
I . a) Fix) = cos Cx) - X cont. on IR
,
take E- it , I ]

Fco) = I - O = I FCE ) c o a Fco) ⇒ Ry Rudin 4.23
,

7- X E EO , I] sit . Fox) = o ⇒ cosx - x = o ⇒ Gsx = X

Fc Iz ) = - Iz

b) Can) convergent ?

Bounded since I cos
"

( x ) l E l
.

2-an diverge since for all an
, an > - I

,
I - I diverge with n odd I = - l ; n even -2=1 .

2
.
LCP , f ) and UCP,f) is step function

.

Hint 1 : suffice to show for constant

- C ( cos ( bx ) - cos Lax)
him fabcsincnx) dx = uh;z Ices Lax> Iba = tin a- = 0

.

a-7N n→cs

Fix a E s o .

Then since f- ER , I P sit
.
Os f! fdx - LCP , f ) c E . And LCP , f) =/!Scxldx for some step function . Six)

.

If:(fix) - six)) sinnxdx / E J :(fix, -sus) lsinhxldx E f! fix) - scxs dx c E
.

⇒ - E t f! Six) sinnxdx E f! fix> sin nxdx E s tf! Scxssinnxdx

take him w.r.to n → a
,
ther - E s him if f! fix) sin hxdx E tryna sup J! frxislhnxdx E E

.
He > o

ht is

Hence tiny sup f! fix > sin nxdx = nting int f! fix) sin nxdx = tens )! frxisihnxdx : o
.

3. a) Fix) = fix> ( g ca) heh) - hca) gch)) - gcx) ( flashCh)
- heat fcb) ) thx ) ( fca)gCb ) - g (a)fcb) )

€ linear combination of f, g , h ,
hence F cont . on Ta, 47 , diff . on Ca

,
b)

b ) Fca) = Fcb) ,
then by Rolle 's Thon

,
7- X E Laib) , sit . f-

'

ex ) = O
.

c) Consider hcx) =L and apply part b to it .

4. a) Consider any Cauchy sequence in (Bcxi , dB ) ,

Sf .}

By dit of Cauchy .
He > o

,
IN so

,
them > N

. dpcfn.fm ) e E
.

⇒ ¥×p Ifncxs
- fmlx> I c E ⇒ lfncx, - fncx) / C E for all XEX .

Hence { fr} is uniformly Cauchy ,
implies {f } uniformly converge to some f .

And since fn → f uniformly ,
then f should also be bounded hence in Bcxs

.

b) By part a ,
we knew all Cauchy here convergent sequences in Bex) converge to some elements in Bex>

.

Since Ccn C Bex ) , and by uniform convergence , if {fn3 C Cox ) and converge to f , f E Ccx > since f B coat .

By Ross 13.9 (s) , ( Cx ) 13 closed set in Rcxs
.

c) Suppose It is a complete metric space , then any Cauchy sequence converges to some a EA .
Let B be a closed subset of A -

Then by closeness of B
.

B contains limits of all convergent sequences in 13
, which is also Cauchy . Hence B contains limit for all cauchy seq . in

B
.

Thus 13 is also a complete metric space .

Hence CCX) B a complete metric space .

5
. Suppose Ea, b ] is off measure zero i. e

. 2-vote (Uk) c E for all E s o
. Then it should have a suborner of bad covering .

First note that by Heine - Borel in IR
,
Ea , b) is closed and bounded ⇒ [a. b ] is compact .

Suppose 7- a bad covering for Ta , s] , { Ri , . . . } , then by compactness of tails] in H2
,
then

{ Bi , . . . .
Bn } is a finite bad covering fr Ta, b] . 2- it , length ( Bi ) s Cb - a )

.

Then take Ri U Be = V to replace B , and Bz . And length ( V ) s length ( pi) t length (Bz)

By induction
,
there exists a single interval cover Ta

- b]
,
but its loyth B smaller than b- a

,
contradiction

.

⇒ Tais] B not of measure zero .

6 . Consider E -- I . By unif, cont. of f
,
lfcxi - fcysl c E =L if IX - yl CS.

x - I

Take x s, I , D= #
+ I means the # of intervals with length § in El , x )

.

