
 

Number systems
Prove X E Q if r EEQ is arational suppose FL is rational II 2

then rsatisfies T2 is root of X 2 0 Tz is

ChX tCn X t 1co o an integer impossible RE
W Cit27Cnto d lch coprime not rational

c l co onlyrationalSolofthiseq mustbe
at ble latHb an int thatdivdes Co
completnessaxiom every nonempty subset of R that is bounded
above has a least upperbound sup s exists

supCD
r

a g
MaxLD may not exist openintervals upper lowerbound May
exists iffinite notalways exist

sup min Ll x isupperbound if maxcs5supcsj.intCDmines
infls Max Ll x is lower bound and if S is connected
info o not bounded below S is a closed bound int

Sequences i Limits limit XER if HE o IN Ost
th N lan al E

lim Ith e Ex lim n O Ian Ol E
h x now

hasE ten N te
Thrm All convergent sequences are bounded

if liman x at is bounded sequence
Iim Lp O p O
Iiman t x if tM O IN O s t an M Vn N



Monotone Cauchy
ZincSeq Anti 7am Dec Ant Eau

It can is increasing and bound an is convergent
all bounded monotoneseq are convergent

Def limsup tim int

Sn sup an InxN supof tail partof an C Eo s
if NCM Sn75M an In N an In M N M

Sn is adecreasing sequence monotoneconvergence Sw haslin
tim Supan lim.SN Ining snug and

Cauchy An Cauchy if HE o IN Ost th m N
l an am I E

Thrm Cauchy convergent since convergent
Pf if an converges to h EE E E

EzIan amI E ICan x Cana x Elan H t 1am x

Thrm converges iff limsupcan liminf Can liman
bounded seq V E 0 IN O s t ten N ans limsup ant E
Recursive seq
Si's Sh's

Api Syne 1
Prone byinduction
bounded below

IimSinti timSnits lim lSn'ts X limSn exists
Z Sn l im12sn

x 2 t S 7 2 5 tf since L Ox 2 a

Subsequence Sn is asequence his be strictly inc seq EN
tk Snk fk l z tK subseq Snick



cangenerate countable subsequences
Thrm Sn any seq and TE R then Sh hassubsegconverge to Tiff
V E 0 the set Ae EntIN Isn t ICE is infinite

infinitely manyterms in Sn inside I t E t te

Thrm Every seq has a monotone subseq
A dominat terms t m n Sn Sm strictly dec
finite dominant terms monotone increasing seq

Thrm everybounded seq has convergent subseq
prove bounded seq is Cauchy convergent

Def t is a subseg limit of Jn if 7 a subsequence ofSh
whose limit ist
limsupSn and lim intSn ane subsequence limits of

any sequence Sn
closed subset if V convergent sequences in S the limit also
belongs to S

Threm any bounded sequence Sn S setof subseq limits sclosed

Thrm Sn o
limint YI E limint s t E hmsn.pcsnjnslimsupcst.SI

Metric space is xD distance
set mapping function

du y 70 d Lxy o x y if ACS CA d is metricspace
d Ix y digD
du g t dly z 7 DIAZ
Cauchy sequence inS V E o 3N o s t Hn m N d IsnSm s E

Sn n



Sn converges to s if t E o 3N o s t th N dIsn S s E

Det metric space is complete if every cauchysequence has a limitins
ie R

this Every boundedsequence in K hasa convergentsubsequence

Topology a collection open of subsets ona set
S 0 are open
union of a collection ofopen subsets isopen
Intersection of a finite collection of open subsets is open

Br p Ext S1 dlp Nar open balls f r o pts
Ucs is open it Fpt U
Fr o s t Brcp C U canmakeopen ball in a

U U Brip1B
PfU

puncturedopenball doesnot include centerpointp
Def ECS closed iff E SIE is open

t X KE 38 0 s t Bg ME 0
arbitrary intersection of closed subsets is closed
finiteunion of closed subsets is closed 5,0 closed

