
HW 4 Ross 12.10 , 12.12
, 14.2

,
14.10 ; Rudin 3.6 , 3.7 , 3.9 .

3.11

12 . 10 Prove (Sn) is bounded iff limsuplsnl < + ✗ .

① Suppose (Sn ) is bounded above . Then by otefn
,
Lim sup / Snl =t < +✗ .

② Suppose him sup / Snl < + ✗ .
Then him sup/ Snl =t .

-

.

' him ( Sup {lsml sit . m> n } ) = t
,

-7 NEIN s -t -

/ Sup { Isnt s - t - m > N } - t 1<1 , ⇒ sup { Isnt s - t - m> N } < t -11 .

So for all m > N , / Smkt -11
,

and for all n , Isn / f Max { Isil , Isa / , - . .
, Isn / , + + 1) .

hence (Sn ) n c- IN is bounded
.

12.12 (Sn) be a seq of nonnegative numbers ; for each n define

on = b- ( sit Sz + . . . + Sn )

a) Show 1in inf Sn e liminf rn e limsuprn elimsupsn . c) him rn exists , Lim Sn DNE
.

Prove him sup rn e him sup.sn : sn= 1-1 )n

given M and N sit . M > N
,
we claim that him rn =D

,

limsn DNE
sup rn E s'+'"µ + sup SK
n>M k>µ

(2)

4)
Proof (2) : show Tn E s'+- + supsk

for each n> M .

n>M K>N

-

: n > M> N, we break rn into two parts :

rn = G+_ = sit- + sNtl+n___ (4)

-

: n >M {① $t- in (4) is less than "+- in (3)
.

② SN-i-j.to# in (4) is E than sN+l- in (3)
.

⇒ combine these two statements ① ②
,

we see that e) holds
.

Then fix N , we take the hint of (2) as M → ✗
, we see that

him sup on E SKYPNSK . (5)

Taking the limit of (5) as µ→x
,

him sup rn e him supsk .

The proof of him inf Sn E him inf rn is similar
.

b) Show if limsn exists, then Iim rn exists and limrn = limsn
.

if limsn exists , then him int Sn = him sup Sn ,

So him infsn-liminfrn.lim Supt Elim supsn becomes

Liminfsn = liminfrn = Iim sup rn = limsupsn .

( if a seq in cow .

,
its seq if average is also conv. )



14.2

a) -2T¥
, hn-1-zr.tn ,

since Itn is div ⇒ I ¥2 is div

alternatively : ¥ > c-nt
, for n > z : hn-t-zyn-n-z-n-1-nz-z-z.tn

,

since Eth is diu
, ⇒ ETF is div

.

.
b) I 1-Dh : El-1 )h is div b/c limit DNE for fish

.

c) I 3nF = I ¥
,
I ¥ = 3 Entz

,

' : Entz corn .

,
-

-

. 32-52 = 2- 3m¥ con
.

d) I ¥
,
KID F- = 0 b/c 3

"

is exponential in n , n
}
is polynomial in n .

13" = elntstn )

e) -2¥: . k¥✗ / Y¥¥ . ¥ / = k¥✗|in¥Ñ / = Kyi 4¥ / = o < t.com. absolutely .

f) I ¥
,

him sup ftp./tn--limsup/'-n/--o ,
⇒ corn . absolutely .

e) him sup / an¥n / = liminf =0 g) -2 In him/ 1¥ . In / = Elim/HE /
⇒ Ian anu .

= Ict
hence now

,

14.10

Ian : diverges by the Root Test but for which the Ratio Test gives no information
.

ratio test

no info : high / ana÷ / ,

him inflana-I.is Lim sup 10m¥ /

root test
div :

A = him sup / an / > 1
.



Rudin 3.6 , 3.7 , 3.9 .
3.11

3.6

a) an = Tnn - rn
,

an = *_F¥¥I
>
= FnÉ¥=¥+rn > ¥,

which div
.

lp=I)
: . An div .

b) an = rn-n-nrn-an-tk-T.IT#IETY-=nYf-I-rn)=nIn+rT+rnj
= ¥g <¥ which conv . ⑥=-D

,
i. bnconv

.

c) an = Mn -1)n =(ntn_i)">(n¥)"whichdiv.b#¥)"=n±div
.

Fn → 1 as n → ✗ , hence an → ( 1- Dn → 0 as n→x

Using root test , anti = Tn -1 → 0
.

: an aonv .

d) an =¥ for complex values of 2- . ⇐ Is 1
,
then an 3£ so it doesn't go to zero .

⇒ div .

12-1>1
,
then r=ÉK1 which conv . by

geometric series .

3.7 . Prove conv - of Ian implies conv . of -2¥ .
if an 20 .

Ian eonv : then high an -0 .

limran
Now -2T¥ : n¥mr¥ = n→_ = o

hitman

fan- tn ) - 30 ,

(Anitha - 2T¥ 70
rant ⇐ Ikan)4h⇒

-

: Ian conv, Ican)
'

cow .

b/c Cenci for n→x
,

⇒ Can)Z< an .

3¥ conv . ( p= 2) ,

:
.

Fan Conv .



2- Cnzh
,
✗ =/iysupf.pe = 2- {

✗ = Or R= to

✗ = +✗ , R=O
.

conv : 12-1<12
I div : 12-1 > R

3. 9 Find the radius of convergence of each of the following series :

a) I nszn , can =P
, Ling aa÷, = K→%f¥p =/ , R-4

b) I 2÷zn
,

can = ¥
. . hjmaa÷, = IT ✗ ¥+11 ! = him

= taking n-11 = ✗ ,
R=x

.n→x

Citi )2
c) I F- zn , an =# him aa÷, = ✗¥+7 =kF* = takes ¥¥ =L

,
12=1-2

✗
3h -11

d) 2-¥ zn
, an =¥

, ¥ggaa÷,
= ¥ . ¥-3 = 4-50127%-3 = 344×11+1-7=3 , 12=3

3. 11 an> 0 , Sn = a , + - - - + an , Ian div
.

a) Prove that Ei¥andiv-z-9-anr-EY-anan-T-IH-fanl.li#o1-Fan--1=o,soEandi-
Proof by contradiction : Suppose I ¥4 is corn , then Lim.9¥an = 0

.

n→x

him an

n→ ✗
Fan = kiss 1- Fan = 0 ,

⇒ high tan = I ⇒ an → o
.

this is a contradiction since Ian div
. ☐

b) Prove 9T¥ -1 - . . + §I¥- 71 - ¥7k , deduce that I ¥n div
.

+ . . . + ¥¥ >¥ ( anti + an-12-1 - - . + an-1k)

= ¥k ( SN-1k - SN ) (Sntk = Ait - - - + An +A9¥+k)
= 1- §¥k

Prove

c) ¥n E ¥ - ¥ and deduce that -2%7 corn .

RHS:= = cs%→n
NTS : San > (Sn -1)Sn

,

since an >o , Sn > Sn -1 , so Sdn 3km, )Sn ⇒§÷zc%⇒
him-2¥ - ¥ = €

,
cow .

to tan
, by comparison test , -2%7 conv.

d) I ¥n-an and E¥Éan
t a

convo or div . converges since p=2 .

H H

if an -_ tnz , if Nan CK ,

Z¥nan corn. then -2%7<=-2 an . ¥ which div .


