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13.3 B = { ✗ I ✗ =L × , , xz , . . . . ) } .

d(✗ ' 4) = sup { I ✗j - y,- / : 5=1,2 , .
. . /

.

a) Show d is a metric for B.

① dlx, x ) = Sup { lxj- Xjl : 5=1,2 , - . . I = 0 ✓

② dl -11×7 =

sup / lyi -Xjl : f- 112 , . . . } = sup { I ✗j - y,-1 : j= 1.2 , . . . / = dlxiy) ✓

③ dlxiz) = sup { lxj - zjl : 5- 112 , - - . }
dlxiy) = sup { I ✗j - y,-1 : j= 1,2 , . . . / -

: I ☒ i -Zjklxj - Yiltlyi -2-51 by triangle inequality ,
dlyiz) = sup { lyj - 2- jl : j -4,2 , - - . I i. sup /Xj -Zjl E sup (Nj - Yi It Hi -2-51 ) .

dlx, 2- ) E d IX. y) + dlyiz )

b) dtlxiy) = Ij? , lxj - y; I ?→ define a metric for B

The sequences are bounded , series Ii Ki - Yi / need not converge .

⇒ d* is not a metric defined on all pairs .

Counterex : ✗=L 1,1 , . . . , 1) , y= 10/0 , . . . . ,o) ,
I / Xi -Yi / = Ei? ,

I doesn't conv .

13.5 AIB relative complement ( objects that belong to A but not to B) .

a) Verify n{SIU : UEU } = SIU { U :b c- u }

let ✗ c- n{SIU : UEU } and Ye SIU { U : UEU }

① Show ✗ E SIU {U :O c- ul : ② show ye M { 510 : UEU}
⇒ ✗ c- SIU for every UE { U } , ⇒ we know y c- SIU { U : UEU}
⇒ ✗ ¢ U for all UEU ⇒ y ¢ U{U :O EU }
⇒ ✗ ¢ U { U : UEU } ⇒ for all UEU, y d- U , YE SIU '

⇒ ✗ c- SIU {u : UEU} ⇒ yen { SIU : UEU } .

b) Show that the intersection of any collection of closed sets is a closed set

PI
. Suppose E = Ei , Ez , . . .. ,

En ES are all closed
.

then SIE is open for every E E E ble SIE is the relative complement .

take U = { SI E : E EE } which is a family of open sets ,
and E = { SIU : U c- u ) b/c for each EE E , E = SUSIE)

then M { E e e } = n{SIU : UEU } = SIU { U : UEU } by
De Morgan 's law .

⇒ A { =L c- E) = SIU { U : veil}
taking complements of both sides

⇒ sin { EEE} =

U{U;paY _⇒



⇒ sin { EEE} =

U{UjpaY
this means that the complement of n { EEE } is open .

⇒n{EEE } is closed
. ☐ .

13.7 Show that every open set in IR is the disjoint union of a finite or infinite

seq of open intervals .

⇒ NTS : any open subsets c- IR can be expressed as the union U= Uieulai -
bi ) of

disjoint open intervals ( allowing ± as end points) .

The completeness of the real numbers : on the extended real line RU {to}
,

every subset has a supremum and an infimum
.

For each ✗ c- U , let ax = inffzcx / (Zi ✗ICU } and box = int { z >✗ I ix.⇒ c- V7 ,

then Ix : = lax , bx ) is a maximal open interval contained in U
.

Note : for × , y c- U , the intervals Ix and Iy are either equal or disjoint ;

taking I C U to be a set of representatives for the equivalence relation

Xry ⇐> Ix =Iy ,
⇒ U= U ✗ c- ±

Ix
.

☐

4. For a subset S of a metric space , prove that if s ,
= 5 and 52=5

,
then 51=52

.

J : closure of S : { PEX 1 there is a subsea Cpn) in S that converges to p }

Want to show : I = J
.

Since 5C I
,
we need to show JCJ .

5. Prove that 5 is the intersection of all closed subsets in ✗ that contains 8 .

( may assume J is closed )
.