Det closure E A Fl Fcs closedset F E

to interior J E El Eo

limit point PES is limit pointof E if t E 0 Fg EE gfp
s t dcp g c E

E set of limitpoints of E
E EU E
Prop Ecs closed tf convergentsequences Xnes IimXn xfE



ie E lo I not closed th t E O El E
Def opencover a collection of open sets Ga A S t E YGa

compact Kcs compact if forany opencornerof K can find a
finite subconer finite subset of Ga

finite subset BE Uso comp

I I I R notcomp

Thrm K CRn
k compacts K is closed and bounded

closed subset in compact set is compact
n cells in R compact Car b Tx Can bn

Series Eh an converges if thesequenceSnconverges
Sn Ej an

Cauchy it IS n an ICE
cauchy ofEnan Cauchy ofCsn Connergenge of Ean

Core if an converges then lim An O
a rn a Fr Ink 9

comparison test Enan converges Ibn Isan then Ebn converges
absolute convergence if Elbnl converges notalways
x lim sup lanIth
x 9 Ean diverges Root test

nK 9 Ean converges absolutely Yn Jn
q 1 no info

Ratio test limsup la Is I Ean converges absolutely
ti limint I anoint I Ean diverges



Alternating Series El D an
1him Iiman o a Zaz then El 1 an converges
Integraltest Ents it p 9

Ent converges iff f da ca

Functions
A B

injective if thy CA and Hy then text fly
Surjective it fCA B T BEB F x c A S t fCD B
of E x CA I fCHEE
Thrm A CA B CB t A B then fl AJCB A c f BD

Det f X Y continuous at ptX if t E o 38 0 s t

V Xt X with d Cxp f dy fixjflp E
f Bg D c Be ffp

Thrin continuous Iff t Vey open f U open

Def limit offund ECX subset and F E Y Suppose P is a limit

point of E Iim fix q if there is a point qE Y S t.VE o
x p3870 s t f BI p n E CBecq

ie oLd Cxp 8 dy tix q C E F KE E
Thrm Iim fix q iff t convergentseq Pn p w Pne Ex p him fLpn ofnow

Thrm f X Y fis cont iff F pe X a limitptotX
tips king HD ftp.impx kingpftD

f gcont ft g f g fig cont of x g fix cont



Thiem f X R f tf K fnlD
f is cont c fi X R ane cont

TI f i f X Y cont
tu c X open flu open

F

f ECY closed f E closed T

compact subset properties

K compact K bounded closed

Eck lcompact is c Sed E is compact
Inducedtopology if X is topological space sax
can equip S w induced topology Ess Eis open ins
itt 7 an open subset E X s t E She
preserves distance continuous

compactness is intrinsic does need to be relative
3def of continuous maps
f cont V PE X HE o 38 0 s t

Tx EX with d ex p s f dy fcp fCx E
f Big c Balltips

A Vey open f IV is open ink
tconvergentseq Xn x in fun fix inY

Thrm f X Y cont ECT compact f E CY is compact
can find finite subcover
compactness sequential compactness

Thrm Hf X R cont Ect compact then 7 pig C E
s t f Ip Sup FIE fct closed i bounded

f lol int f E t R



et K Co I as a subset of R notclosed not compact
doesnot admit finite Subconer

compact subset of lo a are those compt subset of
IR that happens to be in 10,0

Preimage of a compact set may not be empt
Ioften closed bounded but not Cmpt

Uniform continuity f X Y is unit cont if HE o
78 70 s t t p g EA d Cp g s 8 dy ftp.fcqDCE
here one 8 works tf PEX

exe Sin R uniformly cont
f is cont i compact f is unif cont

F N O ft the A n Ni dIfcpn fcp s EJ
t Nz o sit the A h Nz dfflqn flp
f h Max M Nz d ftp.j fogy s f t ZECE

contradicts dffcpn fCqn E
Sc x S Y also unif cont same w cont

Thrm f X Y cont X is compact and f is a bijectionthen f HX
is continuous
h E is closed f E but if X not compactthenconcfails

