inducedmetrictoed.rs

SdsX topologicalspace

k inducing
topology

They define the same topologies on Sa

Back to example S Sat new Ufo
3 S A Cf s Ite

g
is open in S open in X



Inclusion map L S X
preserves distance L is continuous

RmkQ_ Compactness is an intrinsic notion

If KC X is a compact subset then t S CX

fit KC S K is also a compactsubset in S
Hence we can simplysay K is compact without say
what is the ambientspace

Suppose L X Y inclusion map with

compatible topology i e f Llc X open ICY open

at U xnTe
Then claim KC X compact KEY compact

say k C U k Va C's openLEA
their

K C y varix Knx
cIt is open in X

Hence we hear a finite subscoove I C A finite

K C U Varix C I VaLEI

Continuousmaps i X dx 4 dy metric space

f X Y map 3 ways of definition.in
nufy

DefI i f cont APEX HE o IS o

sit VxCX with dfx.peS we have

dffcpi.fm E



i f f
ie f BIP c BETfops

openy
Deff f cont t V C T f Y is open in X

Deff f cont Es V convergat Seg Xa x in

we have fixa fad in Y

today Them f X Y cont
E C X compact

then f E c T is compact

PI To show f E is compact we need to show

for any open cover fCE G Ux Uac Y open
thereexist 1C A finite sit

fCE C Ux

a fee C l Ux E G f UaUa fTuD

it Ti i.fi1 sa
s

tQiIifiJ
compact set F hence admits a finite
subcover E C f Ux f Ella

fCE G Ux



Pf2_ using compactness 2 7 sequential compactness

We need to show fCE is seq cpt i e HYn in

f E we need to show there exist subseg yn r

sit lim Yn Y E f E
k p

For each yn in the seq I LnC fCE i 7XnEE
S 1 fun Yn Choose such a Xu for each yn.tn EIN
Then Xu is a seq in E I E is seq compact

i I subseq Xm k X EE Apply f to this
convergent subseg Xm k we get by continuity

f Xm fix as k p

i e Yak y as Koco

Coe If f X IR cont if F C X Cpt
then 7 P GEE sit fCp sup ICED

and f g iafCfCED

PI fCE is compact in R f E closed and bounded
in R

Let A sup fE3 by boundnessof fCE HEIR
offee

By closedness A E fCE Hence I PEE sit fcp A
The iaf statement is similar



use
Rube for K Cpt in IR we can s y max k and

minck
X

Ee f o.o IR fix T

f is continuous since I X are cont X is nonzero
function
oncons

Fxampleofcompatsuhatinco.is
K 0,11 C is it compact

K is closed and bounded in X CR

K is closed in X ni 0,11 X n fo 11
T

K is bounded in X closedin112

But Heine Borel doesn't apply here since Xt R

i.ci e i ini i

K as a subset of R is not closed

hence K is not compact

compact subset of co D are those compactsubset

of IR that happens to be in Co D

e g Ea b E o.o

fKab f ta c R
closed and bounded hence

Cpt



preimage of compact set may not be apt

if f iX Y cont F C Y cpt then

f F may not be apt

feat a f Cena o't
in co El

Is lid closed Yes

But it is not bounded

Hence Elio is not compact in IR

Ebb is not comfait

EL L oil IR
0,11 is not compact
11
oil

oil is closed bounded in X
but 10,1 is not Cpt