Then by that I fix, - fu, I c tf . I

⇒ I fix, - fails JIT + I
IfcxHE fast It z = ax tb

Find some Mx such that for all xs, i , MX 3 axes

Fox)
Then thx, I E MX ⇒ ¥ s M

- ax

7. a) Note that e-
"

cos ax E e

so just consider e-
"×

.

If x E ( o, co ) ,
O Ee

- X
c l

,

hence €
,

entx = et t ¥ - ext t . . .
, by convergence of geometric series

, ÷
,

e
-n"

converges .
as

If x = o
,
e
- ""

= I
,

I I =P
, diverges.

N-- l

if XE C -co
,
o )

, e
- "×

= e.
"9 for - X -

-

y , y >
0

.

Then e
"T B not bounded when u -7 co

,
hence not convergent.

Thus E = Lo , -
I

b) No
.



8. a) By Rudin ' 4.29
,

f is mentenic increasing on co
, l ) , x E coil ? fix - ) = a{yp× fit) ,

fcxt ) = ×i¥, fit' .
Since f B bounded on Lo , I ) ie . EE ( oil )

,
fco) E fct ) E fu)

,
Thus by completeness anxious

, sup and if

exits
,
hence fix- )

,
Axt) exists

b) By a
,
fix - I and fats exist at all x E co , D .

Then consider rcx) E Q1 sit. fix- ) L rcx) c fixt ) .

Ry 429 , text ) e fly - ) if xcy ,
then r

,
ex ) < fix's e fry - ) a ralx ) .

so rich train .

Hence a t- I correspondence with Q1
,
hence A B ht most countable

9. a) If x t o , fix , y> = for any y EIR .

Xy is continuous
, x 't y

' also continuous and non Zero , then thx , y' B continuous
.

( treat X as a constant)
.

If x : o
,

f- ix.y ) : ××¥y for y E 112163.

Similarly fix.gs B cont
.

I'hospital
check continuity at y = o .

gli.no. fro . y > = If, fco.gs : fi I !yh÷ 'T = o
.

him for y 7 = fro . o ) , so fco , y ) is
also cont. at y = o

.

y-70

Same f- fy .

x2

b) Consider fixing x -- y , then fix .ge fix . x) = I = I
,

him fix, y)
-
- I ± fco, o) .

( X.y) -710,0)

Hence not continuous .

10 . anti =Ja%
ani

,
= an't at

anti - an' =

(anti tan ) ( anti - an) = ¥

since an and ant , always 3 0
,

and In 3 0
,
hence (anti - an ) 7, o ⇒ ant , 3 an

Hence an B a monotone increasing sequence .

an =IltEi .

9 , = I ✓

Ind . Step : an = JltZI
anti tEa

= Jlt III , ÷

tires an =
= JI .

11
.
All roots are in IR

,
then we rewrite Pex) = C ( X- ri ) . . . Cx - rn) since P only has deg P nots .

Assume r , E rs E
. . .

E rn
.

Hence Peri ) = Pirie .> = 0
,
and P continuous on 42

, by Rolle 's Thin , exit ti
'

E ( ri , rit ,) sit
. Piri' ) : O

.

Apply repetitively n - l times , all ri
'
E IR

,
i -- i

. . . .
.

n - I .

12
.

Fix a s > o and XOE X .

Claim : Cfn ) converges to O pointwise.

facto s
, O th C- IN and fn (Xf 7 fat, ( Xo) , Cfn) bounded for a fixed Xo

,
and monotone decreasing . ⇒ Cfn) converges .

Ry fins sup { fcnxs : XEX } = 0
,
we know for any e > 0 .

7- N > o s.tn. sup { fncx) : x EX } a E if n > N
.

⇒ fix, c E for all x EX ,
n > N

.
Hence fncxo) c E for n > N

. Hence by definition
, thins fncxo) = O . I

Consider this claim
, together with whims sup { fax) : x ex } = tying sup { fix) - O : x EX } = 0

,
we conclude Ifn) → 0 uniformly .

Then by alternating series test
,
fr CX) s, fat . Cx ) for all NEIN

, x E X and fix) 30 , ¥2 fncx' =D for all × EX .

