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Math104 de Sequence and limits

Recalllasttime

Def I A seaof real numbers an converges to a EIR

if for any e o there exists N positive integer such that

for all n N we have Ian at E

today properties for convergent seq
That Convergent sequences are bounded

recall a seq an is bounded if 71470 suchthat

Ian EM for all n

th
Pf let au be a convergent sequence that converge to a ER

Let s 1 then bydef of convergence thereexists N o sit

Hn N Ian at 1 E at an c att And
let Mi Max as as an

Mz max la il latil

M max MsMa

Thus if ne n we have land E Ms

if n n we have land EMa

thus Itn Ian E max MeMa M

Morale one can deal with the first few term of a seq



f of q

easily it is the tail of the seq that matters

Operationsonconvergentseq
1 HC E IR A convergent seq an a we have

Can c a

Pf If C O the result is obvious

If c O we need to show for any e 0 IN o

sit On N I can Cal E But this is
equivalent to lol Ian al se

Ian all
Now let E Mcl and using convergence of an a we have

N o Sit On N Ian al c E IT This gives us the

desired N A

a If an a but b then antbn atb

Pf We want to show HE 10 IN sit

Un N lantbn atb E

The requirement I Can a Cbn b I E CA

Ican a Cbnb le lan alt Ibn bl by triangle inequality

in A lan alt Ibnbl CE
tan al g

ca

AAA
a Ibn bl 92

By convergences of an andbn I Ni Na sit

An Ni Ian ale s An No Ibn b



I
Take N max NiNa then On N AAA is satisfied

hence CA is satisfied

ca if an a bn b then an bus a b

pf let one C 1 bn then Cn b
then antca a b

3 If an a bu b then an bn a b

Pf INTS HE 0 IN Sit On N

lanbn abl se CA

lanbn abl I ancbn b tan b abl
Ian Cbn b Can a bl

E lancbn b It ten a bl
E tant Ibn bl t Ianat lbl

a an is bounded i 711170 sit Ian EMa th

Ma Ibn bl t Ibl Ian al
A Mi Ibnbl E

Ibl lanat
AA

Since an a let E Ibl then IN sit An N

Ian at E E Ibl lanat

Since bn b let Ez Mi then 7Nz sit On Nz
Ibn bl e E Mi Ibn ble E

Let N max Nc Nz thus for all n N
we have AA holds hence A holds I



4 If an a and an o th and a O

then tan ta

Kote anto does not imply ato

ex an ht a O

Pf WTS HE o IN sit An N

tan ta se ca

tan tale I In Fiat
claim a co sua that lay a yn f
let e al 2 then I N sit

An N Ian al E al z

talks an as 1912

f

II s ta

let ca min last lad Ian 0

I

Thus I I



Hence CA 19,591 se CA

and A can be achieved using an 5A A

cot if an a bu b and buto b o

then Gn E

Pf In An In In I by lemma

I An In a I C productof convergent seq
still converge

I

Thing Useful Results

a hip he 0 Up o

ca like an O H lakl

13 It n't 1

sketch let Sn n't 1 thas su O th positiittegen

It Sn ht Hsn N

using binomial expansion

Itn Sn t nest sit n

ME si en

sis
Thus Sn o as nor



147 lim at 1 for all a o
nor

Iim at alimt go 1
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