
1. 10 Prove 12h -11 ) + ( 2h -13) + (2h-15) + . . . + 14h- 1) = 3h2 for all positive

integers n .

4h - I = In-1)+ In) , rewrite problem as

12h -11 ) -1 (24+3)+(24-15) -1 - - . -142h - 1) +②n )) = 3h2

P-d-byiudaoi.ba#sen=l:3--3Induc-ieHypotIs:
Assume Pik ) is true for n=k , then

②K-11 ) -1 12kt 3)+ (2k-15) -1 . . . + ¢1k -1) = 3K
'

T¥Yn= 1<+1 :

LHS = ② (Kt) + 1) + (24417+3)-1 (24+1)-15) + . . .
1- ( 21kt 1) -1 + 21k -11 ))

= (2kt 3) + Kk-15 ) -14k -17) + . . .
-1

= (24+1)+2 + (2×+3)+2 1- - - . + ( 2k -11 -12kt 2)

= 1) +2k -114k-1s)

=

= 31<2-1 6K -13

= 3 ( K -11 ) 2

hence it's true for n=k-11 .

1- 12 a) n=l : Latb) ' = (d) a' + (1) a'- ' b' = a + b ✓
A-2 : Latb) 2 =/ 3)a- + (3) a' b' + (E) aob

'
= of-12abt b- ✓

n=3 : Cat b)3 = (f) a} -1 (3) a- b' -1 (2) abz + (3)b} = a> + 3aZb+3ab4b
}
✓

b) (1) + (In ) = µY⇒ + ftp.#+iJ !

=
+ ¥i¥+ :

=

=

n'

= I.EE?.-,i--E?InYi.i-.-- ( "E) by detn .



1. 12 c) BI . for n=l : @+b)' checked in parta) .

III. Suppose n=k , Plk) is true , and

catb) k= (F) a" + (F) ak-1b + . . . + (E) ab" - ' + (E) bk

II. for n=K-11 :

Catb) 1<+1 = Cat b) ( atb)K

= @+b) ((F) akt (4) aktbt . .. -11¥ , )abk - ' + (E) bk )
= (E) ak-11 + (F) akbt . . . + (E) a- bk-1 + (E) abk +

⇐ -<→ →

(E)cÉ+(4) ak-1 b- + . . . -11¥ , )ab" + (E) bk-11

= (E) a"" + ((8) + (Y))akb+ . . . + ((E-1) + (K)) ab" -1 (E) bktl
= (E) ak" + (4+1) akb + . . . + 4¥ )abk+ (E) bk"

= ( F) ak" + (9+1) akb + . . . + 1k¥ )abk + ÑÉ¥)b""

2. I Show V3
, Fs , Ft , fzy , 531 are not rational numbers

.

V5 : by 2.3 Corollary , the only rational numbers that can be sons

of ✗2- 3=0 are 1=1 , 1=3 .

Substituting 1=1
,
-1-3 into ✗2-3 Shows they're not solns .

Since 53 is a soln
, it cannot be a rational number .

Similarly for 55 , ft , 531 , substituting {-1-1,1--5} , {-1-1,1--7} , { 1=1 , -1-31 )

respectively shows they're not solns . Hence 55 , ft , 531 aren't rational numbers .

524 : 524=256
,
suffice to show 56 is irrational .

possible solus for ✗2-6=0 : 1=1
,
1=2 , 1=3 , 1=6 , substituting shows

they're not solns . thence Jay isn't a rational number .

2.2 Show § , 755 ,
4513 are not rational numbers .

3Jz : ✗3- 2=0 , possible soln : 1=1 , 1=2

substituting shows they're not solns . Hence Fz isn't a rational number .

by similar logic , FF , its are also not rational numbers .



2. 7 Show they are rational :

a) €2B - f b) Ft- f

✗ = FEB - JT = 2+Vz# - f

☒+ B)
2
= ¢-12B =(E+zÑ - I

✗7- 3-1253×-4-253=0 = (Ftz) - fz

✗2+253×-4+2 = 0 = 2

Ex-ill -1253 ) = 0 hence it's a rational number .
✗ =l=4✓B,

so it's a rational number .