Then Enc- D
"

fncx) converges uniformly .
13 . f uniform cent . ⇒ Ix - yl - f ⇒ Han - toys Ice . Consider In < 8 , then Ifl KIL ) - f ( knit c s C - E -

- I < S )
.

Hence for n = 2M for some m :

II -2,7 , C- 1)
''

f ( E) I e th . F. e e Ez e s
.

If u = 2Mt 1 :

I fall
1 'T E ,?= , C - 1)

''
f ( kn ) ) c th .

- E t T c Iz t lf ← could find some n such that lfc i Iz
.

Therefore It -2,1 , I - 1)Kfc Ice for a > o
,
hence tiny th -21,1 - nkfckn) = o .

14
.
Consider gcx) = fix ) - text E ) is cont

.

geo >
= fcos- f CI)

g (
Iz ) = fetz) - FCT) = FCI) - f-co) since f co) = f- Cott) = FCT )



If geo ) =

g CI ) = O ,
then add T to both

,
i.e . g CT) and gc It ) ,

to get 2 non - Zero values .

WLOG assume geo ) and gc Is to.

glo) and g
LE) must have different signs ,

then by Rudin 4.23
, geo ) c o c g CI ) or g

CE ) co ( geo) ,

I XOE ( o
,
I ) such that g (Xo) = O i. e . fcxo) = fcxot I ) .

15 . let fcxi = a , sin X t a , sin 2x t . . .
t an Sin nx

If ex) l E lsinxl

I fix) - O l E I sink - 01 Note : fco) = sin 0 = 0

I fix) - fco > I E l SinX - sin 01

I fix) - fro, I
⇐
IsinX - Sin ol
-
-

IX- ol l X- O l

t.hn/tIIYexh;n.l " I

1h'm ft) ) c
. I bin siY0 I both diff . at O .

X-70 X-70

I f
'

cos I e l cos ( o ) )

la , t 292 t . . . t nan l E l .

16 . False . Poof . Fan 's ey .

fix> = f
l Tf x = ¥ where p R prime

0 otherwise

claim :{¥ : p prime } n { I : r EIR
,
ne IN } at most once .

If intersect twice, ¥, =L, .jp#--F
,

then = IT which is impossible, hence at most one intersection
.

Hence him FCE ) = O

h-76

But tin fax , does not exist
,

if we consider forming a seq . Converging to 0 by ⇐ :p pine } , then limit is 1 ; if form a seg . with element not in

ftp.pprine3
. Hu linie is o .

it . Consider hcx) = fix> e 9
" )

,
which is also cont . on [a , b ] and diff . on Ca , b ) .

hca) : fca) e 9
"'

= o = heh) = fesses
-b)

By Rolle's Thm
,

7- X E la , b) sit . h
'

(x ) : o i.e . fix> es
"'t fix , es

'"

. g'ex , = o

⇒ est
"
( fix ) t fix> g' ex > ) = 0 since es

"'

> 0
,

hence fix) t g'catch = o for some x E (a , b )

18
. a) Suppose f E R , IP = fo = to c . . .

c te = I } and Ulf, p ) - Lcf, p ) cc .

Rn = th Iii , fl E )
,

each E E Eti -i. t:3
,

here ai?? fix' E feels {÷? fix '

⇒ Ra s 'T -2!
,
# f lek en l In C- Eti -i. ti] } I.pe, fix)

E Tn Ei! ( n Cti - ti - i) ti) . sup fix,

= -2¥ , ( ti - ti -1) sup fix , t th E sup fix ) = Ulf
, p ) t th sup fix ,

Tala IS ,
then him sup Rn E UCP, f )

. By similar step. we can get the inf Rn 3 Lcp, fl .

Then him sup Ra E U U? -1 ) C Lil', f l t C E him inf Ra t E . V-E
,

then hh sup Rn e him infkn
,
hence him the exits.

him Rn E U Cf , p ) for all P
,

and dim Rn 3 ( H , P) for all P
. hence ( ( f ) E bin Rr E Ucf )

, by f E R, Lcf ) = Rofl
,

thus him Rn = fffdx .

b) Take Ex) = f
l X E Q Not integrable since Ucf ) = I

,

Lcf ) -- O

o x¢ 0.

But bin kn = lion th -2k? , I = him l -
- I

.


