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1.10)  Prove
inhaus n.

Base Case:

Assume  +hot

n=1

(20404 (2m3)4+ .. + (Mn-1) =3n* for all positive

(am+) = 3en* v

(At 0+ (2012 +(2n4$)+... +(4n-1) = 3n*

(a0 #\ ) + (20040 +3) + AN +5)4 -+ (Hn+D-1)

2.1) Show I3, {57, {24,\31 ave not rationald numbers

Use 1he rationed roots +heorem.

B3: x*-3=0

3§ x*5=0

{3: x%-7:0 hes possible solutions

has possible solutions

has possible splutions

21,23 , neither work

21,25, neither work

21,13, neither work

= 3a%-(2n+0 by inductive hypothesis

"

3n-a2n-l +4ntl t Unt3
= 3024+bn +3

3n+Y

o

P x%- 2420 has possible solutions

$),22,#3,%4,4¢,£8,112,12Y

= (an13) +(2na+5)4 (a4t ot + (M D) + (Un+3)

and none work

V3): x2-31=0 has possible solutions

22)
Use #e rationad  rools +heorem

21,13) , heither work

Show X, XS, 4T3 are not rationed pumbers

1.12)  a) Venfy binomial Jheorews for n=1,2,3 ';{i: X3’9=0 has possible solokions = | 2 neither work
nelr G’ = (Ba' ¢ G)p A5 X%6:0 s possivle solohions 21, 45 neither work
: atb Hi3: X130 was possive solvkons 11,313 nejther loork
n-2: (@)’ = (3a2+(Da'b+(3)02
= 0%+ 2ab+b? v 27)  shw He ﬁ:llowina are mh‘onal
n=3: (aan)d= (3Vad+(Datb+ (3)ab? « ()61 a){HaE -3 b) {ruva- V2

= a® +3a%b+ 3abi+ b

b snew (40N = (%) fere1,2,0,n

)

n! L wl
k!n=)! D! [n-k)!

_ oallnesy . 'k

T kl-ean! k! (n-ien)!

& nlln-ke1tk)

T kmeeen!

P P (X Y (YY) )] ~ e
k! (na-)! ki) T ( k)\,

Base Case * pard a covers i+

Assume Lo+ = (Da" ¢ (Na™"bs . + [pyab™" + (3)6"

(@™ = (aip) [(",),," e (Na™ bt leadab™ + (1)

= (D™ e at ¢ (Va"br (Va8

"

i

(";‘) 4""4-(",“)4)"57... + ("W)ab"+ (w

= {5233 -3
AHT =

o3 alBa+3 = U+ a3

qr2{3

a3y -1-23= 0
X=1 is asolvfion tthis zzvab'm

and | is rational -

0"

Mab+ (7) b

(B (5 +(M]a"b + o TR (D" s (2"

()™ (" )a"be + (W)ab"+ (RYB™" by induetive hy pothesis

)LII?I o

a= {eraz -2
xT ={Gruls
A% aFx+2 = 619V
A*+203A -4-4{Z = O
X=Q is & Solution. yhich

is rational



3.6)  a) Prove larbic) £ lalslbisle) Va,b,ce R 4.14) 0.) Prove <op(At®) = sup(A)+ s+p(B)

Triangle  ineguality: = 8 sup (A+B) £ sup(M) sy (B
i) 1 ] P P

lasbicl £ lal+ btc) det CEAtB . c=atb forsome

laj+ibic) £ lal+ 1b)+he) aeA and beB. Therehre ¢ £ supld)t sup(B)

=> latbicl £ lal#lbl41c) and becavse c is evbitrany , suplA1B) £ SuplA)+splB) .
b Prwe [4ytagd+ Gn |2 121410214 - 4)an) ST Sup (AB) = sup (A +sup(B)
Buse case * For n=a ,+hisis given by 4he rangle et ceA+B.  c=arb  aeA, beB
ineguality a+b £ sup(A+8)
Assume 10,405+ +Qnl £ 14,14 - +100) assoplAB)-b
Then, Jayt-. +Qnil 2 141t 4 Qnl + lapn) so for atl possiole b's,
by dhe Hiangle incgualiy = M ;,‘gm"‘ sUp(AY £ seplATBI—b  aka
1,44 Quur £ 1004+ # 1 ) 4 1Biae) Sup(A+8)-b i3 an vpper bowel Br A
which is e desived jneguality o b £ soplA+4Bd-suplA) ybeB

Sop(BY < suplA+B) ~sup (A)
Su?(ﬁ)'\su?(g-) £ S\;?(A‘l 2)

4.0)  a,beR a<b . Snow infnitely many atinals bebveen A
= sup(A) 5uplB) = sw(A+E)

and b

The denseness of @ (43) says here oxiots a raponal b) Prove int (4+8) =ind [A)+ inf (B)

rE@ st acr<b. Initively, we an findl infinitely wany smaller 2 inf(AtB) = jnf(A) +inf(B)

radionads by applyng He denseness stdement  recursively. let ce AtB  czarb aeA bEB

el ¢z atb 2 lnf () +nf(B) frall possive
To prove i1 move Brmally, Tin hesitont b use indloction (sine we're a and b, SO ifCALE)> inf (A)inf (B)
Jealma wh )nﬁnﬁa)~ Tl do  condradichon, - S inf (A48 £ ind ()1 (B
Qb ce AtB  c=atb  aeA bEB

Ascome Aure are p Hite  number of raboneds  between o a+b = inf (4+8)

and b. Tave 4w maximm and collit V. By e denseness a2 inf(A+@)-b
of &, Jr' st r<ve’<b, bt tis meks r’te  YoeB, infld) 2 inf(4D)-b

new yaximum, which is a condmdiction . 2 inf (AR -inf (A)
. e

Treefove, eve ave an infinte  pumbey of rationals Jower bound for B

between g and b- it (B2 inf CA+B) -inf (A)

inf(B)YinflA) 2 inf (A1B)
= inf (A1) = inf (A)+ ind(B)



75) a) lim Sn Sn=in21 -n
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b) lim Wnzan —nd
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