Connectedness X is connected if theonly
subset of X that is bothopen i closed are X and
Thrm if t X Y is cont X is connected then fix connected

0 1 CR connected CCX fft conn asubsetofY w induced
conn topologypilosaLS cannot be written as AVB where ANB 0 and AhB



Sc X subspace
if 5 openin then Ucs is opening 1ft Uisopen inX
if S is closed in X then UCS isclosed in S iff U isclosed ink

if E is connected Tx y EE and xay CXy CE

IVI If f Cab R cont and Ica Cflb then tyt fca f b
I XE Ca b s t fCx y

Cab connected fleasbT isconnected

Discontinuities
HR limits fla b R Koeca b

f Hot y if fishy f yo b It y continuous

axis.it n.q
yfaxositiIsiIi

fix th XtQ V xflRIQ.fi's continuous
XERIQ V Xt Q f has simplediscont

Monotone functions f la b R f isweakly monotoneinc if tacky b
f x a fly

Thrm if f la b R is monotone increasingthen f Xt and f X exist

at every Xtca b

f txt sup fit 1 tf 1am
f Htt int fit I te ixby I InftFf1xstay

sup fit Ix tay ft

has countably many discontinuities countable disjointunion

Convergence th X YforhCIN bea Sequence ofmaps f X Y
fh converges to f pointwise fn f i f f X f X limb fnCx f x



g X n

fnext I tthSina limfnix 1 constfunction

bumpfunction fn pointwise convergence too since bumpmoves

f µ 0outside of Supponeted onCn n ti interval

A bump

n nti
pointwise limit of a function doesNOT preserve integral
if fn f pointwise fn may not converge to f

convergence ofobjects
sequence of In a da x yj ElXi y

In Is if tinny d xn x O
b point componentWise
X Xy X z Xin

Xu Xu
9mn04Of Xnvectors inRd

x XmXm
X x xY componentwise

XT converges to X in adz metricsenses XI converges tox

componentwise

dux y decay max I xi gil itCd
Still convergence componentwise convergence

c MapIX R t i EN Xni Xi pointwise
dz I F LingdaClin F o Elxnixo.IT

do XT F if nhjhndolxn.IT o sup Hai Xi1 it IN

Ex xn niti for fixedn IggyXni fishy n i 1
forfixed i high HIT

pointwise convergence O him n x Hi O



dz convergence d XT o ExniT i'jmXni I Exnika
does not converge to 0

du sense do 15 o sup IXni ol it IN L staysconstant

Uniform convergence fn X R asequence of functions
th t uniformly if tf yo IN O s t t n N f Xt X

Ifnix fix I E himd Cfn f o

onlydepends on E not x

Xnconvergent Xn Satisfies Cauchy Condition

Thrin Uniform Cauchy 5 7 Uniform convergence
I fnix fm x I E unitconvergent

since Cauchy himfnk exists Cauchy conv forsequence of
Inning fmlx fix him Ifncxs fmcxjl lfr.CA fix I E

Thrm fnX R is a sequence of functions and of Mn CIR St
Mn7 Sup Ifno

XEX
If Mns x then Efn converges uniformly

ENNEN fmx1 E ENNEN Ifn x EmMn Cauchy test for EMn
unif Cauchy testfor Efn

uniform convergencepreserves continuity
Thrm Letfn E R be a sequence of continuous functions fn funifonE
Let Xt E bea limit point An 7 fn It

njmaAn exists ATsequence of Ai's which respective
tim f It A fi's convergetootax

x

Thrth fn X IR contfunes if fh f uniformly f iscontinuous



ifpointwise convergence notenough

Thiem Letk be compact ms fn K R
assume fn iscontinuous tn

fnk fix t x cK and f is cont
Then fn f uniformlyfnixZfny x

Differentiation f Cab R f is differentiable at

point ptCab if fingp fix fcp exists f p
x p

if diffable p then continuous p remainder

FUK g t f D fibt Xp ftp t x p UK 1in UK 0
X pIf RIL limitdoesnotexistthen f 1ps does notexist

f cont FH exists t f continuous
chain rule f g p f

cpgcpjtfcpgkpjitigsin
sg.gs.si

nhYII9gfffiIB

let t a b R pt ca b is a local maximum

of f if there is a f o s t Ttt ca b A Bgcp fCx Efcp
locally constant localmaxiMin

