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1. 10) prove l2ntDt 12h1- 3)+ . . -
+ (4h -1) =3nZ for all positive 2. 1) Show 53,55 , V7, 524,531 are not rational numbers

integers n . Use the rational roots theorem .

Base case : n=1 (2117+1) = 3 (1) 2 ✓ V3 : ✗2-3=0 has possible solutions 1--1,1=3 , neither work

Assume that 12Mt 1) 1- (2nt 3) +12Mt5) t . . . + (4h - 1) = 3h2 55 : ✗2-5=0 has possible solutions -1-1,1=5 , neither work

(2 Cnt 1) + 1) + 12 Cnt 1) + 3) + 12 Cnt 1) 1- 5) t . . . + (4 (ntl) - 1) Ft : ✗2-7=0 has possible solutions ± 1,1=7 , neither work

=

(2nt3t5)tn(2nt7 14Mt 1) 1- 14h 1- 3) 524 : ✗2-24=0 has possible solutions 1=1, I 2,1=3, 1=4, -1-6,1--8,1=12,1--24

= 3h2 - (Zntl) by inductive hypothesis and none work

= 3h2-2h - I +4Mt It 4h 1-3 V31 : ✗2-31=0 has possible solutions ± 1 , I 31 , neither work

= 3h2 + bn +3

=3 Inti
☐

2-2) show V2, V5, 'VE are not rational numbers

Use the rational roots theorem

1. 12) a.) Verify binomial theorem for n=1 , 2,3 V2 : ✗3-2=0 has possible solutions ± 1 , I 2 neither work

h=1 : Catb)
'

= (d) a
'
+ ( t ) b ' V5 :

✗7-5=0 has possible solutions 1=1
, -1-5 neither work

= atb ✓
V13 : ✗4-13=0 has possible solutions 1=1

,
I 13 neither work

n --2 : Cat b)
2
= (8)a' + (7) a' b' + (3) b2

= a't 2ab+b
'

✓ 2.7) show the following are rational

n=3 : (atb) > = (3) a> + (7)a' bt (2)ab' + (3) b' a.) FI-V3 b.) ¥2- T2

= a
>
+ 3a2bt3ab't b

>

✓ ✗ = FE- V3 ✗ = ¥42T-T2

b.) snow (1) +1111) = (
"¥ ) for 1<=1,2 , . . . ,n ✗+53=4%3 ✗tT2=rÉ

✗f- 253×+3=4+253 ✗21-252×+2=61-405

ki.hn#.tc-7!Tn-kT-!x2t2Fsx-1-2Fs--
0 ✗2+252×-4-452=0

= .tk?iI.-k+n:X=1
is a solution to this equation X=2 is a solution which

=

and I is rational - is rational

=¥¥,ii÷i÷⇒ :
-

- (F)
✓

c.) Base case : part a covers it

Assume latb)" = (7) a" + (7) an
-'
bt . .
.tn?i)abn-' + (1) bn

(atb)"" = Cat b) [(1) an + (7) an-' bt . .
.tn?i)abn-' + (1) bn]

= (7) ant ' + (1) anb t (7) anbt (7) an- ' b' t . . . . + (2)abntlnnlb
""

= (7) an" + (f) + (D)anbt . . . . + [ (1-1)+11 )]abnt (1)b""

= (1) ant 't (Y
' / ahbt . . . + (

" lab" t (1) b"
"

by inductive hypothesis

= ( NY) ant 't /Y
' / ahbt . . . + (

n lab" + (¥+11bn
"

☐



3. 6) a.) Prove latbtcl I laltlbltlcl Fa, b. ( EIR 4.14) a.) Prove supl AtB) = sup (A)+ sup (B)

Triangle inequality :
→ :

sup (ATB) I sup (A) 1- sup (B)

latbtcl I laltlbtcl let CEATB . c=atb forsome

laltlbtcl I laltlbltlcl a c-A and b c- B .
Therefore CE sup(A)t sup(B)

⇒ latbtcl I Ialtlbltlcl and because c is arbitrary , sup/AtB) Esop(A) tsuplb) .

b.) Prove laitazt . . . + an 1<-19 , ltlazlt . .
- + tant ←

Sup (ATB) I sup (A) + sup (B)

Base case : For n=2 , this is given by the triangle let CEATB . c=a+b AEA
,
BEB

inequality atb I sup CATB)

Assume laitazt. . . + Ante 19 , It -
. - + tant aEsuplAtB) - b

Then , lait . . . 1- Anti 1£ 19 it. . - 1- Ant + tant, ) so for all possible b 's
,

É= 19, It . . - + tant from
by the triangle inequality inductive hypothesis sup (A) I sup CATB)

- b aka

19 , t.it Anti 1£ lailt . - -- + lanltlantil sup (1-1-13)
- b is an upper bound for A

which is tee desired inequality ☐
BE sup (1--113) -Supt A) Fb C- B

sup(B) E sup IATB) -sup (A)

4. 11) a ,bER a<b. snow infinitely many rationals between a sup (A)tsup (B) £ supcAt B)

and b.
⇒ sup (A)1- Sup/ B) = supCAtB)

The denseness of Q (4.7) says there exists a rational b.) Prove int (AtB) =inf (A)+ Inf (B)

REQ s -t . a crab . Intuitively ,
we can find infinitely many smaller

→ inflAtB) ? inf CAD tint (B)

rationals by applying the denseness statement recursively . let c c- ATB c=a+b a c-A BEB

c. = atb ? int (A) tint (B) for all possibleMeta :

( To prove it more formally , I'm hesitant to use induction (since we're) a and b
,
so infcatpsinfcatinf (B)

dealing with infinity ) . I'll do contradiction - ← int ( 1-+B) I inf (A) + infoB)

let c c- ATB c=a+b a c-A BEB

Assume there are a finite number of rationals between a atb ? in-11-1+13)

and b. Taketa maximum and call it r . By the denseness a >_ in flatB) - b

of Q , Fr
' s.t.rs r 't b , but this makes r

'
the FBEB, in-11A) 2 in-111-+13) - b

new maximum , which is a contradiction . b. I inflA+B) -int IA)

Therefore , there are an infinite number of rationals %ÉdforB
between a and b. int / B)I infCA+B) -int /A)

in -1CB)tinflA) I inflAtB)
⇒ inf CAT B) = inf (A) tint/B)



7.5) a.) lim Sn Sn=Ñ+- n

* -n•E¥n=÷:n

=n¥-n n¥%n¥+n= 0

b.) Iim WF-n)

lim
n"¥. =n"-%¥n+n=n→•+¥-i=É

c.) Iim (Fife -2N)

¥1 "÷÷n;÷n= 'im
n→x ÷É→n

= Iim 1-

n→x Eh +2
= IT


