
MATH 104 HW #10

James Ni

Problem 1. Ross 33.4. Give an example of a function f on [0, 1] that is not
integrable for which |f | is integrable.

Proof. Consider f : [0, 1] → R such that f(x) = −1 if x ∈ Q and f(x) = 1 if
x ∈ R\Q. Then, for any partition P of [0, 1], we have U(f, P ) =

∑n
k=1(tk −

tk−1) = b − a. On the other hand, by the Denseness of Q, we have L(f, P ) =∑n
k=1−(tk − tk−1) = a − b. This implies U(f) 6= L(f), so thus, f is not

integrable.
However, |f(x)| = 1 for any x ∈ [0, 1]. Thus, U(|f |, P ) = L(|f |, P ) = b− a.

This implies U(|f |) = L(|f |) so thus, |f | is integrable.

Problem 2. Ross 33.7. Let f be a bounded function on [a, b], so that there
exists B > 0 such that |f(x)| ≤ B for all x ∈ [a, b].
(a) Show U(f2, P ) − L(f2, P ) ≤ 2B[U(f, P ) − L(f, P )] for all partitions P of
[a, b].
(b) Show that if f is integrable on [a, b], then f2 is also integrable on [a, b].

Proof. For some partition P of [a, b], let xk, yk ∈ [tk−1, tk] such that f(xk) =
M(f, P ) and f(yk) = m(f, P ). Then,

U(f2, P )− L(f2, P ) =

n∑
k=1

(f(xk)2 − f(yk)2)(tk − tk−1)

=

n∑
k=1

(f(xk) + f(yk))(f(xk)− f(yk))(tk − tk−1)

≤ 2B

n∑
k=1

(f(xk)− f(yk))(tk − tk−1) =

≤ 2B[U(f, P )− L(f, P )].

Thus, if f is integrable on [a, b], then ∀ε > 0∃P such that

U(f, P )− L(f, P ) < ε/2B ⇒ U(f2, P )− L(f2, P ) < ε.

This implies that f2 is integrable.

Problem 3. Ross 33.13. Suppose f and g are continuous functions on [a, b]

such that
∫ b
a
f =

∫ b
a
g. Prove there exists x in (a, b) such that f(x) = g(x).
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Proof. Let h = f − g such that
∫ b
a
h = 0. By the Intermediete Value Theorem

for Integrals, this implies that there exists an x ∈ (a, b) such that h(x) = 0 ⇒
f(x) = g(x).

Problem 4. Ross 35.4. Let F (t) = sin t for t ∈ [−π2 ,
π
2 ]. Calculate

(a)
∫ π/2
0

xdF (x),

(b)
∫ π/2
−π/2 xdF (x).

Proof. Because F (t) = sin t is continuously differentiable on [−π2 ,
π
2 ],∫ π/2

0

xdF (x) =

∫ π/2

0

x cosxdx = x sinx|π/20 +

∫ π/2

0

sinxdx

=
π

2
+ cosx|π/20 =

π

2
− 1.∫ π/2

−π/2
xdF (x) =

∫ π/2

−π/2
x cosxdx = 0 by symmetry.

Problem 5. Ross 35.9.a). Let f be continuous on [a, b]. Show
∫ b
a
fdF =

f(x)[F (b)− F (a)] for some x in [a, b].

Proof. Because f is continuous on [a, b], it is also F -integrable on [a, b]. This

implies that
∫ b
a
fdF = UF (f) = LF (f). By definition of sup and inf, respec-

tively, we have LF (f, P ) ≤
∫ b
a
fdF ≤ UF (f, P ), for any partition of [a, b]. Let

M = M(f, [a, b]) and m = m(f, [a, b]). Then,

UF (f, P ) =

n∑
k=0

f(tk)[F (t+k )− F (t−k )] +

n∑
k=1

M(f, (tk−1, tk))[F (t−k )− F (t+k−1)]

≤
n∑
k=0

M [F (t+k )− F (t−k )] +

n∑
k=1

M [F (t−k )− F (t+k−1)] =

≤M [F (t+n )− F (t−0 )] = M [F (b)− F (a)].

A similar process gives us LF (f, P ) ≥ m[F (b) − F (a)]. This implies m[F (b) −
F (a)] ≤

∫ b
a
fdF ≤ M [F (b) − F (a)]. Because m ≤ f ≤ M , by the Intermediete

Value Theorem, this implies that there exists some x ∈ [a, b] such that
∫ b
a
fdF =

f(x)[F (b)− F (a)].
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