Thrm fCobb R If p is a localmaximum ptCa b and ftp exists
then f p O

endpoints absolute valueturns Ftp isnonexistant despite localmax
Rolle f a bJ R continuousfunction assume fCDexists f X E Cab

if fCa fcb then 7 CE la b ft f Cc 0
Generalized MVT If fg Cab R are continuous and diffable on ca b
then 7 CE la b s t



f lb fca g'cc Cg lb g a 5cc
MVT f a b R diftable on cab then 7 CE ca b s t

f b fca b a f'Cc
proved using lemma that if C is local masymin derive exists at c

and if c is interiorpoint derivative vanishes
if f x o txt Cab then f is strictly increasingfunction on ca b

Thrm f R R is continuous and f'Cx exists txt R
Assume IM 0 Sit If 131 EM bX then fl's uniform cont
NT for fCx f a b R be diffable function fCass f'tb
then forany ne R with flassuc f'lb f c E ca b s t f c Ill
prone using guy fox n x

inopital rule if
fgyyj.YI.at yjmafgY HI

Kca to

no sin Limo Sinj COSTCO I f ca lb _o can 3
CtCa b ft f'ccj o

nonexample lying logyy7 infoogxto7g o not
a ficko

Nothinf g i ca b R diffable glx 40
C lim f'tx

x a
C E R V to a

then one of the following holds

finna fix 0 Imagcx o Imsaguy to jmf c

Eling Fx Iim 3 tinges o



Taylor series
Higherderivatives fcab R has derivatives V XECa b and if 5CD

is diffable at all pts f X f Cx
n th derivative f f x

smooth functions f x exist tht IN
limuk e U o
un

limo IT e t o

prove fix
p e ta proveby induction

if XCX Bcx are smooth on R and BH tothenxcD Bcx smooth
smooth steep smooth bump

construct by merging 2
Smooth functions

rescale to fit overco I

guy fix guy fix fci x
fix tf11x fix 1thx

Thrm f a b R s t f existsand is continuous on ca b
and fn'x exists on Ca b Then for any L B t ca b

f B fk f'CD p x tS B L t tf B a
ht Rnkp

n l

if L BRnk B find B Dh f HB

Mthorder taylorexpansion at a f x Pan lxj thf X x

Describe f x hear X x of a smooth function
0th Pao x f L const



1st Pa x f tf ca X D
mth usePamix mdeg poly s t Bim x f an

Error linear approx x D2 f JECx D
2

fin j
fix PamIx hi x D

F x If t lnx yogh i giveninputHR series maynotbe

convergent

2 even if convergent maynotequal
PowerSeries Series of form Cn x Xo

Radiusof convergence CR Sup r o s t if K toter theseriesconverges
if only at x yo R O

converges t x R a

Throne x nlimsuptenth R L
if K XolCR Series converges

if I x tol R series diverges
Prove usingroot test for convergence

EI 4CX f HO uncg o th
0

Taylor series of eat x o P G n
x OFEkg

if f X ECn x yo for IXfolSR then fix t E x Xo wouldhave

sametaylor seriesatto

Def Smoothfunc f Cab R is real analytic if txofca b
fix EnCn Xto forsome neighborhood ofXo

Riemann integrals compute area ofirregularshape curve
cutareaundercurve into thinstrips approx eachby something regular



take limit usingmorei morestrips
Det Partition Pot interval a b is a toExif xn b

Lexi Xi Xi 1
Riemann integral considerany f a b R that isbounded hotnee cont

w P a xoEx E Exn b
Ul Rf FENti Oki

Mi sup fix 1 XfExit Xi
Lexi Xi Xi l
LCP f Ehmi o Xi
Mi inf fCDI Xf Xi l Xi gbf d

UH inf UCPf L f supLCP f a

integratble if UHS LCD
generalization
A Ca b R monoto inc func
f a XoE X E Elin b 8L i L Xi L XiD 70

