
 

10 in Ross monotone seq limsup liminf

Def limSu ta A sequence Sn is said to diverge to th

if for any MEIR there is an N sit

Su M t n N

Itt
Recalls
Def Ifat Given a Eset S C IR If S is not

bounded above then sup S th If S is bounded

above then sup S is the number P that is

an upper bound and for any E o there is some s E S

that s r E r E is not an upper boundof S

Def value set of a sequence If Sn is a sequence

then II the subsetofIR that Stvalues in is called

the value set

Ex Sn 1,2 1,2 1,2

Sn n 1,23

journey

foot print

Sn 1,1 2,2 1,1 2,2
Su 1,2



Sn 1,2 3,4
SuÉ 1,213,4

Def monotone seq
A seq can I is monotonically increasing if

Anti 7 An HN 1,2

A seq an is monotonically decreasing if
Anti E An Un

Ex a fan a constant seq is monotone increasing

decreasing

Au 1,213 is increasing

a fan th Tt increasing and
n liman o bounded above

hence bounded below

Tim A bounded monotone sequence is convergent

Pf only prove for increasing seq Let can be a

bounded monotone seq Let 2 sup ayÉ f supnan
Then an e r Un

n for any E O I Ano sit Ano 8 E
Thus for any Ezo let N No no definedabove then

for any n N we have



y

8 EL Ano E An E r

thus Ian 21 C E

Hence Iim an r a

Ex Recursively defined seq
let s be any positive number Let

Snt SIF that

we want show himSn exists and find it

Rink I if we assume limsn exist call it s then

s 52
S satisfies

AA

we can apply the operation tinny to bothsidesofCA

A 25 5 5 5 5

S can be 155 Since Su as a positive seq

limSu can onlybe 30 thus S can only be 55

2 To show Lim Su exists we only need to show

Sn is bounded and monotone

Hereisatrick let fix If then sat fish
Consider the graph of f i e Y fax
consider the diagonal i e Y X

Ji



y See

i if 55 we should try to prove
I 535 5

14 t O EM then we Éhave sa 55 we can consider

Iz that reduces to caseCD

If Sn is unbounded and increasing then Iims
decreasing then limSu D

Liminf and limsup of a sequence

Def limsup Let Su be a sequence

limsup Sn Ling sup Smmin
new

notation

Dfs Sn In is called a tail of the seq Sn
starting at N



An sup Sn n Sapna Sn

limsups LingAn

Ex a Sn 1,2 3,4 5

g
n

Az sup Sn to

Az sup z Sn th

limsupsn limAN to

a su t t

As sup Sn 1

Az supnzzSn 1

An 1

limsup Sn limAn 1

actually for any monotone increasing seq limsupSu supSnAi

Ht3 Sn

Sn 2 Itt Itt 1 4
As Sup 2 Itt 1 3 3 2
Az sup Itt Itt Itt Itt
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An Sn Itta
limsup Sn lim Itt 1

Lemmy An supman Sm forms a decreasing sequence

Pf since SmmIn 2 SmmEn hus

sup Sm3min 7 Sm mine

i e An 7 Anti

as LimAn inf An n inf A
no

4 Sn C i th

S 1 52 12 53 13

i
As SuptSu Sa I

Az 12 A 54 4
Ar I I I I I
An is like the upper envelope

limsupSu himAn 0