3.6 . a) Prove latb.to/Elaltlb1tlc1V-aibiCER .

By triangle inequality , we know latblclal-lblv-a.be/R .

Now consider D= atb . then by triangle inequality ,
Id-14 £ Idl -114 ⇒ latbtd c- latbl -114 ,
since latbl < laltlbl , latbtcl E la / + Ibl -11C f ☐

3.6 b) Induction : prove laitazt . . . + an / E la , / + lad -1 - - . -1 / ant

for n numbers a, , Az , - -
. / An .

BS : n-tla.IE tail ✓

IH : suppose its true for n : lait Azt . . - + an / Ela.lt/az1-...-lanl

IS : for n -11 : la, + Azt . . - + an -1 Anti / £ / Aitazt . . . + an / + Ian-111 ,

and laitazt .- . + an / + tant , / E tail -1 lay -1 - - - + Ian / + / anti / ,
T.tt

hence la, + azt . . - tant anti / E tail -1 lay -1 - - - + Ian / + / anti / ☐



in
4-11 Consider Aib c- IR where a <b. Use Denseness of ☒ 4.7 to show

there are infinitely many rationals between a and b.

4.7 ☒ : aib ER
,
acb ⇒ there is a rational re ☒ sit . acrcb

.

We know : 7- m , n c- I sat . AL #<b.

Suppose Ma is the only rational between a and b.

then ahem <bn ,

⇒ an - me 0L bn - M
.

( : A , b c- R , and n c- I ,

i. an
,
bn c- R

,
and an -m ,

bn -MEIR .

✓ Statement means that in the set R , an - m is the lower bound

and bn -m is the upper bound which we know is false since

IR is an infinite set
.

So there are infinitely many m , n that

satisfy an -mco <bn -m ⇒ Fn is not unique rational number
s -t - acrcb . ☐

4.14 a) let b c- B. let a c- A .

then atb E A-113 , and a-1b£ sup LA -113) .

A-b E sup LA -1 B) -b , since a was arbitrary ,
sup (ATB) - b is an upper bound for A.

Then since sup A is the least upper bound for A , we must have

sup A E sup LA-113) - b .

⇒ be supLA-113) - Supa, ⇒ sup LA -1B) - sup A is an upper bound forB.

so supBE sup (ATB) - sup A. So Supa + sup B E sup CATB) .

On the other hand
, for any c c- AtB (c= atb)

,

c = a-1b£ SupA + sup B.

-

: This shows sup At sup B is an upper bound for ATB, we must have

sup (At B) E sup A + sup B as well .

Combine both directions ☐
.

4. 14 b) let c c- - (ATB), then c=
-Cat b) for some a.c- Ai be B,

so C- f a)+ C-b) c- - At _( B.) On the other hand , if CE -At C-B) then



c = -at - b some ae - A and be -B
, so c= - (Atb)

,

atb E A -113 meaning C E - (ATB) .

Using this , Inf LA-113) = - sup C- CA -113 )) = - Supt -At - B) , by part a) ,

- ( sup C-A) + SuptB)) =
-sur-A) + - sup c- B) .

Then using
-

sup C- A) = inf (A) ,
- Supt - B) =infB ,

☐
.

7.5 a) him Sn ,
Sn = FF - n = (F - n)F#n =

ni
F- + n

= ¥+n
denominator Eth → no as n → x , so Sn → 0

.

b) himF- n sn=%-n)%¥=n¥-m¥+n
D=
n_

near
= Ñ¥+T) = ¥+7

sincen → no as n→ no
, Sn → 0 .

c) limfnT-n-zn.sn-F-n-zn-anz.int-zn T¥¥n++÷
= 4n4n-4I

=¥In =

#

4n4T+zn nfÉ+zn
= n¥É) = ¢¥+z

since h→ ✗ as n→ x, Sn → 0 .