ULP f D Ulf D
if U Bx LIP a f is Stieltjesintegrable wrt X

f E RID Jfkdecxsetof RSintegifunc I f f day 2
f h

Thrm If a partitionQ is a refinement of a partitionP on Cab

Then the approximate integrable boundsgetbetter
p E LQ E UQ E Up
LIP f x

Thrm L fix U fr Prone by common refinments



Cauchycondition f is integrable w r t L 5 7 V E o 3P partition

s t Up Lp E

Thrin f a fixed
1 if partition tf satisfies Up LpcE then any refinementQ
satisfies UQ LaCE

2 If Up Lpc E and Si C Ii and ti f Ii are 2 sets ofsample

points then EI I flti fcs 1 Oki CE
3 It Up LpcE and f integrable and SitIi

I da E f Si oeil E
If f continuous on Cab then f is integrable Wrtx on ca b

Up Lp Ei Mi mi 08h
fmonotonicand continuous then ft R D

WfPf constructevenly dist Pn L
T

Upn Lpn Ei Mi mi ki i
s

if f is discont only at finitely manypoints and L is continuous
where f is discont then ftRCD
f a b cm MJ 9 cm M R is continuous
if f is integrable Wrt x then h Olaf is integrable Wrt x

integration operation Sfdd is linear1h bothf and x
Thrin If fi f f RK and CER Then

fitfz ERIN If itfda J f da t ffzdx
C f f12cg Sc f da C ff de

linearity in a is similar
If f g E RK and FIDEguy txt Caby thenffdes Sgde
If f igf RK then f g f RCD



if ft RK then Ifl cRCDand I ff.dk ESlfl.dx
f ab R and is continuous at SE ca b and xcx IH s then

f dx fcs
Cn70 for n 1,2 ECnSA Sn a sequence of distinctpoints inCab

xcx ECn I k Sn E on
na n X an

Let f asb R becontinuous Then Stda Cn fCsn

Et xcx IN fix IHS f NOT integrable Wrt

Stieltjes integral assignsweight to an interval I c a

L I L d Lcd Integral Sabfdx is approximatedby
weighted sum E f III LC Ii

density funfion x I Sad x dx ffdx ft x'di
S I R I

Xmonotone inc func on a b s t X exists and is RI

Then for and bounded real function f onCa BJ

ft R K C fo x't R
Sab f da fab f x dx

Co I Let x x2 then f 2x ft Rediff fix 2x is integrable

change of variables X increasing on Caub tfRCD
assume strictly increasing surjective function E A B Cab

B CA B R p Lo e

g A B R g fo e same rulerdifferentmarking

then g CRIP and SBAgdp fabfda
f is RI function on ca b Fix Satflujdu
FCK is continuous

it fly is continuous at Xo then Fix is differentiable at Xo xD f



FundamentalThrm of calculus F is differentiablefunction onCa b

and f F'H is integrable then
Jabfix dx f lb Fla

Can have fCx s t F Ix exists andbounded butF'LD notintegrable

integration by part Ca b assume F G anedifferentiabletune w

F f G g integrable then
fabFdG F Glab SabGoff

fab f a gu dx FlDGCb Fca GCay fabGCDfcDd
Let be monotone inc fun on asb

fn beseq of tune on Ca b ft RCD Assumefn f unit
Then ft RK and

fabtda nli.mxSabfnda

if th seq of integrable fun Wrt L and E fnk convergesunit
SabEn fnix dx En fabfacade

f n sequence of differentiable tune onCa b
w F to E Ca b fncx C

fn x converges uniformly on cab
Then fn f uniformly and fix Ling filx txt ca b


